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Abstract

We show how bounds on asymptotic regularity for nonexpansive functions
can effectively be converted into certain bounds on the convergence towards a
fixed point.

1 Introduction

A substantial part of metric fixed point theory studies the fixed point property of
selfmappings f : C' — C of convex subsets of normed spaces (X, || - ||) (or — more
generally — hyperbolic spaces, see e.g. [7, 24, 21]) which are nonexpansive, i.e.

1f(x) = FWIl < [le =yl forall z,y € C.

An important aspect of the fixed point theory of such mappings f is that it has
a computational flavor as one can define effective iteration schemata which under
general conditions converge towards a fixed point.

The most common schema is the so-called Krasnoselski-Mann iteration which for a



given sequence (\,) in [0, 1] and starting point o € C' is defined as follows

Tot1 = (L= Ap)zn + A f(20).

A central result is the following theorem of Ishikawa which holds in arbitrary Banach
spaces and generalized many previous results for the more restricted case of uniformly
convex spaces:

Theorem 1.1 ([9]) Let C be a compact convex subset of a Banach space (X, || - ||)
and f : C — C nonexpansive. Let (\,) be a sequence in [0,b] for some b < 1 such

that > A, = oo. Then for any starting point xq € C, the sequence (z,,) converges to
n=0
a fixed point of f.

Remark 1.2 In contrast to the context of contractions or contractive mappings, the
Picard iteration, which is the special case of the Krasnoselski-Mann iteration for
An =1, does not work in the nonexpansive setting even for functions as simple as

f:00,1] = [0,1], f(z) := 1 — = : for x # % the Picard iterates oscillate between x
and 1 — x, whereas for A\, := % the Krasnoselski-Mann iteration yields the fixed point

% after one step.!

Ishikawa obtains theorem 1.1 by proving the following theorem which only assumes
the boundedness of C' rather than its compactness:

Theorem 1.3 ([9]) Let C' be a closed bounded convex subset of a Banach space
(X, ]| -]]) and f: C — C nonexpansive. Let (\,) be as in theorem 1.1. Then for any
starting point xy € C, the sequence (||z, — f(xn)||)new converges to 0 (i.e. (x,) is a
so-called approximate fixed point sequence).

Remark 1.4 Ishikawa actually proved that instead of assuming C to be bounded it
suffices that the sequence (x,) is bounded. More general results in this direction can

be found in [1]. Ishikawa’s theorems were generalized to the setting of hyperbolic
spaces (and even spaces of hyperbolic type) in [7].

Theorem 1.1 follows from theorem 1.3 by the following simple argument: (x,) has
an accumulation point £ € C' which — in view of theorem 1.3 — must be a fixed point
of f. One easily verifies that

21 = 2] < [lon — 2]

1 was introduced by Krasnoselski [22] and is also called Kras-

'This special case where A, 1= 3

noselski iteration.



which implies that (z,,) itself converges to Z.

The proofs of both theorem 1.1 and 1.3 given in [9] are ineffective. So a natural
question to ask is whether there is an effective operation which computes for given
f,xo and (A,) a rate of convergence of (x,) towards z, i.e. a Cauchy modulus for

(@n)-
Using a construction from [17] we show that even for X := R, C' := [0, 1] and A, := 3

such a method does not exist. More specifically, we construct a computable sequence
(f)iew of nonexpansive functions f; : [0,1] — [0, 1] such that for the Krasnoselski-

Mann iterations (z!),en of the f’s starting from z}, := 0 there is no computable
0 : IN x IN — IN such that

VI, kYm > 0(1, k) (|2, — 25| < 27°).

Actually, even for fixed k£ := 1 there is no computable function of [ with this property.

Remark 1.5 This result does not rule out that computability holds in a weak point-
wise sense, i.e. that for any single fived computable f,xq, (N\,) there ineffectively
exists a computable rate of convergence. Whether this holds or not is open.

