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1 Introduction

In this paper we continue our investigations started in [15] and [16] on the question:

What is the impact on the growth of extractable uniform bounds the use of various analytical
principles I' in a given proof of an V3-sentence might have?

To be more specific, we are interested in analyzing proofs of sentences having the form
(1) Vu', KV <, tukFw® Ao (u, k, v, w),

where Ay is a quantifier—free formula! (containing only u, k,v,w as free variables) in the language
of a suitable subsystem 7 of arithmetic in all finite types, ¢ is a closed term and <, is defined
pointwise (p being an arbitrary finite type).

From a proof of (1) carried out in 7% one can extract an effective uniform bound ®uk on Jw, i.e.

(2) Vu', KV <, tuk3Iw <o ®uk Ao(u, k,v,w),

where the complexity (and in particular the growth) of @ is limited by the complexity of the system
T (see [13],[15]).

By the predicate ‘uniform’ we refer to the fact that the bound ® does not depend on v <, tuk.

In [13] we have discussed in detail, how sentences (1) arise naturally in analysis and why such uniform
bounds are of numerical interest (e.g. in the context of approximation theory).

Proofs in analysis can be formalized in a suitable base theory 7* plus certain (in general non—
constructive) analytical principles I' (usually not derivable in 7¢). In order to determine faithfully
the contribution of the use of I' to the growth of extractable bounds ® we introduced in [15] a
hierarchy of weak subsystems G, A“ of arithmetic in all finite types whose definable type—1-objects
correspond to the well-known Grzegorczyk hierarchy of functions.

As the essential proof-theoretic tool, monotone functional interpretation (which was introduced in

[13]) was used to extract bounds ® (given by closed term of G,A%) from proofs

(3) GnAY + A+ AC—f + (1),

I Throughout this paper Ag, B, Cp, ... always denote quantifier—free formulas.



where
ACPT—qf @ VafIyT Ag(z,y) — FY TPVl Ag(z,Y )

is the schema of choice for quantifier—free formulas and A is a set of ‘axioms’ having the form
(4) V2°3y <, s2V2"Go(x,y, 2),

where Gy is a quantifier—free formula containing only z,y, z free and s is a closed term.

In particular for n = 2 (resp. n = 3) the extractability of a bound ®uk which is a polynomial (resp.

M

a finitely iterated exponential function) in vz := max u (i) and k is guaranteed (see [15] for details).
i<z

In [14] we have shown that for suitable A already GoA¥ + A+ AC—qf covers a substantial part of
standard analysis. In fact essentially only analytical axioms (4) having types §,p < 1,7 = 0 are
sufficient.

The proof of the verification of the extracted bound @ also relies on these non—constructive principles
A, in fact even on their strengthened versions

(5) A:={3Y <i(1y 8V, 2Go(z, Y, 2) Vo' Jy <y saVz2'Go(z,y,2) € A}

relatively to the intuitionistic variant G,A¥ of G,AY.
However combining the methods from [15] with techniques from [12] one can replace the use of (5)
by the use of the ‘e—weakenings’ of (5) thereby achieving

(6) GpAY + A, F Vu' k%0 <, tukIw <o PukAg(u, k, v, w),
where
(7) A: = {V:L‘l,zOEIy <1 sx /\ Go(z,y,i)|Ve' Iy <y s2V2"Go(x,y,2) € A} .
=0

The e-weakening A. of A usually is constructively provable in suitable subsystems of intuition-
istic arithmetic in all finite types. This passage from A to A. — which may be viewed as an
e-arithmetization of the original proof — however is not necessary for the extraction of ® but only
for a constructive verification of ®.

Whereas a number of important analytical principles can be expressed directly as axioms (4) — in

particular relatively to systems like f’/\&w[\ or G,A% for n > 3 the binary Kénig’s lemma WKL can
be expressed in this form (see [12] for details) — there are many theorems not having this form but

which can be proved from WKL relatively to base systems like PA” M AC—qf which essentially is a
finite type extension of the second—order theory RCAy known from reverse mathematics. Examples
of such theorems are the following principles:

e Every pointwise continuous function f : [0,1]? — IR is uniformly continuous.
¢ The attainment of the maximum value of f € C([0,1]?,R) on [0,1]%.2

e The sequential form of the Heine-Borel covering property for [0, 1]¢.

e Dini’s theorem.

2This statement can be expressed as an axiom (4). However this requires a very complicated representation of the
elements f € C([0,1]%,1R) which can be avoided using the principle of uniform boundedness discussed below.



e The existence of a uniformly continuous inverse function for every strictly increasing continuous
function f :[0,1] —» IR.

The problem in treating these principles relative to weak base theories as GoA“ is that their usual
proofs (using WKL) are not formalizable within e.g. G2A“. In particular WKL can not even be
expressed in its usual formulation in this system, since this involves the coding functional fyz :=
(f0,..., f(x — 1)) which is available in G,,A“ only for n > 3. In order to treat the principles above
faithfully we introduced in [15] the axiom (having the form (4))

F~ := V320 103y, <1(0) y‘v’ko,zl,no( N (zi <o yki) = ®k(z7n) <o ‘bk(yok)),

i<on
where, for 2%, (z;7m)(k°) :=, zk, if k <o n and := 07, otherwise.
This axiom implies (already relatively to GoA“+ACH0—f) the following principle of uniform
Y?—boundedness

vy ' (©) (Vko‘v’m <1 yk32° A(z,y,k, z) — IX'VEO, 2, nf

i<on

0-UB™ :=

where A = 31°A4y(]) is a purely existential formula (see [15] for a detailed discussion of this principle).
In GoA¥ + X9-UB~ and hence in GyA“ + F~+ACH%—qf one can give very short and perspicuous
proofs of the analytical theorems listed above and since F'~ has the form of an axiom A we can
extract a polynomial bound from such a proof (see [17] for details). The verification of this so far
still depends on the non—standard axiom F'~ which does not hold classically, i.e. it does not hold
in the full set—theoretic type structure S* (but only in the type structure of all so—called strongly
majorizable functionals M*). Nevertheless, using the e-arithmetization technique mentioned above,
one can replace the use of F'~ by its e~weakening and this e-weakening is provable e.g. in G3zAY
(see [15]). In this case e-arithmetization still is not needed for the extraction of an uniform bound
but now it is needed even for a classical verification.

