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(E9.1) [Orthogonal complements]

(Exercise 2.3.5 on page 68 of the notes.) Let V' be a euclidean or unitary vector space of
finite dimension. Moreover, let U, Uy, Uy be subspaces of V. Show that we have
(i) (UHt=U.
(i) (U, +Uy)*t = Ui nUS.
(iii) (UyNU)* = Ui + U

(E9.2) [Orthogonal projections]

(Exercise 2.3.2 on page 68 of the notes.) Let ¢ be an endomorphism of a finite dimensional
euclidean or unitary vector space (V, (.,.)).

Show the equivalence of the following:

(i) ¢ is an orthogonal projection.

)

(ii) p oy = ¢ and ker(p) L image(yp).

(i) pop=p and v —@(v) L p(v) forall ve V.
)

(iv) v —¢(v) L image(p) for all v e V.

(E9.3) [Orthogonal projections]

(Exercise 2.3.3 on page 68 of the notes.) Show that the orthogonal projections of an n-
dimensional euclidean or unitary vector space V' are precisely those endomorphisms ¢ of
V that are represented w.r.t. a suitable orthonormal basis by a diagonal matrix with ones
and zeroes on the diagonal.



(E9.4) [Orthogonal projections]

(Exercise 2.3.4 on page 68 of the notes.) Let U and W be two subspaces of a finite dimen-
sional euclidean or unitary vector space V', with orthogonal projections 7y and my onto
U and W, respectively.

Prove that the following statements are equivalent:

(i) my and 7y commute.

(11 Tw O Ty = Tyunw -

=UNW)® (UNW),

)
)
(iii) mw o my is an orthogonal projection.
(iv)
)

U
(v) W=UnW)s Utrnw).

(E9.5) [An orthonormal basis]

Let V' := Poly(R) be the R-vector space of all polynomial functions over R of degree at
most 2. On this vector space

1

(b1, pa) = / p(@) pa(a) de

-1

defines a scalar product, turning (V, (., .)) into a euclidean space (see Section 2.2 on page
62 of the notes).

Determine an orthonormal basis of V.