On the other hand, as shown in [16] there is an effective rate for the convergence
|z, — f(z,)|| — 0 in theorem 1.3 despite the fact that the proof of [9] is ineffective
as well. The effective rate of convergence, moreover, is independent from both z
and f and only depends on the error k, a bound d on the diameter of C', the upper
bound b < 1 on A, and a rate of divergence of )\, in sum. Furthermore, the proof
does not need X to be complete or C to be closed.

This rate of convergence as well as several others (also for the more general context
of hyperbolic spaces) established in [18, 21, 20] was obtained by analyzing proofs
such as the one by Ishikawa using techniques from logic. Moreover, there are general
logical metatheorems which guarantee this approach to work and predict such strong
uniformity features of the bounds (see [19]). The tools from logic actually provide an
algorithm for finding such bounds hidden in an ineffective proof of statements like
the one in 1.3.

1
2
resp. general normed spaces X and A, := X € (0,1) effective rates of convergence of
(|, = f(x,)||) had been obtained before in [13] resp. [2] (the latter actually proves

an optimal quadratic bound in this case).

Remark 1.6 Only for the more special cases of uniformly conver X and N\, =

From the logical point of view the main difference between the Cauchy property of

(@)
(1) Yk € N3n € NYm > n(||x, — 20| < 277)
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and the so-called asympotic regularity? statement

(2) Vk € NIn € NVm > n(||zm — flzn)| < 27F)

is that whereas the former has the form V3V the latter can be written equivalently
as
(3) Vk € INIn € IN(||z,, — f(z,)|| <27F)

which is only V3. This is due to the easy fact that (||, —f(z,)]||)nen is non-increasing.
Whereas general theorems from logic allow one to extract computable bounds from
ineffective proofs of V3-theorems this in general is blocked for theorems of the form
V3V and — by the result just mentioned — the Cauchy property of (z,) indeed is of
that nature.

Given this state of affairs, the best effective information on (1) one can hope for is
to find effective bounds for the so-called Herbrand normal form of (1)

()7 Vk € Vg : N — N3n € INVi, j € [n;n+ g(n)](||lzi — 25]] < 277),

where [n;m] denotes the subset {n,n+1,...,m —1,m} of N for m > n.
(1) trivially implies (1) (and a bound on (1) provides a bound on (1) which is
even independent from g). The converse implication also holds but only ineffectively:

assume (1) and suppose that (1) would be false. Then there would exist a k € IN
such that
VYn € NIm > n(||z, — 2] > 27F).

Hence one can choose a sequence g(n) := m,, such that
vn € N(g(n) > n A ||z, — 2| > 27F)

contradicting (1) for g(n) := g(n) — n.

In this paper we present an effective procedure ¥ which transforms any given rate
® of asymptotic regularity, i.e.

(4) ¥k € NVm > (k) (|20 — f ()] < 27°)
into an effective bound ¥ (k, g, ®, ) for (1)7 i.e.

(5) Vk € INVg : N — IN3n < U(k, g, ®,a)Vi,j € [n;n+ g(n)](|lz: — 24]] <275).

2A selfmapping f of C is called asymptotical regular if || f™(x) — f**!(x)| — 0. For constant
An = A the statement ||z, — f(z,)|| — 0 is equivalent to the asymptotic regularity of fy :=
(1 — A)I + Af. We therefore call (following [1]) also the former statement (and for general A,)
asymptotic regularity.



Here « is a quantitative form of the compactness of C'; namely a so-called modulus
of total boundedness (see below).

Since (1) is equivalent to (1) but (1) is known to fail in general if C' instead being
compact is just bounded, it is clear that the compactness assumption somehow has
to enter the construction. It turns out that it is sufficient to assume C' to be totally
bounded while it is not needed that X is complete or C' is closed.

Since W only depends on the error k, the function g and ®, a it enjoys every uniformity
property ® has: if ® does not depend on xy or f (as our bounds from [16]) then the
same is true also for W.