On the other hand there are central theorems in analysis whose proofs use arithmetical comprehen-
sion, more precisely instances of

AC,, : Va3 A(z,y) — V2l A(x, fz),

where A € TI2, (A may contain parameters of arbitrary type), and which are not covered by the
results mentioned above.
Examples are the following theorems

1) The principle of convergence for bounded monotone sequences of real numbers (or equivalently:
every bounded monotone sequence of reals has a Cauchy modulus (PCM)).

2) For every sequence of real numbers which is bounded from above there exists a least upper
bound.

3) The Bolzano—Weierstraf property for bounded sequences in R? (for every fixed d).
4) The Arzela—Ascoli lemma.

5) The existence of the limit superior for bounded sequences of real numbers.



Using a convenient representation of real numbers, (PCM) can be formalized as follows:

va’é.()O)a c! (vnO (C <R 41 <R an)

(PCM) :
— E|h1Vk0Vm,m >0 hk(|am —1R am| <R ﬁ))

(PCM) immediately follows from its arithmetical weakening

(POM-) - Vo, e (¥n(c <m any1 <m an)
= YOI m, m >0 n(|am —r aml <R 757))

by an application of AC,, to

1
vm, i > n(|am —r am| <r ——) € 19

A -
kE+1

(<wre€ Y follows from the fact that real numbers are given as Cauchy sequences of rationals with
fixed rate of convergence in our theories).

It is well-known that a constructive functional interpretation of the negative translation of AC,,
requires so—called bar-recursion and cannot be caried out e.g. in Godel’s term calculus T (see [23]

and [18] ). AC,, is (using classical logic) equivalent to CA,,+AC%%—f, where
CA,, : 3¢'Va°(g(z) =0 0 +» A(z)) with A € TI2,

and therefore causes an immense rate of growth (when added to e.g. GoA“). From the work in the
context, of ‘reverse mathematics’ (see e.g. [6],[22]) it is known that 1)-5) imply CA,, relatively to

(a second-order version of) ISRW[\-I-ACO’quf (see [5] for the definition of PA” M. In [14] it is shown

that this holds even relatively to GoA“.
In contrast to these general facts on huge growth we prove in this paper a theorem which in particular

implies that if (PCM) is applied in a proof only to sequences (a,) which are given explicitely in the
parameters of the proposition (which is proved) then this proof can be (effectively) transformed
(without causing new growth) into a proof of the same conclusion which uses only (PCM™) for these
sequences. By this transformation the use of AC,, is eliminated and the determination of the growth
caused (potentially by (PCM)) reduces to the determination of the growth caused by (PCM™). This
reduction is achieved using the method of elimination of Skolem function for monotone formulas
(developed in [16]).

In difference to (PCM) the (negative translation of the) principle (PCM™) has a simple constructive
monotone functional interpretation which is fulfilled by a functional ¥ which is primitive recursive
in the sense of [9]. Because of the nice behaviour of the monotone functional interpretation with
respect to the modus ponens one obtains (by applying ® to ¥) a monotone functional interpretation
of (1) and so, using tools from [13],[15], a uniform bound ¢ for Jw, i.e.

Vul, KO <, tukJw <o EukAo(u, kv, w),

where ¢ is primitive recursive in the sense of Kleene [9] (and not only in the generalized sense
of Godel’s calculus T').

(This conclusion also holds for sequences of instances Vn°PCM(xuwvn) of PCM(a) instead of



PCM (xuv).)

In this case e-arithmetization — namely the reduction of the use of instances of (PC'M) to correspond-

ing instances of its arithmetical weakening (PCM ~) — is necessary already for the construction of
the bound &.

In our treatment of the Bolzano—-Weierstraf theorem (as well as the Arzela—Ascoli lemma) in section
5 below the use of the method of elimation of Skolem functions is combined with the use of the non-
standard axiom F~ mentioned above: Single (sequences of) instances of the Bolzano—Weierstraf3

theorem can be proved (relatively to GoA“+ACH%—qf) from single instances of the second—order
axiom II9-CA plus F~. M{-CA is studied in [16] where it is shown that single instances of this
principle (in contrast to its full second—order universal closure, which is equivalent to full arithmetical
comprehension over numbers) also contribute at most by a primitive recursive functional in the
sense of Kleene. By the method of F'~—elimination discussed above, the resulting bound from a
proof which uses single instances of the Bolzano—Weierstrafl theorem then can be classically (and even
constructively) verified. Here e-arithmetization of a given proof is used twice for the construction of
a bound (by elimination of Skolem functions) and for a classical verification (by elimination of the
non-standard axiom F ).

