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Abstract

A pointwise version of the Howard—Bezem notion of hereditary majoriza-
tion is introduced which has various advantages, and its relation to the usual
notion of majorization is discussed. This pointwise majorization of primitive
recursive functionals (in the sense of Gédel’s T' as well as Kleene/Feferman’s

13}\%) is applied to systems of intuitionistic and classical arithmetic (H and H€)
in all finite types with full induction as well as to the corresponding systems
with restricted induction H) and H|*°.

1) H and H \ are closed under a generalized fan—rule. For a restricted class
of formulae this also holds for H¢ and H|\° .

2) We give a new and very perspicuous proof that for each @2 € T (131\'1’)
one can construct a functional ®2 € T(]SI\%) such that ®a is a modulus
of uniform continuity for ® on
{BY¥n(Bn < an)}. Such a modulus can also be obtained by majorizing
any modulus of pointwise continuity for ®.

3) The type structure M of all pointwise majorizable set—theoretical func-
tionals of finite type is used to give a short proof that quantifier—free
“choice” with uniqueness

(AC!)19—gf. is not provable within classical arithmetic in all finite types
plus comprehension (given by the schema (C)? : Jy'°Varf(yz = 0 <
A(z)) for arbitrary A), dependent w-—choice and bounded choice. Fur-
thermore M separates several p—operators.

1 Introduction

Howard (1973) introduced the notion “z* maj x” where x* and x are functionals
of a finite type p and showed that each primitive recursive functional ®° (in the
sense of Godel’s T') can be majorized by a suitable primitive recursive functional



®*7 . As an application he proved that no primitive recursive functional satisfies the
functional interpretation of the axiom of extensionality for objects of type 2 .

A variant of this notion with the property that each majorant majorizes itself was
defined in Bezem (1985) who called this notion “strong majorization”. Bezem proved
that the corresponding type structure M?* of all strongly majorizable set—theoretical
functionals of finite type is a model of Spector’s calculus 7'+ BR of bar recursive
functionals, although M? contains discontinuous functionals.

In this paper we first introduce a pointwise version maj of Bezem’s strong majoriza-
tion where x*maj,ox is defined by Vn(z*nmaj,axn) . The majorizable functionals
are the same for both notions since, for each x* which majorizes x in our sense,
one can compute, primitive recursively in x* | a strong majorant z for x and
vice versa (2.14). In particular the type structure M?* and the corresponding type
structure M defined by pointwise majorization coincide. However the majorization
relations differ for p > 0 and our modification has several advantages:

1) For types p <2 , maj, can be described by the natural inequality relation
>, (2.4,2.5). This allows mathematical applications some of which are given
below. More substantial ones will follow in subsequent papers.

2) The proof that M is a model for T+ BR is technically simpler than Bezem’s
proof for M? (see also the proof of 3.16 below).

3) The pointwise definition is extremely convenient for the purpose of generalizing
M to models M®>? of the calculi of bar recursive functionals of infinite type
T°° 4+ BR; these were introduced in Friedrich (1985) in order to carry out
the functional interpretation of higher classical analysis with analytical com-
prehension over objects of arbitrary type (via the game quantifier translation

developed in Friedrich (1984)).

The models M7 will be constructed in a subsequent paper where 2) and 3) will
become apparent.
In this paper, we only utilize the first property of maj for applications.

Notation

The set T of finite types is defined inductively:

1) 0eT,

2) poreT=1(p)eT.



The subset P C T of pure types is given by
1) 0€ P,
2) pe P=0(p) € P

Pure types are often denoted by natural numbers: 0(n) := n + 1. Intuitively each
object of type 7(p) is a mapping which assigns objects of type p to objects of type
T.

In the following, we omit brackets that are uniquely determined, e.g. we write o0(00)
instead of 0(0(0)).

E-H A denotes the system of extensional intuitionistic arithmetic in all finite types
as defined in Troelstra (1973),1.6.12, where only equality between objects of type 0
is primitive and higher equality is inductively defined as

2 =pr = VY (2y =, uy).

WE-HAY is obtained from FE-HA® by replacing the extensionality axiom by a
quantifier—free rule of extensionality

AO — S = t
Ay = r[s] =, rlt]

ER—qf.