Suppose for the moment that ()\,) is bounded away both from 1 and 0. Then (3)

can be viewed as the special case of (1) for g(n) := 1 since by

|Zn — Tnpa |l = Anlln — f(20)||

any bound on asymptotic regularity provides a bound on the convergence of (||z,, —
Zn11||) and vice versa. The same holds for any constant function g(n) := k. So
whereas for constant g one essentially can take ¥ in (5) to be just ® from (4)

(without any requirement of total boundedness), the case of general g requires total
boundedness as reflected by the dependence of ¥ on «.

Remark 1.7 That the convergence in theorem 1.3 is uniform for xo and f was first
shown ineffectively in [7] (for xy alone it was established already in [3]). For the

significance of this result see e.g. [4].

We conclude the treatment of nonexpansive functions by showing that the construc-
tion W also applies to the context of hyperbolic spaces (and so a-fortiori to CAT(0)
spaces, see [12]) in the sense of [10, 24] and also the slightly more general sense of
[19] (though not to the still more general spaces of hyperbolic type from [7]).

In the final section of the paper we extend our results to the setting of asymptotically
nonexpansive functions as introduced in [6]. In this context, the issue of asymptotic

regularity was analyzed quantitatively first in [20]. Since here (||, — f(z,)||) no
longer is nonincreasing, already a computable bound on asymptotic regularity can
be obtained only in the weakened form of the Herbrand normal form. However, it
turns out that this is still sufficient for the transformation ® +— W(k, g, ®,a) as all
what is needed for ® is

Vk € N3n < O(k)([|zn — f ()] < 27%)

what we call an approximate fixed point bound for (z,,).
Such a ® (even for asymptotically quasi-nonexpansive functions and for Krasnoselski-
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Mann iterations with error terms in the sense of [25])? is constructed in [20].
Finally, we remark that also the results in the present paper are in fact instances of
the general results from logic in [19, 5] (when applied to the sequential compactness
argument used to prove theorem 1.1 from theorem 1.3) which (when combined with
[15](prop.5.5)) even predict the correct complexity of W.

2 Preliminaries

Throughout this paper IN denotes the set of natural numbers including 0 and Q7
denotes the set of strictly positive rational numbers.

Definition 2.1 Let (M,d) be a totally bounded metric space. We call « : IN —
IN a modulus of total boundedness for M if for any k € IN there exist elements
ao, - - ., Ao(ky € M such that

Vo € M3i < a(k)(d(z,a;) < 27F).

Definition 2.2 Let (M,d) be a metric space, f: M — M a selfmapping of M and
(2,) a sequence in M. A function ® : Q) — IN is called an approzimate fived point
bound for (x,) if

Vg € Q' 3Im < ®(q)(d(zm, f(xm)) < q).

3 The nonexpansive case

We start this section with the negative result mentioned in the introduction:
Proposition 3.1 The exists a computable sequence (f;)iew of nonexpansive func-
tions fi : [0,1] — [0,1] such that for A\, := 1 and z} := 0 and the corresponding
Krasnoselski iterations (x')) there is no computable function § : IN — IN such that

1
vim > (1) (Jah, — ol | < 5)

3In this still more general setting, f must be assumed to be uniformly Lipschitzian which is
automatically the case for asymptotically nonexpansive functions.



Proof (based on [17]): Using the so-called Kleene T-predicate* from computability
theory we define a computable function « : IN x IN — IN by

1, if =7(l,1,n)
a(l,n) =
0, otherwise.

Define f; : [0,1] — [0,1] by

[e o]

filx) = aqx + 1 — @, where q; := Za(l, )27t e [0,1].
i=0

(f1) is a computable sequence (in the sense of computability theory, see e.g. [23] or
[26]) of nonexpansive functions.
Assume that a computable function ¢ satisfying

1
vim > 5(1) |, — 2ho| < )

would exist. One easily verifies that for m := §(1)

a <1=lim, .a, =1= 2! €[3,1] and

a=1=Vn(z\, =0)= 2l =0.