Finally we investigate the principle of the existence of the limit superior of a bounded sequence of
real numbers. It turns out that the use of single instances of this principle in the proof of a theorem

(1) can be reduced to an arithmetical TI2—principle whose monotone functional interpretation can
be fulfilled by a functional from the fragment 77 of Gddels claculus T with the recursor constants
R, for p <1 (this fragment of T is sufficient to define the Ackermann function but no functions of
essentially greater rate of growth).

In section 2 we present the theorems from [16] on which our investigations in the present paper are
based in order to make this paper independent from the reading of [16]. However we assume the
reader to be familiar with [15] and all undefined notions in this paper are used in the sense of [15].

2 Proof-theoretic tools

In this section we recall some of our proof-theoretic results from [16] which will be used in section
5 below.

Definition 2.1 ([16]) Let A € L(G,A*) be a formula having the form
A =Vulve <, tuFydval ... FydvadIw? Ag(u, v, y1, 1, o, Y, Th, W),

where Ag is quantifier—free and contains only u,v,y,z,w free. Furthermore let t be € G, R* and 1,7

are arbitrary finite types.

1) A is called (arithmetically) monotone if

Vulvv ST tuvxlajla'"7Ikafkay1ag17"'ykagk
k
Mon(A) := ( /\1(552 <o i ATi >0 vi) ANIwY Ag(u, v, 41, T1, -, Ykr Th, W)
1=

- EIwVAO(u,v,gjl,il,...,gjk,i’k,w)).



2) The Herbrand normal form A7 of A is defined to be

AR = vulve <; tuVhyY, o Ry, Ly w

AO(uaUaylahlyla tee 7yk7hky1 . -ykaw)a where pi = 0 (0) s (0)
N > N ”

i

~
H.
AH:

Theorem 2.2 ([16]) Letn > 1 and ¥q,..., ¥, € G,RY. Then

k
GnAY + Mon(A) FVYu'Vv <, tuVhy, ..., hk( N (hi; monotone)

=1

= Jy1 <o Vyuh ... Jyr <o ‘Ilkuhﬂw'YAg) — A,
where (h; monotone) := Va1,..., %Y1, - - ,yi( A (x; >0 yj) = hiz >0 hiy).
=1 =

Definition 2.3 (Bounded choice) b-AC:= |J {(bfACJ”’)} denotes the schema of bounded choice
8,p€T

(b-AC°) : ¥ZP(V2'3y <, Zz A(z,y, Z) — AY <,5 ZVzA(z, Yz, Z)).

Theorem 2.4 ([16]) Let A be as in thm.2.2 and A be a set of sentences Va’Jy <, sxV2"Gy(z,y, 2)
where s is a closed term of G, A% and Go a quantifier-free formula, and let A" denote the negative
translation® of A. Then the following rule holds:

GnA“+AC—qf + A+ AH A Mon(A) =

G AY + A + A and

by monotone functional interpretation one can extract a tuple ¥ € G,R“ such that

GnAY + A+ U satisfies the monotone functional interpretation of A’
where A 1= {3V <,; V2, 2"Go(z, Yz, 2) : V20Ty <, saV2"Go(z,y,2) € A}. (In particular the
second conclusion can be proved in G, AY + A+ b-AC).
Remark 2.5 In theorems 2.2,2./ one may also have tuples Tw’ instead of Fw?’ in A.
For our applications in the next paragraph we need the following corollary of theorem 2.4:

Corollary 2.6 ([16]) Let V2°3y°V20A4(ut,v™, 2,y, 2) € L(GnA¥) be a formula which contains only
u,v as free variables and satisfies provably in G, A“ + A+ AC—qf the following monotonicity property:

(*) Vu,v,x,i,y,ﬂ(i SO AN g 20 Yy /\\V/ZOA()(U,’U,JJ,y,Z) — VZOAO(U,U,i‘,ﬂ,Z)),

(i.e. Mon(3zVy3Iz—Ap)). Furthermore let Bo(u,v,w”) € L(G,A*) be a (quantifier-free) formula
which contains only u,v,w as free variables and v < 2. Then from a proof

G, AY + A + AC—qf FVulVo <, tu(3f1Va:, z Ao(u,v,z, fx,2) = EIw”BO(u,v,w)) A (%)

3Here we can use Godel’s [8] translation or any of the various negative translations. For a systematical treatment
of negative translations see [18].



one can extract a term x € G,R* such that

GpAY + A+ b-AC +Vulve <, tu‘v’\Il*((\Il* satisfies the mon.funct.interpr. of

Vﬂ?o,glayoAO(UaUaﬂfayagy)) — Jw S’Y X’U/‘I,* Bo(u,v,w))4.

In the conclusion A+ b-AC can be replaced by A as defined in thm.2.4. If 7 < 1 and the types
of existential quantifiers in the axioms A are < 1, then G,AY + A+AC—-qf may be replaced by

E-GnA® + A+AC*P—qf, where (¢ =0AB<1) or (a =1A[=0).

The mathematical significance of corollary 2.6 for the extraction of bounds from given proofs by
arithmetization rests on the following fact: Direct monotone functional interpretation of

GnAY + A + AC—qf FVulvo <, tu(EIf1V:L', z Ao(u,v,z, fx,2) = EIwVBO(u,v,w))

yields only a bound on Jw which depends on a functional which satisfies the monotone functional
interpretation of (1) fVz, z Ap or if we let remain the double negation in front of 3 (which comes from
the negative translation) (2) —=—3fVz, 2 Ag. However in our applications the monotone functional
interpretation of (1) would require non—computable functionals (since f is not recursive) and the
monotone functional interpretation of (2) can be carried out only using bar-recursive functionals
(see [23]). In contrast to this the bound x only depends on a functional which satisfies the monotone
functional interpretation of the negative translation of Vz3yVz Ag(z,y,2): In our applications in
section 5 such a functional can be constructed in PR except for the existence of the limit superior
of a bounded sequence of real numbers where the fragment 77 of Gddel’s calculus T" with R, for
p < 1is needed (note that the Ackermann function is definable in T7).