?

where Ay is quantifier-free.
The corresponding systems with classical logic are denoted by EF~PA“ and WE-
PA“ resp. The calculus T is defined to be the quantifier—free part of W E-H A%

(Troelstra (1973), 1.6.13.). The theories above all contain 0°(zero), S%(successor),
constants 11, -, X5, and recursor constants R, with the defining axioms II, ;2*y" =,

xP, X5, xyz =; 22(yz) (where x € 7pd,y € pd,z € §) and

R,0yz =,y
R,(S2°)yz =, z(R,xyz)z, where y € p, z € p0p .

~

If the constants IR, are replaced by elementary recursor operators R, characterized
by

R,0yzv =y yv
R,(S2°)yzv =o 2(R,xyzv)0,

where y,z as above and v = v{"...vf* such that yv is of type 0, and if the schema

of full induction is replaced by the axiom of quantifier—free induction
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(IA)-qf. F VfYf0=0 A Va(fz=0— f(Sz) =0) — Va(fz = 0)),

then one obtains the restricted systems E — H Awh, WE—H Awh, with quantifier—

free part PR due to Feferman (1977) (The functionals of PR are essentially the
primitive recursive functionals in the sense of Kleene (1959)).

Each of the systems defined so far permit us to construct a term Az.t[z], for each
term t*, such that (Az.t[z])(¥') =, t[t'] (see Troelstra (1973), 1.6.8).

Furthermore we need the following schemata (A € L(E — HAY) )
(AC)PT NP3y Az, y) — Y PVaPA(z,Yz) (choice),

(AC)PT—qf. FVarIy Ao(z,y) — YVl A(z,Yx),
where Ay € L(E — HA¥) is quantifier—{ree (quantifier—{ree choice),

(MP¥): Ve(A(z) vV -A(z)) A—-—JzA(z) — JzA(x),
(Markov—principle)

(IFy) : v (A(z) v -A(z)) A (VzA(z) — FyB(y)) — Fy(VzA(z) = B(y))
(independence—of—premiss schema). Here z denotes a finite tupel of variables.

“Vo <,yA” and “Jr <,y A” are used as abbreviations for “Vaz(z <,y — A)”
and “Jz(x <, y AN A)” respectively. “Va;T <, sz A” stands for “VaVi <, sz A”,
but “V,z <,y A” stands for “Vo <, yvz <,y A”.

2 Basic definitions and results about maj

The results 2.1-2.14 can be proved within WE — HA”).

2.1 Definition (see Bezem (1985))

*

The relation z*s —maj,z ( x* strongly majorizes z) between functionals of type

p is defined inductively as follows:

r¥s—majoxr = 2t > x,
z* s —maj,r x = Yyt y (y' s —majry — 'y s —maj, 2ty xy) .
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(Here > denotes the usual primitive recursively defined inequality relation for ob-
jects of type 0).

Our pointwise variant of s —maj is defined as follows

2.2 Definition

For z*,z of type p, 2" maj,z is given by

r*major = ¥ > x,

z*majox = Yn° (z*n maj, zn),

z* maj,, x = Yy, y (v maj-y — 2y maj, 2y, vy)
(1 #0)

2

“@* maj, z” is read as “z* pointwise strongly majorizes x”.

2.3 Remark

Howard’s definition of majorization results if the clause z*y in 2.1 is deleted. As a
consequence of this clause in the definition of s —maj, and maj,, one has

1) z*s —maj,xr — z*s—maj, " (Bezem (1985)) and
2) z*maj,r — z*maj, z* (induction on the type p).

2.4 Definition

For functionals of type p we define a natural inequality relation >, by

T4 >0 T2 = T > Ta,

Tl >y To = VYT (Ty >, T2y); w1 <, Ty = T2 >, T

The following lemma establishes the strong connection between maj, and >,:



2.5 Lemma

1) Va*,z (x* maj; x < x* >; z), in particular Vz'!(z maj; z);
2) Va*,z (v majaw < ot > A VYL (n <0 = 2ty <o 2));
3) Va*,z,x (x* maj, T N T >, x — z*maj,x);

4) V2" 3P aPT (VyT(z* maj, Ty N\ Ty >, zy) — Ay .2* majpTa:)

(In 3,4 p,7 €T are arbitrary).

