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(T15.1) Cramer’s Rule

Consider the following matrix:

e RGA).

W =~ W
W W

(i) Check that |A| = 1.

(ii) Let b = (by,by,b3) € Z3. How many solutions does Ax = b have with x =
(11, 20, 73) € Z3?

(iii) Let b= (2,1,6) € R? and solve Ax = b with x € R? using Cramer’s Rule.

(T15.2) Lattices

A vector x is called an integer linear combination of the vectors vi,...,v,, if x can be
written as
X = )\1V1 -+ )\2V2 + ..+ /\nvn7
with \; € Z. We write
spany (v, v, ..., Vy)

for the set of integer linear combinations of vy, vy, ..., v,, or the lattice spanned by the v;.

Let B = (vi, Vs, ..., V,) be alabelled basis of R" and L := spany(vy, va, ..., V,) the lattice
spanned by the v;.

Let vi,v5, ..., vl € L and let L' := spany, (v}, v},...,v.) C L be the sub-lattice spanned
by the v.

Show that the following are equivalent:

i) L="L

(ii) det(¢) = £1, where ¢ is the linear map determined by ¢(v;) = v, fori =1,... n.



(T15.3) A determinant

Let
a 1 ... 1
1 a 1 1
A=
1 1 a 1
1 1 a

Show by induction that det(A) = (a — 1)"'(a — 1 +n).