In particular the use of the analytical premise 3f'Vz, 24y has been reduced to the arithmetical
premise Vz°3y°V20A4,.

3 Real numbers in G2A¥

Suppose that a proposition Vz3yA(z,y) is proved in one of the theories 7% from [16], where the
variables z,y may range over IN, 7ZZ, Q, R or e.g. C[0,1] etc. What sort of numerical information on
‘Jy’ relatively to the ‘input’ z can be extracted from a given proof depends in particular on how z
is represented, i.e. on the numerical data by which z is given:

Suppose e.g. z that is a variable on IR and real numbers are represented by arbitrary Cauchy
sequences of rational numbers z,, i.e.

— ~|<L)
T, <i+1)

(1) VE°InoVm,m > n(|zm
Let us consider the (obviously true) proposition

(2) Ve e Rl € N(z < 1).

Given z by a representative (z,) in the sense of (1) it is not possible to compute an ! which satisfies
(2) on the basis of this representation, since this would involve the computation of a number n which

4g* satisfies the mon. funct.interpr. of Va, g3y Ao (u, v, z,y, gy)’ is meant here for fixed u,v (and not uniformly as
a functional in u,v), i.e. H\Il(\lf* s-maj ¥ AVz,g9 Ao(u,v,z, \Ifacg,g(\leg))).



fulfils a (in general undecidable) universal property like Vm,m > n(|z, — 27| < 1) to define [ as
[lall + 1.

If however real numbers are represented by Cauchy sequences with a fixed Cauchy modulus, e.g.
1/(k+1),ie.

. 1
(3) Vm,m > k(|xm — Ia| < k——l—l)’

then the computation of [ is trivial: [ := ® ((x,,)) := [|xo|] + 1. ® is not a function : IR — IN since it
is not extensional: Different Cauchy sequences (x, ), (Z,) which represent the same real number, i.e.
lim,,— oo (®y, — &n) = 0, yield in general different numbers & ((x,,)) # ® ((Z,)). Following E. Bishop
[3] , [4] we call ® an operation : IR — IN. This phenomenon is a general one (and not caused by
the special definition of ®): The only computable operations R — IN, which are extensional, are
operations which are constant, since the computability of ® implies its continuity as a functional® :

IN™ — IN and therefore (if it is extensional w.r.t. =) the continuity as a function IR — IN.

The importance of the representation of complex objects as e.g. real numbers is also indicated by
the fact that the logical form of properties of these objects depends essentially on the representation:

If (z,), (Z,) are arbitrary Cauchy sequences (in the sense of (1)) then the property that both se-
quences represent the same real number is expressed by the II9—formula

1
(4) Vk3aInVYm,m > n(|a:m — Im| < k—-l-l)
For Cauchy sequences with fixed Cauchy modulus as in (2) this property can be expressed by the
(logically much simpler) T19—formula

3
o) Vk — Tk < ——).
(5) Vk(|lor — @] < k+1)
For Cauchy sequences with modulus 1/(k + 1) (4) and (5) are equivalent (provably in GoA¥). But
for arbitrary Cauchy sequences (4) does not imply (5) in general.

If (z,) C @Q is an arbitrary Cauchy sequence then AC%9 applied to

1
3 7> 0|z, — tm| < ——
Vk an,m_n(|az Tm| < k+1)

yields the existence of a function f! such that VkVm,m > fk(|xm — 5| < kLH)

For m,m > k this implies |z, — 2 pm| < 57 (choose k' € {m,m} with fk' < fm, fi and apply
the Cauchy property to m' := fm,m' := fm), i.e. the sequence (zs,)nen~ is a Cauchy sequence
with modulus 1/(k + 1) which has the same limit as (z,)nenN.

Thus in the presence of AC%? (or more precisely the restriction AC®%-V of AC%? to IV -formulas)
both representations (1) and (2) equivalent. However AC%°-V is not provable in any of our theories
and the addition of this schema to the axioms would yield an explosion of the rate of growth of

the provably recursive functions. In fact every a(< &g)-recursive function is provably recursive in

5An operation ® : IR — IN is given by a functional : INN — IN (which is extensional w.r.t. =1!) since sequences
of rational numbers are coded as sequences of natural numbers.



GoA¥+ ACOO-Y. This follows from the fact that iterated use of AC?°-V combined with classical
logic yields full arithmetical comprehension

CAqr = AfV(fz =0 0 ¢ A(2)),

where A is an arithmetical formula, i.e. a formula containing only quantifiers of type 0. C' A, applied
to QF-TA proves the induction principle for every arithmetical formula. Hence full Peano—arithmetic

PA is a subsystem of GoA¥+ AC00-Yy,
As a consequence of this situation we have to specify the representation of real numbers we choose:

Definition 3.1 A real number is given by a Cauchy sequence of rational numbers with modulus
1/(k+1).

The reason for this representation is two—fold:

1) As we have seen above any numerically interesting application of the extraction of a bound
presupposes that the input is given as a numerically reasonable object. This is also the reason
why in constructive analysis (in the sense of Bishop) as well as in complexity theory for analysis
(in the sense of H. Friedman and K.-I. Ko, see [11] ) real numbers are always endowed with
a rate of convergence, continuous functions with a modulus of continuity and so on. Also in
the work by H. Friedman, S. Simpson (see e.g. [22]) and others on the program of so—called
‘reverse mathematics’, real numbers are always given with a fixed rate of convergence.