Proof: 1) follows immediately from the definition of pointwise majorization
2)“—": Assume z*majrx. By 1) we have Vy! (ymaj,y) and therefore Vy!(z*y >¢
xy), i.e. x* >9 x. Let y; <y yo; then, again by 1), yo maj;y; which implies
Yy = TY1.

“7: Assume y*maj;y; then by 1) y* >; y, and therefore, by the assumption,
x*y* > x*y. Again by the assumption one has x*y >¢ xy and hence z*y* >,
x*y,ry which implies x* majs x.

3) This is proved by induction on the type.

4) Consider first the case 7 # 0. Then from y*maj,y it follows by 3) and 2.3.2
that

(Ay™.2")(y*) = z*maj, z* (: ()\yTz*)(y)) ,xy e AyT.2¥maj, x.

The case 7 =0 is treated analogously.

2.6 Remark

2.5.1,2.5.2 are not valid for Bezem’s or Howard’s notion of majorization. 3) and 4)
hold for their notions as well.

2.7 Notation

{x*zox if p=0,

r¥maj x =
maj , . . herwi
T" maj,x otherwise.

2.8 Lemma

Let p = 7pi...p1. Then



T maj, v

k
Yyt y1, Y Uk ( [\1 Y majpi Yi — TYL Y mage TY1 Yk, TYL Yk )-
(This holds also for s —maj if majpv is replaced by s —majp,).

Proof: By induction on k using 2.3.

2.9 Definition

Let p = 0pg...p1. Then Mazx, is defined by

Maz,(x?®) = An°, yP, ..., yP* . max(x0y1...yx, ..., TNY1...Yk),

0 0

where max(uj,...u;) is primitive recursively defined in the usual way.

2.10 Remark

One easily verifies that Max, can be defined in PR.

2.11 Notation
We abbreviate Maz,(z°) by z.

2.12 Lemma

For each p €T one has

M

. M .
r*maj,er — Ym®n® (m >n — 2*" mmaj, 2n, zn);

in particular Mazx, majyo0) Mazx,,.
Proof: Let p = 0py...p1, 2" majx and y;kmajp_yi (1t = 1,...,k). Using only
quantifier—ree induction (IA)—qf. on m, one proves that

Vm(Vn <m (x myr.yr >0 2Mnyr..yp ,xnyl...yk)).
By 2.8 and 2.3 this implies the lemma.

2.13 Definition

By MAX we denote the set of all terms of PR, which are constructed from only
0% SY II, ¥ and Max,.



2.14 Proposition

For each p € T, there are effectively closed terms s, and t, € MAX of type pp
such that

Vo', x ((x*s —maj,x — s,x" maj,s,r,r) N (" maj,x — t,x"s —majptpx,x)) :

Proof:

Induction on the type p: p=0: s¢:=ty:= \z’.z.

p=00: 5502 := An’.s5(xn), tsox’® = Inl.ts(zMn) :

(i) Assume x*s — majsox. We show that sz*majs sz, z, i.e.

(x) Vn ((sx*)n majs (sz)n, xn) The assumption implies

Vn (z*n s — majs xn). The induction hypothesis applied to ss; yields ().
(ii) Assume z*majso x. We have to show: t(z*)s — majs t(x),x.

By 2.12, the assumption, and 2.3.2, one has

vmo,n® (m>n — ¥ mmajs " n, xMn, xn)
and hence, by the induction hypothesis applied to s

Vm,n (m >n — ts(a* ' m)s —majs ts(x* n), ts(xMn), xn)
p=ir (1£0)
55207 = Ay .ss(x(try)),

bt = Ay 5(2(571)).
(i) Assume z*s —majs, x. We show that sz*majs, sz, x, i.e.

Yy*,y (y* majry — sx*y* majs sz*y, sry, xy)

ind.hypoth. assumpt.2.3.1
— —

Lyt s —majr ty,y
ind.th;)th.

Yy majry
z*(ty*) s — majs ¥ (ty), (ty), vy

ss(x*(ty")) magjs s5(x*(ty)), ss(x(ty)), zy.
(ii) z*majs, x — tx* s —majs, tx, z: The proof is similar to the proof of (i) above.