Because of this, we can use d (by computing l’g(l) up to say an error 1/3) to construct

a computable function x : IN — IN such that
Vie N(x(I) =0« a;,=1)

and hence
Vi e N(x(l) =0« Vn e N=T(l,1,n))

which contradicts the well-known undecidability of the so-called special halting prob-
lem. O

In the following, (X, || - ||) is a normed linear space, C' C X a (nonempty) convex
subset of X. Moreover, f : C' — C is a nonexpansive selfmapping of C' and (\,) a

sequence in [0, 1]. (z,) denotes the corresponding Krasnoselski-Mann iteration start-
ing from xy € C.
The following lemma is easy and well-known (see the proof of lemma 2 in [9]):

4T(1,1,n) expresses that the Turing machine with Gédel number [ applied to the input [ makes
a terminating run which has code n.



Lemma 3.2 ||z,11 — f(zni1)]] < ||z — f(20)|| for all n € IN.

Remark 3.3 By lemma 3.2, any approximate fixed point bound ® for (x,) is in fact

n—oo

a rate of convergence for ||z, — f(z,)| — 0 which we also call ‘rate of asymptotic
reqularity’:
Vg € QLvm = &(q)(xm — f(zm)]| < q)-

Lemma 3.4 Let ¢ > 0 and u € C be an e-fized point of f, i.e. ||u— f(u)]| <e.
Then for all n,m € IN

[0 m = ull < lzn —ull +m-e.

Proof: Let n € IN be fixed. We proceed by induction on m :
For m = 0, the lemma trivially is true.
m—m+1:

[Znimi1 — ull = [(1 = Apn) Tom + Mg f (Tnam) — ]
= [(1 = M) Zram — (1 = AU+ A f (Trpm) — Angmt]|

< (1= Mrn)Tnim = tll + Ansmllf @nim) = £+ Al ) = ]

< [#ngm = wl +[[f(w) —u] (f nonexpansive)

LH.
< #ngm —ull +e < flen —ul + (m+1)-e.

Notation 3.5 For n,m € IN with m > n, we use [n;m] to denote the set
{n,n+1,...,m} C IN.

We now assume that C' is totally bounded.

Theorem 3.6 Let k€ N,g: IN — IN,®: Q) — IN and o : N — IN. We define a
function V(k, g, ®,a) (primitive) recursively as follows:

\Ij(ka g, ¢a a) = ZSIOI}(%E(?) \IIO('La ka g, (I))a

where
1110(07 ka g, (I)) =0
Woln + 1,k 9,®) 1= (2752 /(max g(Wo(l, b, 9, ®)) + 1))

8



If @ is an approzimate fized point bound for (z,) and o a modulus of total boundedness’®

for C then
Vk € NVg: IN — INIn < U(k, g, ®,a)Vi,j € [n;n + g(n)](||a; — ;] < 27F).

Proof: We first note that by lemma 3.2 x4, is a ¢-fixed point of f for any ¢ € Q7.
Define n; := Uy(i, k, g, D).

Claim: 3i,j < ok +3) + 1,0 # j(||lzn, — @, || < 27772).

Proof of claim: By the assumption on « it follows that there exist points

o, - . ., Ga(kss3) € C such that for at least two of the (a(k + 3) + 2)-many indices

0 <i < a(k+3)+1 the corresponding z,,.’s must be in a common 2-*~3-ball around
some q; with [ < a(k + 3), i.e.

B, <ak+3)+1,i# 74,3 <a(k+3):
lar = 2 || < 27572 A Jlag — || < 27573
and hence ||z, — 2, | < k=2,

End of the proof of the claim.
By the claim, let i < j < a(k + 3) + 1 be such that

||xn1 - anH < 27]672'

By construction and j > 0, z,, is a (2_"“_2/(1?axg(\110(l, k,g,®)) + 1))-fixed point
<J

of f and hence a-fortiori a (27%72/(g(Uo(i, k, g, ®)) +1)) = (27%72/(g(n;) + 1))-fixed
point of f. By the lemma above we therefore obtain for all I < g(n;) :

9—k—2
g(ni)+1

||xni+l — Ty || < ||xnz — Ty || +1-
< J@n, — @l + 27k=2 < o7k,

Thus
Vi1, ga € [ns;mi + g(na)l (|2, — a5, < 279),

where i < a(k+3). Since ¥ (k, g, ®, ) = max{n; : i < a(k+3)}, the theorem follows.
(I

Remark 3.7 VU is a primitive recursive functional in the sense of Kleene [14].