2) For our representation of real numbers we can achieve that quantification over real numbers

is nothing else then quantification over ]N]N, i.e. Vz',3y'. Because of this many interesting
theorems in analysis have the logical form V3Fy (see [13] for a discussion on that) so that our
method of extracting feasible bounds applies.

1) and 2) are in fact closely related: If real numbers would be represented as arbitrary Cauchy
sequences then a proposition Vz € Ry € IN A(z,y) would have the logical form

vz (VEInymEFy — Fy° A),

where (%) VkInVmF, expresses the Cauchy property of the sequence of rational numbers coded

1. By our reasoning in [15] we know that in general we can only obtain an effective bound

by z
on y which depends on z together with a Skolem function for (x). But this just means that the
computation of the bound requires that z is given with a Cauchy modulus.

As concerned with provability in our theories like G, A“+AC—qf the representation with fixed

modulus is no real restriction: In section 5 we will show in particular that the a proof of

Y(2,) (3 VEYM, 1 > fh(|Tm — Em| < %H) — P A)

can be transformed into a proof of

1
V(2n) (VEInVm, m > n(|zm — &n| < P 1) = Jy0A).

within the same theory (i.e. without any use of AC%?) for a large class of formulas A.



The representation of IR presupposes a representation of @): Rational numbers are represented as
codes j(n,m) of pairs (n,m) of natural numbers n, m. j(n,m) represents

n+1

, if n is even, and the negative rational — 2 if p is odd.
1 m+1

n
2

the rational number

By the surjectivity of our pairing function j from [15] every natural number can be conceived as code
of a uniquely determined rational number. On the codes of @, i.e. on IN, we define an equivalence
relation by

Jini Jjins
— 2 _ 2
e+ 1 jamp +1

ny =q N : if jin1,jine both are even

and analgously in the remaining cases, where § = £ is defined to hold iff ad =¢ cb (for bd > 0).

On IN one easily defines functions | - |q, +q, —@, '@ !@,maxqg,ming € GoR“ and (quantifier—free)
relations) <q, <@ which represent the corresponding functions and relations on Q. In the following
we sometimes omit the index @ if this does not cause any confusion.

Notational convention: For better readability we often write e.g. I%H instead of its code j(2, k)

in IN. So e.g. we write z° <q %ﬂ for z <q j(2,k).

By the coding of rational numbers as natural numbers, sequences of rationals are just functions
f! (and every function f! can be conceived as a sequence of rational numbers in a unique way). In

particular representatives of real numbers are functions f' modulo this coding. We now show that
every function can be conceived as an representative of a uniquely determined Cauchy sequence of

rationals with modulus 1/(k + 1) and therefore can be conceived as an representative of a uniquely
determined real number.5
To achieve this we need the following functional f.

Definition 3.2 The functional Afl.fe G>R® is defined such that

fn, if Vk,m,m <o n(m,m >¢ k = |fm —q fm| <q %H)
fn= f(no — 1) for ng := minl <o n[Fk, m,m <o l(m,m >o kA|fm —q fin| >q %H)],

otherwise.

One easily verifies (within GoAY) that

1) if f! represents a Cauchy sequence of rational numbers with modulus 1/(k + 1), then
Vno(fn =0 fn)a

2) for every f! the function frepresents a Cauchy sequence of rational numbers with modulus
1/(k+1).
Hence every function f gives a uniquely determined real number, namely that number which is
represented by f. Quantification Vo € IR A(z) (3z € R A(x)) so reduces to the quantification
VflA(f) (E!flA(]?)) for properties A which are extensional w.r.t. =g below (i.e. which are really

properties of real numbers). Operations ® : IR — R are given by functionals ®'(") (which are

6A related representation of real numbers is sketched in [1] .

10



extensional w.r.t.=1). A real function : IR — IR is given by a functional ®'(') which (in addition) is
extensional w.r.t. =g . Following the usual notation we write (z,) instead of fn and (Z,) instead

of fn
In the following we define various relations and operations on functions which correspond to the
usual relations and operations on IR for the real numbers represented by the respective functions:

Definition 3.3 1) (2,) =R (in) := VK (|7 —q 71| <q £27);
2) (zn) <m (Zn) = I (T — B >q 7iy);
3) (¥n) <R (#n) = ~(Tn) <R (Tn);
4) (@) +R (&) = Font1 +q Tont1);
5) (zn) —R (Tn) = (Tan+1 —q §2n+1);
6) [(zn)r == (|Znl@);
7) (zn) R (Tn) = (Zo(nt1)k @ Ez(nﬂ)k), where k := [maxq (|zo|q + 1, |Zolg + 1)1,

8) For (z,,) and [° we define

(2) " = (maxq (F(nt1)a+1)2: 737) "1 )s if Taegr) >q 0

(ming (2 (n+1)(141)2> l;—ll)_l), otherwise;

9) maxg ((zn), (&) := (maxq(Fn, 2,)), ming ((€,), (Fn)) = (ming (Zn, Z,))-
One easily verifies the following

Lemma 3.4 1) (z,) =r (Zn) resp. (xn) <r (&n), (¥n) <m (Z.) hold iff the correponding
relations hold for those real numbers which are represented by (x,), (Z,)-

2) Provably in Go AY, (Tn) +R (Fn), (Tn) —R (Fn), (Tn) 'R (), maxr ((xn)a (in)),

ming ((2,), (Zn)) and |(z,)|r also represent Cauchy sequences with modulus 1/(k + 1) which
represent the real number obtained by addition (subtraction,...) of those real numbers which
are represented by (r,), (%,). This also holds for (x,)™" if |(zn)|R >R HLl for the number
I used in the definition of (x,)~'. In particular the operations +R,—R etc. are extensional

w.r.t. to =R and therefore represent functions’ .