2.15 Proposition

1) Let t7[af",...,at*] € T be a term whose free variables x; are all of type

p; < 1. Then one can effectively compute a term t*" [xy,...,2;] € T having at
most the free variables of ¢ such that

WE — HA® & Vaft, ... xf* (t*[ml, oy i) Magy txy, . 2k, ,sz



In particular, for each closed term t™ € T, there exists a corresponding closed
term t*7 € T' such that
WE — HAY + t* maj, t*,t.
2) For t7[x1,...,2] € PR (MAX), 1) holds with " € PR (MAX) provable in
WE — HA>).
Proof:
1) We show that for each constant ¢ € T' there exists a closed term ¢*” € T such

that WE — HAY F ¢ maj, ¢ (Since z; maj,, x; for p; <1, and
ti magjy, ti A tymaj_ty — tit3 maj, tits, this implies the proposition).
It is trivial that 0°majo0° and Smajo S. By 2.8 II,, maj,,,Il,, and for
p#0 X5,-maj X;,,. Using 2.8 and 2.12 one shows that
S0 = Ay, z.(x2)M (y2) maj Bso,r-
Ad R,: (i) p# 0: By induction one easily shows that
Va® (Ry,x maj R,x) and therefore R, majR,.
(i) p=0: R} := A\z,y, 2.Rozy(zM). By induction and 2.12 it follows that
Vo (Ryz maj Rox).
2) Define }%; = \r,y, z,v.R,ay(zM ).
Assume p = Opy...p1, y*majy, z* maj z and vpri v; (1<i<k): By (IA)—f.
using 2.12 one shows
YV (R;xy*z*y* >0 R;xyzy, Rpxyzy). By 2.8 this yields R; majf%p. It is clear that
ke PR, since Az?.z™ ¢ PR (2.10).
For M AX the proposition follows from 2.12.

2.16 Definition

The extensional type structure M of all hereditarily pointwise strongly majorizable
set—theoretical functionals of finite type is defined as

My == w, nmajom :=n > m A n,méeE w,

¥ majpox = x*,x € MM A Vn (x*nmaj, xn),

r*maj, v = ¥, € Mé”f A Vy*y € M, (y* maj.y — x*y* maj, 2"y, vy)
(7 #0)

M, = {HL'EM;V[T Jr* e M) : ot majmx} (p,7€T).

9



(Here M pMT denotes the set of all total set-theoretical mappings from M, into

2.17 Remark

z* maj, v — x € M, N z*maj, x* — z*,x € M, (induction on p).

Similar to the proof of 2.15 one shows

2.18 Proposition
M ET.

2.19 Remark

By the proof of 2.14 it is clear that M = M?* where M? is Bezem’s type structure,
which is based on s —maj instead of maj (see Bezem (1985)).

3 Applications

Let A(a,n) € L(E — HA¥) be a formula whose free variables are all of type 0, 1.
The usual fan—rule for systems such as H := E— HAY, WE— HA® in the literature
(see e.g. Troelstra (1974),(1977)) states that

H = Vat3n®A(a,n) =
*
H VB a <o B3m™y <1 8 (F(tuB) =o @(tuB) — Aly,m)),
where tp; € T' is a suitable term, and Fk denotes a primitive recursive coding for
(70, ...,v(k —1)) (see Troelstra (1973))
Since there are only finitely many initial sequents @(¢);3) a bound can be given

for the number m (depending only on f3) and using closure of H under choice-rule
one can compute such a bound from a term ¢t € T

(o) H = VB 00 <y B3m <o tAYy <y B(T(tuB) =0 altuB) = Ay, m)).
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Thus in particular, omitting the continuity part of (#*) , one concludes
HEVB;a <y fIm <o tB A(a,m).

This boundedness property can be generalized from type 1 to arbitrary finite types
using 2.15:

3.1 Application (Generalized “FAN”—-Rule)
1) Let H be E— HA*, WE — HA* or WE — HA® + (MP*) + (IP®) + AC

and A(z',7”,y") € L(H) a formula with no other free variables then z!, z”

and y7. Assume that 7 <2 and that p e T is arbitrary; let s”' € T be a
closed term. Then the following rule holds

HEVzh 2 <, seTy Az, z,y) =
Ja closed term ¢! € T such that
HEVal @ <, sady <, tw Az, T, y).

