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Solutions of exercises E2.2-E2.5 to be handed in in the lecture on Tuesday, October 31.
(E2.1) [Sets and functions]
Let A, B, M, N besets and f: M — N,g: N — M functions.

(i) (De Morgan Laws) Show that
M\(AUB) = (M\A)N (M\B) and  M\(ANB) = (M\A) U (M\B).
(i) Let (A\B)U (B\A) = AU B. Show that then AN B = {).
(iii) Let A, B C M. Show that
f(AUB) = f(A)Uf(B) and  f(ANB)C f(A)N f(B).
Find an example where f(AN B) # f(A) N f(B).

(iv) Suppose f o g = idy. What does this imply about injectivity/surjectivity of the
functions f and g7

(E2.2) [Systems of linear equations]

Consider the following system of linear equations:

w

r + 2y + 3z =
E r + 3y + 5z
3x + Ty + 11z = 10

W

(i) Use the GauB-Jordan method to determine the set of solutions S(E*) for the homo-
geneous system F*.

(ii) Verify in this particular instance that 0 € S(E*) and that S(E*) is closed under
vector addition and scalar multiplication (cf. Lemma 1.1.4 (i)).



(iii) Use one selected solution vy € S(E) of the inhomogeneous system E to obtain S(E)
according to Lemma 1.1.4 (ii).

(iv) Compare the result from (ii) with what you get from a direct application of Gaufl-
Jordan to E rather than E*.

(E2.3) [Systems of linear equations with parameters]

Determine all real numbers a € R such that the following system of linear equations is
solvable and compute the corresponding solution set:

201 + @9 + 213 = 2
201 + a*zy + 2x3 =
21’1 + X2 + x3 =1

(E2.4) [Systems of linear equations over Z,|

Consider the following system of linear equations over Z, (the field Fy = (Zs, +2, 2,0, 1)
of two elements):

E1 X + x4 = 0

Ey: 21 + x + x4 = 1
E

E3 : + 29 +x3 + 14 = 0

E4 X1 + T2 + 73 =1

(i) List (in a table) all elements of Zj3 and determine the solution set of each individual
equation £ and of the whole system E “by hand”, by going through the table and
checking for each entry which of the individual equations are satisfied.

(ii) Similarly consider the associated homogeneous system.
(iii) Determine the solution set of the homogeneous system and of the inhomogeneous
system using the (Zs-analogue of the) Gau-Jordan procedure.

(E2.5) [Permutations]

Let f,g € Sy, where f = (;257) and g = (}233).

(i) How many elements does Sy have? Compute f~!, fogand go f.

(i) Let g' := g and g" := go g" ! for n > 1. Compute ¢g""".