8) The functionals +Rr, —R, ‘R, MaxR, ming of type 1(1)(1), |- |r of type 1(1) and ()~' of type
1(1)(0) are definable in G2 R“.

Remark 3.5 Since our theories G, AY contain all IN, NN —trye purely universal sentences
vz0/1 4 (z) as azioms (because they do not contribute to the growth of extractable bounds at all, see

[15] for details), it is easy to check that the basic properties of =g, <R,~+R,... can be proved in
G2 AY. They are either directly purely universal or can be strengthened to universal statements, e.g.

"The functional ()~! is extensional for all [ and (2.), (y») such that |(z»)|R, |(yn)| R > H-LI
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T=RYAY =R 2 — x =R 2z follows from the universal axiom
Val,y" K (J(6(k + 1)) —g 96k + D)| <q sy A 60k + 1) —g 26k + )] <o guryer

= [3(k) —q 2(k)| <q #37)-

Rational numbers ¢ coded by r, have as canonical representative in IR (besides other representatives)
the constant, function An®.r,. One easily shows that V&(|(z,) —r An.2x| < 727 ) for every function
Notational convention: For notational simplicity we often omit the emmbedding @ — IR, e.g.
z! <R y° stands for £ <R An.y°. From the type of the objects it will be always clear what is meant.

If (fn)new of type 1(0) represents a k%_lfcauchy sequence of real numbers, then

f(n) == f3(n+1)(3(n + 1)) represents the limit of this sequence, i.e. Vk(|fy —r f| <R 737). One

easily verifies this fact in GoAY.
Representation of R? in GaAY:

For every fixed d we represent IR? as follows: Elements of IR? are represented by functions f! in the
following way: Using the construction ffrom above, every f! can be conceived as a representative
of such a d-tuple of Cauchy sequences of real numbers, namely the sequence which is represented by

— —

(y{l(f), e yj(f)), where vl (f) := Az’ vl (fz),

(ve are the coding functions € GoR* from [15]).

—

Since the v¢(f) represent Cauchy sequences of rationals with Cauchy modulus ﬁl, elements of IR?
are so represented as Cauchy sequences of elements in Q% which have the Cauchy modulus I%H w.r.t.

the maximum norm || f!||max := maxg (|v{(f)|w,-- -, [v5(F)r)-

Quantification ¥(z1,...,z4) € R? so reduces to VT A(VE(f),...,v4(f)) for R*-extensional proper-
ties A (likewise for 3).
The operations +pRa, —Rd,- - - are defined via the corresponding operations on the components, e.g.

1 1.— ,d(y,d d d d
! +payt =i tr vy, .. viT AR VTY).

Sequences of elements in IR? are represented by (f,) of type 1(0).

Representation of [0,1]C R in G2AY

We now show that every element of [0,1] can be represented already by a bounded function f €
{f:f <y M}, where M is a fixed function from G2R*“ and that every function from this set can be
conceived as an (representative of an) element in [0,1]: Firstly we define a function

q € GoR¥ by

minl <o nll =g n], if 0 <gn <g1
q(n) :=
0°, otherwise.

It is clear that every rational number € [0,1] N @ has a unique code by a number € ¢(IN) and
vn®(q(q(n)) =o q(n)). Also every such number codes an element of € [0,1] N Q. We may conceive

12



every number n as a representative of a rational number € [0,1] N @, namely of the rational coded
by q(n).

In contrast to IR we can restrict the set of representing functions for [0,1] to the compact (in the
sense of the Baire space) set f € {f: f <1 M}, where M(n) := j(6(n + 1),3(n + 1) — 1) (here j is
the Cantor pairing function):

Each fraction r having the form ﬁ (with 4 < 3(n + 1)) is represented by a number k < M (n),
ie. k < M(n)Aq(k) codes r. Thus {k: k < M(n)} contains (modulo this coding) an
[0,1].

We define a functional A\f.f € GoR“ such that

1
m —net for

~ ~ ~

f(k) = qlio), where ig = pi <o M(k)[Vj <o M(k)(|f(3(k+1)) —q ¢(j)| Za |f(B(k + 1)) —q q(i)])]-
f has (provably in G3AY) the following properties:
1) VfY(f <1 M),

~

2) V'(f=1 /).
3) VN0 <m f <m 1).
Y VYFIO<R f<r1— f=Rrf).

5) VI'(f =m )
By this construction quantification Vz € [0,1] A(z) and 3z € [0,1] A(z) reduces to quantification

having the form Vf <y M A(f) and 3f <4 M A(f) for properties A which are =g—extensional (for
f1, f2 such that 0 <gr fi, fo <mr 1), where M € GoR* . Similarly one can define a representation
of [a,b] for variable a',b! such that @ <r b by bounded functions {f' : f <; M(a,b)}. However
by remark 3.6 below one can easily reduce the quantification over [a, b] to quantification over [0, 1]
so that we do not need this generalization. But on some occasions it is convenient to have an
explicit representation for [—k, k] for all natural numbers k. This representation is analogous to the
representation of [0, 1] except that we now define My(n) := j(6k(n+1),3(n+1)—1) as the bounding

function. The construction corresponding to Af. f is also denoted by f since it will be always clear
from the context what interval we have in mind.