2) Analogous for the corresponding restricted systems H N and PR instead of
H and T.

Proof:
1) Let H be E—HAY or WE — HA“ and assume
H F Vr;2 <, sz3y"A(z,z,y). Using mq-realizability (see Troelstra (1973)
3.4.2-3.4.5) one finds closed terms ti,...,t, € T' such that
H&EVz, 2 (tlaﬁ:, o tpzZmg (T <, szt — Yy Az, 7, y)))
which implies
H&EVx, 2 (5: <, st = t12Z, ..., t,x® mq Iy Az, 7, y))
since T <, sz is purely universal. Therefore

(1) HE- Va2 <, stA(x, Z,t,27)
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by the definition of mq-realizability. By 2.15 we can construct closed terms
t1,s* € T such that

H & timajty A s*majs. Define t := Azv.tjz(s*z) if p >0 and t:=
Ax.(tix)M (s*z) otherwise. Using 2.5.1,2.5.3,2.8 and 2.12 it follows that

H &V, 2 <, sx (te maj, t1x7)
and therefore by 2.5.2
(it) H -V, & <, sz (tr >, t12T).

(i) and (ii) imply the conclusion.
Now let H be WE — HAY + (MP¥) + (IF§) + AC and assume

H bV @ <, sxdy” Az, Z,y)
By (IFy) it follows that
H bV 23y (2 <, st — Az, Z,y)).

Using functional interpretation (Gdel (1958), Luckhardt (1973), Troelstra (1973)

3.5.10) one extracts a closed term ¢]”" € T' such that
HEVr, 2 <, sx Az, T, t122),

since HF F < FP for every formula F € L(H), where FP denotes the
functional interpretation of F.
Reasoning as before one proofs that

HbEVr; 2 <, sxdy <, to Az, T, y).

One has only to show the soundness of mq-realizability resp. functional inter-
pretation for the restricted systems. This is verified by an easy modification of

the corresponding proofs for H since relativ to H) the axiom (IA)-qf. is
equivalent to

Viz(fO=0AVy <z (fy=0— f(Sy) =0) —» fr=0)

and hence to a purely universal sentence (since the bounded quantification can

be expressed in a quantifier—free form in H \). Therefore it is mq-realized and
functional interpreted by itself (up to intuitionistic logical equivalence).

12



3.2 Corollary to the proof of 3.1

1) The proof of 3.1 generalizes immediatly to the situation where one has tupels
T = x‘lsl,...,xi’“ (0; < 1lfori=1,...k), z:=z", .. 5", 3’1)15’“”'61,...,sﬁlm‘sk""sl
and

Y1t oy (1, <2 for i =1,....n) instead of z' 77, s*',y". Thus

HEVz; 2 < $12.Y%, < $px3ytt, o, ylm A, T, 91, -, Yn)
= d closed terms ¢4, ...,t, € T such that
HEVz; 71 < 812..Y8, < spady; <p bz Jyn <;, a2 A(Z, T, Y1, s Yn)-

The following results also generalize to finite tupels. For notational simplicity
we formulate them only for tupels of length 1.

2) If 7 €T is arbitrary then 3.1 holds with “Jy(tz maj, y A A)” instead of

“Jy <, tzA”. Furthermore, if one has “Jy?;§"A” (r € T arbitrary) instead
of “Iy?A” then it is still possible to compute a bound for y: Jy <, ta; §" A.

In order to get a version of 3.1, which holds for classical arithmetic, we need the
following application of functional interpretation:

3.3 Lemma

1) Let s” € T denote a closed term and let Ay € L(W E—HA®“) be a quantifier—

free formula whose free variables are 2%, and y” where 0,p and 7 are

arbitrary types. Then the following rule holds
WE — PAY + AC—df. - V2%, & <, sz3y™ Ao(z,,y) =
J a closed term ®™ € T such that
WE — HA® b V2% & <, sz Ag(z, &, Pai).

® can be extracted from any given proof of the assumption with the use of
functional interpretation (combined with negative translation).

2) 1) holds also for WE — PA°), PR and WE — HA") instead of WE —
PA*. T, WE — HA®.
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Proof:

1) Assume p = 0pg...p1.