SHere we consider C' equipped with the metric induced by || - |.
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Except for the lemmas 3.2 and 3.4, the proof of theorem 3.6 has not really used the
linear structure of (X, || - ||) but only that d(z,y) := ||z — y|| is a metric. Lemma 3.2
is well-known to hold even for spaces of hyperbolic type ([7]) and hence a-fortiori for
hyperbolic spaces ([10, 24, 19]). Lemma 3.4 needs a bit more linear structure but
still holds for hyperbolic spaces (even in the slightly more general sense of [19]) as we
show now (using the notation from [24, 21| where, for A € [0, 1], (1—X)z&® \y denotes
the unique element z in the metric segment [z, y| satisfying d(x, z) := Ad(z,y)) the
inductive step proceeds as follows:

d(Tppmi1,u) = d((1 = Apn) Tngm D Mg f (Tngm), w)
< d((l - )‘n+m)xn+m D )‘n-i-mf(xn-i-m)a (1 - )‘n+m)u D )‘n-l-mf(u))

+d((1 = X))t © Ay f (1), 1)
[21](2.8)
< (1 = M) d(@goms ) 4 Mm@ (f (T ), f (1))

+d((1 - )‘n-i-m)u D )‘n-i-mf(u)? ’LL)
e L M ) & e ) + (L — Do)t © Mo (1))

A(Znpm, w) + d((1 = M)t @ A f (1), 1)
21](2.14)
< d@pem,u) + (1= Mg d(u, w) + N d(f (0), w)

< d(Tpym,u) + €.

Hence we get

Theorem 3.8 Theorem 5.6 also holds for hyperbolic spaces (both in the sense of
[10, 24] as well as in the slightly more general sense of [19]).

Examples of effective asymptotic regularity bounds &:

1) In [16], the following rate of asymptotic regularity for Ishikawa’s theorem is
established: Let (X, ||-||) be an arbitrary normed space and C' C X a bounded
convex subset. Let d > diam(C) and (\,) as in theorem 1.1 with K € IN such
that )\ngl—%andﬁ:]Nx]Nﬁleuchthatforalln,ielN

B(i,n) < B(i +1,n) and
i+B(i,n)—1
n < Z As.

s=1
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Let (z,)nen be the Krasnoselski-Mann iteration
Toa1 = (L= X))z, + N f(20), o =2
starting from x € C. Then the following holds
Vo € CVq € QVn = ®(q,d, K, B)(||zn — f(zn)]| < @),

where

®(q,d, K, B) == (f2d exp(K (M +1))] — 1, M), with

i

B(0, M) = B(0, M), B(m +1,M) := B(B(m, M), M) with
Blm, M) :=m + B(m, M) (m € ).

In [21] it is shown that the same bound applies to hyperbolic spaces and a slight
variant thereof also to so-called directionally nonexpansive functions (see [11]).
For normed spaces and the special case A\, := A € (0,1) an in fact optimal
quadratic bound is due to [2].