Representation of [0,1]? in G,AY

Using the construction f — f from the representation of [0,1] we also can represent [0, 1]? for every
fixed number d by a bounded set {fl f < Md} of functions, where My : v4(M,...,M) € G3R¥
for every fixed d:

f(< My) represents the vector in [0,1]? which is represented by ((Illdf),...,(;g-‘/f)). If (in the
other direction) fi,..., f4 represent real numbers z;,...,z4 € [0,1], then f := I/d(fl, .. .,fd) <1
vi(M,..., M) represents (z1,...,74) € [0,1]¢ in this sense.

Remark 3.6 For a,b € R with a <R b, quantification Yz € [a,b] A(z) (3z € [a,b] A(z)) reduces
to quantification over [0,1] (and therefore —modulo our representation— over {f : f <y M}) by VA €
[0,1] A((1 — XN)a + A\b) and analogously for Iz. This transformation immediately generalizes to
[a1,b1] X -+ X [ag, bg] using A1,..., Aq.
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4 Sequences and series in GyAY: Convergence with moduli
involved

By our representation of real numbers by functions f! developed in the previous section, sequences
of real numbers are given as functions f'(°) in GyA¥. We will use the usual notation (a,) instead
of f. In this section we are concerned with the following properties of sequences of real numbers:

1) (an) is a Cauchy sequence, i.e. VE°In®Vm,m >¢ n(|am —r an| <mr k%‘_l)
2) (an) is convergent, i.e. 3a'VA'In'¥m >o n(lam —r al < 777)-

3) (an) is convergent with a modulus of convergence, i.e.

1
Ja', W'VEOYm > hk(lam —r a| <r k——l—l)

4) (ay) is a Cauchy sequence with a Cauchy modulus, i.e.

IRVEOYm, m >0 hk(|am —R an| <r k—j—l)

One easily shows within GoA% that 4) <+ 3) — 2) — 1). Using AC%9-Y0 one can prove that 1) — 4)
(and therefore 1) <+ 2) <> 3) + 4)).

However, as we already have discussed in the previuous section, the addition of AC?%-V° to G,A¥
would make all (< gg)-recursive functions provably recursive.

Thus since we are working in (extensions of) GaA“ we have to distinguish carefully between e.g.
1) and 4). In the next section we will study the relationship between 1) and 4) in detail and show
in particular that the use of sequences of single instances of 4) in proofs of Vu'Vv <, tuJw?Ag—
sentences relatively to e.g. GoA¥ + A+AC—qf (where A is defined as in thm.2.4) can be reduced the
use of the same instances of 1).

For monotone sequences (a,) the equivalence of 2) and 3) (and hence that of 2) and 4)) is already
provable using only the quantifier—free choice AC%9—qf:
Let (a,) be say increasing, i.e.

(Z) Vno(an S]R. an+1)7
and a! be such that

. 1
(’L'L) VkOEnOVm ZO n(|am — a| S]R k—-|-]_)

1
ACO-qf applied to VE°3In®(|a, —al <m k——l—l) yields InVES (|ank — a] <m %H), which gives

~ J

~~

ex?
VEYm >0 hk(lam — al <r 77), since by (1),(i)~ anr < am < a for all m >o hk. (Here we
use the fact that Vn(a, <r ant1) = Ym,m(m > m — am <R am)- This follows in G2A“ from the
universal sentence
(+) ‘v’a?()o),n,l(‘v’k < n(ap(l) <q ar+1(0) + H_il) = VYm,m < n(m >m = apn <m am + l‘rfi_—"l)) (+)

is true (and hence an axiom of G2A“) since ay(l) <q ar41(l) + 1%1 = ap <R Q41 + l%)
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If one of the properties 1), ...,4) —say i € {1,...,4}— is fulfilled for two sequences (ay), (b,), then
i) is also fulfilled (provably in G2AY) for (an +m® bn), (@n —R bn), (an ‘® bn) and (if b, # 0 and
b, — b # 0) for (ﬁ), where in the later case the modulus in 3),4) depends on an estimate [ € IN

such that [b| > 77 (The construction of the moduli for (a, +® bn), (@n =R bn), (@n & bn), (§2)

from the moduli for (a,), (b,) (for i=3,4) is similar to our definition of +Rr, —R, R, ()" given in
the previous section.

The most important property of bounded monotone sequences (a,) of real numbers is their conver-
gence. We call this fact ‘principle of convergence for monotone sequences’ (PCM). Because of the
difference between 1) and 4) above we have in fact to consider two versions of this principle:

Val© ot (Vn’(c<gr a <R n)
. () > >~ n+1 >IR Un
(PCM1) - Lo 1
= VEPInOm,m >o n(lam —Rr am| <mr _k+1))’

(PCM2) : Vaé.()o),cl (‘v’no(c <R Gn+1 <R Gn)
— ARVEYm, m >0 hk(|am —Rr an] <R ﬁ_l))7

Both principles cannot be derived in any of the theories G,A“ + A+AC—qf. In fact (PCM1) is
)

equivalent (relatively to G3A“) to the second—order axiom of X¢-induction whereas (PCM2) is
equivalent (relatively to GzA“+AC%%—f) even to arithmetical comprehension over numbers (see
[14]; for the system RCAg, known from reverse mathematics, the equivalence between (PCM2) and
arithmetical comprehension is due to [6]). We now determine the contribution of the use of (PCM1)
to the growth of extractable uniform bounds. This will be used in the next section to determine the

growth which may be caused be single sequences of instances of (PCM?2).