WE — PA® £ AC-qf. F Va's 3 <, saTy” Aol 2y) = 55 >

WE — PA® + AC—qf. - V22, 2°30", ..., vf* g (v <g szv — Aoz, %,y)).

Using functional interpretation (combined with negative translation), one ex-
tracts a closed term ® € T such that

WE — HAY FVx; 23vq, ..., v (Tv <o szv — Ao(x, T, PrT).
By intuitionistic logic this implies the lemma.

2) Analogous.

3.4 Corollary

1) Let Ay(z,z,y) € LWE — PA“) be a quantifier—free formula with the free

variables z!,7”,y". Assume that 7 <2 and that s € T is a closed term.
Then the following rule holds

WE — PAY + AC—f. - Va! & <, sz3y" Ao(z, 2,y) =

3 a closed term t™' € T such that
WE — HAY - Va'; 2 <, sa3y <, tx Ao(x, T, y).

2) Analogous for WE — PA”), PR and WE — HA") instead of WE—PA“, T
and WE — HA“.

Proof: Analogous to the proof of 3.1 using 3.3 instead of mq-realizability.

As a second application of majorization (which is in fact an application of 3.4) we
show how one can extract a primitive recursive modulus of uniform continuity for a

closed term t? € T (]57%) from extensionality proofs for t. We first recall a standard
proof of the extensionality of ¢ from Troelstra (1973):
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Define zf ~, x5 by

T ~g Ty = (1‘1 =0 .TQ),
T1 Ry T = VYT, Y3 (11 Ry Yo — Tl R, Taya)

(Troelstra (1973),2.7.2).
One easily shows that for any ¢” € T' built up from constants, type 1 and type 0
variables

WE — HA” -t ~,t (W.A. Howard, Troelstra (1973),2.7.3))

and
WE—HA ) Ft~,t ift € PR.

As a corollary one gets:

3.5 Lemma

1) (Troelstra (1973),2.7.4 (ii)): Let ¢* € T be a term whose free variables are of
type 0 and 1. Then

WE — HA® - Vo!, gt (Vn(om =o fn) — ta = tﬁ).
2) 1) holds also for WE — HA”) instead of WE — HA* if t € PR.

3.6 Application

Let teT (ﬁ%) be as in 3.5. From any given proof of the extensionality of ¢ one

can extract a modulus t2, € T (PR) of uniform continuity for ¢, i.c.
WE — HA® FV¥yYha,8 <1 v (@(tMv) =0 B(tmy) — ta =¢ )
(WE=HA"}F ().
The free variables of t;; are among the free variables of t.
Proof: Assume that

WE — HA® -V, a, f <q ’y(Vn(om =o n) — ta = tﬁ).
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By 3.4 and 3.2.1 one can extract a term ® € T (whose free variables are among the
free variables of t) such that

WE —HAYEYy,a,6 <y v (Vn <o Py(an = fn) — ta = tﬁ)

Therefore tyy:=1+ &y fulfils the claim.
Analogous for t € PR and WE — HA") instead of WE — HA®.

It should be noted that the above proof of the existence of a primitive recursive

modulus of uniform continuity (provable in WE — HA* or WE — HA"}) does

not make any reference to (the formalization of) reduction sequences or to the com-
putability of ¢.
Another way to get a modulus of uniform continuity for #?> which gives a slightly

stronger result is to majorize a modulus of pointwise continuity > for t i.e.
(+) WE — HA® Vo', 8" (@(fa) =q B(fa) = ta = ).

The existence of such a ¢ € T for t € T is proved e.g. in Troelstra (1973) or
Schwichtenberg (1973). Troelstra’s proof can be modified to yield the corresponding

result for ¢ € PR with ¢ € PR provablein WE — HA”) (see Kohlenbach (1990)).

3.7 Application

1) Let t> € T be a term whose free variables are all of type 0,1 and > € T be a
modulus of pointwise continuity for ¢ (in the sense of (4)) whose free variables

are among those of ¢. Then for any ¢* € T such that WE — HA“ - t* majst
the following holds

WE — HAY VYt ol gt (Vn < t*y(an = fn < yn) — ta =g tﬁ).

(By 2.15 such a #* whose free variables are among those of # can be con-
structed).