In the case of bounded convex subsets C' C X of uniformly convex spaces
(X, |l - II), asymptotic regularity is known to hold even under slightly weaker
conditions on (A,) in [0,1]: as shown in [8] the only condition needed is that

%O: An(1 — A,) = oo (note that (A,) is no longer required to be bounded away
n=0

from 1). Let n: (0,2] — (0, 1] be a modulus of uniform convexity for X, i.e.
1
el Il < Ll =yl 2 e = | S+ 9| < 1-n(e) forall e € 0,22,y € X,

and v : IN — IN such that

7(n)
Vn € IN, Z)‘k(l_)‘k) >n
k=0

In [18](thm.3.4,cor.3.5) it is shown that

3(d+1)

D(q,d,m,y) =~ ({m
d+1

—D for ¢ < 2d and := 0 otherwise

11



is a rate of asymptotic regularity (where, again, d > diam(C')).
Moreover, if n(e) can be written as n(¢) = € - () with

g1 > g3 — ni(e1) > n(eg), for all e1,e49 € (0,2],

then the bound ®(q,d,n,7) can be replaced (for ¢ < 2d) by

(g, d,n,7) =7G#<;>D

The special case of A, := 3 was already treated in [13].

4 The asymptotically nonexpansive case

Let (X, || -]|) be a normed space, ) # C C X convex and (),) a sequence in [0, 1].
The class of asymptotically nonexpansive mappings f : C' — C' was introduced in
[6]:

Definition 4.1 f: C — C is said to be asymptotically nonexpansive with sequence
(kn) € [0,00)™ if lim k, =0 and

[/ () = "W < (L + ko)lle —yll, Vo€ N,Vz,y € C.

In the context of asymptotically nonexpansive mappings f : C' — C' the Krasnoselski-
Mann iteration is defined in a slightly different way as follows

zo =2 € C, Tpy1 = (1= Ap)xy + A f" ().

In the following we assume that f is asymptotically nonexpansive with a sequence

(k) which is bounded in sum by some K € IN, i.e. § k, < K.
n=0

Lemma 4.2 For alle > 0,n>1 and u € C' we have
lu—fw)] <e—lu= "Wl <+ K)-e

Proof: Let ||u — f(u)]] < e. The lemma follows from
n—1
lu—fr )l < XA+ k)<
i=0

12



which we prove by induction:
n=11is trivial. n—n+1:

LFt ) = ull = ([ () = f™ (w) + " (u) = ull
< ) = @)l + 11" (w) =l
< (U4 E) [ f (u) = wll + 17" (u) — ul]
LH.

(1—|—]€n)'€—|—1§:01(1+ki)'€:ﬁ:o(l—Fki)'E.

Lemma 4.3 Let |[u — f(u)|| <e. Then for alln € IN
[2n1 = ull < (L4 kp)[[zn = ull + (n + K) - €.

Proof:

[Zn1 — ull = (1 = An)xn + Anf™(20) —

= [|(1 = An)(zn — w) + An(f"(20) — [ () + An(f"(w) — v
" A — ] 4+ A (14 k) [ — ]| + A+ K) - €
<1+ k)|zn —u||+ (n+ K) -e.

Lemma 4.4 Let |u— f(u)|| < e. Then for all m,n € N

| m — ull < €"[lzn —ull +em(n +m+ K) -e.

n+m—1
Proof: Let k(n,m) := > k;. The lemma follows from

n+m—1
| i — ull < O™z, — uf 43 (4 K) e

13



which we prove by induction on m : The case m = 0 is trivial. m— m +1:

L.4.3
[Znimir —ull < (T4 Epim)|Tnsm —ull + (n+m+ K) - €
< ekl zpim —ull +(n+m+ K) - e (1+x§ex,:p20

[.H.
< ek"+m<ek("’m)||xn—u||+ek(”m)- Z (2+K) )+(n+m+K)-z—:
— ek(n,m-{—l)”xn _ UH 4 ek(n,m-‘,—l) ( 4 ) e+ (n +

n+m
S ek(n,m-{—l)”xn - UH 4 ek(n,m—f—l) . Z ( K)

=n

Definition 4.5 An approzimate fized point bound ® : Q7 — IN is called monotone
if
<@ — ) >P(e), a,¢cQl.