2) 1) holds also with PR, WE — HA"} instead of T, WE — HA*.
Proof: Assume that t,¢,¢* fulfil the assumptions. By 2.5.1 it follows that
WE — HA® Yy, o0 <1 y(Hy >0 1)

16



and hence by t-definition
(+4) WE — HA® F V0 <4 9; B (@l(*y) =0 B(Ey) = ta = 18).

Now we assume that Vn < t*y(an = fn < yn) and define
& = a(t*y) * \k.y(k + t*7), where

an if n < k,

(@k % 0)(n) :=
d(n — k) otherwise.

Clearly & <~ and a&(t*y) = a(t*y) = B(t*y). Therefore (++) applied twice (to

&, and @&, ) yields té =g ta and ta =g t5.

An analogous proof can be given for the case where T and W E— HA“ are replaced

by PR and WE — HA®).

As a corollary to 3.6 or 3.7 one can derive the closure of the systems H, H N under
the usual fan—rule (*). 3.7 allows a slight strengthening of (*):

3.8 Corollary

1) (See also Troelstra (1977), 3.6 Remarks (ii)) Let H be WE — HA“ or
E—HA® and A(a',n") € L(WE — HA%) be a formula whose free variables

are all of type 0,1. Then the following rule holds
HFVaan® Ala,n) =
J terms 3, t* € T whose free var. are among those of Ay without «,n

HF Vﬁl; « Sl Ban S() t*ﬁ\V/’)/l (ﬁ(tMﬁ) =0 a(tMﬁ) — A(’}/,TL))

2) 1) holds also for H) and PR instead of H and T.
Proof:

1) Assume H + Va3an®A(a,n). Asin the proof of 3.1 one constructs a term ¢t € T
whose free variables are among those of A without «,n such that

H - VaA(a,ta). Let #* be asin 3.7 and t* € T satisfy the condition
H F t* maj t. Then the corollary holds with t,; :=¢* and t*.

2) is proved analogously.

We conclude this paper with two applications of the type structure M:

17
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3.9 Notation

1) Natural numbers n are coded into higher types as follows:

n’:=n, nf7 = \x".n’.

yk if k < n,

O? otherwise;

IOE {

kit k<n,
(g + 17) (k) = { !

17 otherwise.

3.10 Definition

By the principle of bounded choice we mean the schema
(b—ACY" . YZTP (Vmpﬂy <; ZzAz,y,Z) = 3Y <,;, ZVx A(z, Yz, Z))
Further notations are
(DCY = VaPAyr A(x,y) — Var3z° (zO =, x ANV2{A(z21, 2(21 + 1)))
(dependent w—choice),
(C)?: Fy°Vaf (yxr =¢ 0 <+ A(z)) (comprehension).

b—AC = |J {(b—AC)*"}, DC = |J {(DC)}, C = | {(C)}.

p,T€T peT peT

T :=FE — PA“ + C. The theory T is a formalization of simple type theory in the
language of functionals of finite type without choice (see also Luckhardt (1975)).

(AC)H—qf. - Va'3ly® Ag(z,y) — YV Ag(x, V).

18



3.11 Lemma
1) WE — HA® + AC + b — AC,
2) WE — PA* +b— AC'+ C.

Proof: 1) is trivial.
2) WE — PAY FVar3n < 1(n =¢ 0 <> A(z)) =
WE — PA + (b— AC)P F 3Y <, NP 1V2#(Ya = 0 < A(z)).

3.12 Application
) MET +b—AC+ DC,
2) M B ACH)0qf.,
3) T +b— AC + DCIH(AC)O—qf.

Proof: 1) By 2.18 M is a model of E — PAY.
We show M = b— AC: Assume Z € M and
Vo e M,3y € M, (y <; Zz N [Alm(x, y)) Using choice on the meta-level it follows

that
3Y € MMz € M,(Ya <, Zaz A [Alu(z, V1)),

ZeM,=37"cM,,: ZmajZ =2 Z*majY € M,,

M = DC holds since M} = M, (By DC on the meta-level).

2) Assume M [ (AC)M0—qf. By (C) let v € M be such that

(i) 32°(2%2 =0) & ve =0 forall 2% (AC)'O—qf. applied to V2%3:°(vz =0 =
xz =0) yields

(1) Jy € MopnVaz"vz = 0 = z(yz) = 0]. Since y € Mypo there exists a
y* € Mooy such that y* majooo) y. From (i) and (ii) it follows that

Vm € w(y(1,m) > m). On the other hand one has 1% majo 1, m and therefore

y* 1% > y(1,m) > m for all m, which is a contradiction. (AC!)"%—qf. implies
(AC)M0—gf. (relative to WE — PA¥): Replace Ag(x,y) by Ay(z,y) := Aoz, y) A
i < y(=Ao(, 7))

(A can also be expressed in a quantifier—free form in WFE — PA“). Therefore 2)

follows.
3) follows immediatly from 1) and 2).
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3.13 Remark

In the context of set theory in a language with set variables instead of functional vari-

ables where functionals are identified with their graphs, (AC!)Y is provable from
the schema of comprehension formulated as the existence of the comprehending set
(instead of its characteristic functional). In Feferman/Levy (1963) it is shown that
dependent choice is not provable within ZF'. This result uses P.Cohen’s method of
forcing.

As a final application, we show how M seperates different p—operators:

3.14 Definition

min n|z(y,n) < n| if In(z(y,n) <n
pusxO(pO)ypO — [z(7,7) ] (z(y,m) )

undefined otherwise ,

min n|z(y,n) = xy| if In(x(y,n) =¢ zy),
pmxo(po)ypo — [z(7,m) =0 2y (z(7;m) =0 y)

undefined otherwise ,

0 1yg ) o0 min n[z(g;,n) =¢ z(yn * 1)] if In(z(y,7) =¢ z(yn * 1)),
2 =

undefined otherwise .

3.15 Remark

The subscript s in the definition of Pus refers to Spector since x(y,m) < n is the
bar condition in his schema of bar recursion; see Spector (1962).

3.16 Application

Ply € M, but Puy, Py & M for each peT.

Proof: ?u,xy is defined for all x € Moy, y € My:

By M-definition and 2.17 there exists x* € My(,0),y" € M, such that z*maj x
and y* majy. Since Vn € w(y* majy, y,m) it follows that z*y* > z(y,m) for all
n € w and hence z(7,7) < ng for ng:=z*y*+ 1 (see also Bezem (1985)).

20



We now show that “u,majp,: Assume again that x* € My, y* € M,y such that
z*majz, y*majy. Then y* nmaj,ey,m since majy is pointwise defined (!) and
therefore z*(y*,n) > z(y,n) for all n.

One concludes that Pusxc*y* > Pusxy and therefore Pus maj us € M.

On the other hand, Az?.p;z17° & My" > M,, fori=1,2:
Assume p = 0py...py and x € Méwp be defined by

0 if In € w(ynOr*...0Px =4 0),
Ty =
1 otherwise,

for y € M. Clearly = € My, since 1909 maj x, and 17 = r(Inx1) =4 1

but z(17,n) =¢ 0 for all n € w. Therefore u;z17° and Puz1?’ are undefined,
but M contains only total functionals.

3.17 Corollary

Pry and Puo are not definable within WE — HAY + u, where WE — HA® + s
denotes the enlargement of WE — HAY by new constants "us together with the
defining axioms

r(7, 7Y) < psry and x(7,m) <n — pery <n (2279 ™) for all types 7.

3.18 Remark

In Kohlenbach (1990) it is proved that ?u,.” u; are definable in WE — HAY +7 pu;
where i,j=1,2 and p,7 €T arbitrary.

3.19 Proposition

There is no set-theoretic functional ®°©9) which majorizes Axz°©? %4,21% ( =

0(00)

Az 0,,,2:199)  on all primitive recursive arguments = (on which %u; and

Opy are always defined!). In particular u;; € M where

min n[z(y, ) =g xy| if In(z(g;7) = zy),
044 2°00) 00 .

0° otherwise.
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Proof: Assume that ® majooooy Az."p121% on prim. rec. arguments.
Define

0if zn =0,

1 otherwise.

2, is primitive recursive in n (in the sense of PR) and 1°99 maj z, for all n € w.
Therefore ®1°(00) > 912,19 for all n € w. On the other hand, one has
limy o0 *pt1 201 = 00 since 12,1 =n + 1 which is a contradiction.
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