Remark 4.6 Any approzimate fixed point bound ® for a sequence (x,,) can effectively
be converted into a monotone approrimate fized point bound for (z,) by

®pr(q) := @, (min k[27% < q]), where ®,,(k) := max &(277).

i<k
We now assume that C' is totally bounded.
Theorem 4.7 Letk € IN,g:IN - IN,®: Q) - Nanda:IN—-IN. Let f : C — C
be asymptotically nonexpansive with a sequence (ky) such that N 5 K > io: ky,
n=0

and N € IN be such that N > eX. We define a function ¥(k,g,®,a) (primitive)
recursively as follows:

lll(kvga (I),O[) = iga(k—l—%g;((N)]—l—?)) \110(27 kagv (I))a

where (writing Wo(l) for Yo(l, k,g,P))

Vo (0) :=
Uo(n+1)
§ (27k~Tloex(M)1- */(max(g™ (Wo(D)) (o(1) + g™ (Po (1)) + HOgQ(Nﬂ)_'_l]))

14



with g™ (n) = m<axg(i).

If ® is a monotone approzimate fixed point bound for (x,) and o a modulus of total
boundedness for C' then

Vk € NVg: N — NIn < U(k, g, 0, )Vi, j € [min + g(n)](||lzi — 2] < 27°).
Proof: Since ¢ is an approximate fixed point bound we can define a function ¢ :
(Qj_ — IN by

p(q) = min{n < &(q) : [lzn — f(zn)]] < g}

Then x4, is a ¢-fixed point of f.% Define n; := Wy(i, k, g, ¢).
Analogously to the claim in the proof of theorem 3.6 one shows that there exist
points ag, . . ., Ga(k+[log, (N)]+3) € C such that

< j<alk+[logy(N)] +3)+ 1,3 < alk+ [logy(N)] +3) :

||al _ xan < 9—k—[logy(N)]-3 A ||al — Ty, || < 9—k—[logy(N)]-3

and hence ||z, — z,, || < 27F-Ne2(M1-2_ By construction z,, is a (27#~Me2(M1-2 /g)
fixed point of f where

¢ = max (¢ (Yo(l, k, 9,0))(Vo(L k, 9, 0) + 9" (Wo(l, K, g, ) + [logy(N)]) + 1).
Hence z,, is a-fortiori a (27%~M&2(MN1=2/(g(n;)(n; + g(n;) + [logy(N)]) + 1))-fixed
point of f. By lemma 4.4 we therefore obtain for all I < g(n;) :

9—k—[loga(N)]—2
g(ni)(ni+g(ni)+[loga (N)])+1

[ €m0 = @y || < Nllwn, = 20, | + N - 1(ni + 14 [logy(N)1) -

< Nl[w, — @, || + 2742 < 2701,

So
Vi1, o € [nisni + g(ng)) (|, — 25| < 275).

The theorem now follows from the fact that (using the monotonicity of @)
Yo(n, k, g, ®) = Wo(n, k,g,¢) (n€N)
which is easily verified by induction on n. a

Remark 4.8 VU is a primitive recursive functional in the sense of Kleene [14].

SNote that in general ||z, — f(x,)||)nen Will not (as in the nonexpansive case) be nonincreasing
anymore so that we cannot just take ®(q) instead of ¢(q).
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Let (X, -]|) be a uniformly convex space and 1 a modulus of uniform convexity
for X. Let C' C X be a nonempty, convex and bounded subset and d > diam/(C).
In [20](cor. 28 specialized to £ = 0 and g(n) := 0) the following approximate fixed
point bound @ is established for functions f : C' — C' which are asymptotically

nonexpansive with a sequence (k,) which is bounded in sum by K > %O: k. Let (A\,)
n=0

be a sequence in [57,1 — 1] for some M € IN. Then

T 3GKdtd)M?
(K M.d,n.q) = | Eaiday | - where

Gg=q/2L+(K+1)(K+2)(K+3)))

is an approximate fixed point bound for the Krasnoselski-Mann iteration of f starting
from any point zo € C' and with the sequence (\,), i.e.

In < (K, M, d,n,q)([|zn — f(za)|| < q).

For special n, an improvement analogous to the one in the 2nd example at the end
of the previous section is possible.
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