Using the construction a(n) := maxg (0, ngn(a(z))) we can express (PCM1) in the following logically
more simple form®

(If &' fulfils Vn(0 <R a(n + 1) <R a(n)), then Vn(a(n) =r a(n)). Furthermore
VYn(0 <g a(n + 1) <R a(n)) for all a!®). Thus by the transformation a — @, quantification over all
decreasing sequences C IR reduces to quantification over all a*(?)).
By AC%9—qf (1) is equivalent to
1
(2) Val(o), k%, g'3an® (gn >on — a(n) —r a(gn) <r m)
We now construct a functional ¥ which provides a bound for In, i.e.

(3) Val(O), ko,glan SO \Ilakg (gn >0 n — &(n) — IR d(gn) SIR m)

8Here we use that Vn° (a(n +1) <mr an) — VYn0 (tbm;nR(a, n) =R an), where ®pinp is a functional from GaRY

which computes the minimum of the real numbers a(0), ...,a(n) (such a functional can be defined similarly to ming
in section 3 noting that ®ming (f1,n°%) = ming(f0,..., fn) is definable in GoR¥). This follows in G A“ from the
purely universal sentence

(+) Val(O),n,k(Vl < n((a(l/-Jr\l))(k) <q (al)(k) + 21) 2 [®ming (6,7) ~® an| <m ,f—fl) (+) is true (and hence

an axiom of GaA¥) since (a(l/-l—\l))(k) <@ (&\l)(k) + ki_i_l —a(l+1)<gral + 1%-1
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Let C(a) € IN (C(a) > 1) be an upper bound for the real number represented by @(0), e.g. C(a) :=
(a(0))(0) 4+ 1. We show that

Yakg := i<%1?:§k' (®4i0g) (= i<%1?a}§k’ (97(0)) satisfies (3) (provably in PRA“):

Claim: 3 < C(a)k' (g(giO) > ¢'0 — a(g'0) —r a(g(¢%0)) <mr kLH)

Case 1: 3i < C(a)k'(g(g'0) < ¢°0): Obvious!

Case 2: Vi < C(a)k'(g(g'0) > ¢°0): Assume Vi < C(a)k'(a(g'0) —r a(g(9'0)) >r kLH)

Then @(0) —r @(g°@* 0) > C(a), contradicting a(n) € [0,C/(a)] for all n.

In contrast to (2) the bounded proposition (3) has the form of an axiom A in the theorems from
[15] and section 2. Hence the monotone functional interpretation of (3) requires just a majorant for
W. In particular we may use ¥ € PR’ itself since ¥ s—maj V.

Thus from a proof of e.g. a sentence Vz'Vy <, s232°Ao(2,y,2) in G,AY + A + (PCM1)+AC—f
we can (in general) extract only a bound ¢ for z (i.e. VaVy < sz3z < tx Ag(z,y, z)) which is defined
in PR since the definition of ¥ uses the functional ®,; which is not definable in GoR* (see [15]).

If however the proof uses (3) above only for functions g which can be bounded by terms in GxR¥,
then we can extract a t € Gpax(k+1,n)R” since the iteration of a function € GxR® is definable in

Gr+1R¥ (for £ > 2).

The monotone functional interpretation of the negative translation of (1) requires (taking the quan-
tifier hidden in <R into account) a majorant for a functional ® which bounds ‘In’ in

1 3 )
e T Y amy 1)

(3)' Va'© k%, g* h*In(gn > n — a(n)(hn) —q a(gn)(hn) <

However every ® which provides a bound for (2) a fortiori yields a bound for (3)" (which does not
depend on h). Hence ¥ satisfies (provably in PRA¥) the monotone functional interpretation of the
negative translation of (1), i.e. (PCM1).

5 The rate of growth caused by sequences of instances of an-
alytical principles whose proofs rely on arithmetical com-
prehension

In this section we apply the results presented in section 2 in order to determine the impact on the

rate of growth of uniform bounds for provably Yu'Vv <, tu3w?Y Ap—sentences which may result from

the use of sequences (which however may depend on the parameters of the proposition to be proved)
of instances of:

1) (PCM?2) and the convergence of bounded monotone sequences of real numbers.

2) The existence of a greatest lower bound for every sequence of real numbers which is bounded
from below.

3) M{-CA and IY-AC.
4) The Bolzano—Weierstraf property for bounded sequences in R? (for every fixed d).
5) The Arzela—Ascoli lemma.

6) The existence of limsup and liminf for bounded sequences in IR.
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5.1 (PCM2) and the convergence of bounded monotone sequences of real
numbers

Let a'(® be such that Vn®(0 <g a(n + 1) <g an)®

(PCM?2) implies

1

Ehlvkjo,mo(m ZO hk’ — a(hk) —R a(m) SIR k—-|-]_)

(a(hk)), is a Cauchy sequence with modulus %4—1 whose limit equals the limit of (a(m))neN-

The existence of a limit ag of (a(m)),, now follows from the remarks below lemma 3.4 : agk :=

(a(h(3(k +1))))(3(k +1)). Thus we only have to consider (PCM?2). In order to simplify the logical
form of (PCM2) we use the construction a(n) := maxg (0, ngn(a(z)) from the previous section (re-

call that this construction ensures that @ is monotone decreasing and bounded from below by 0. If
a already fulfils these properties nothing is changed by the passage from a to a).

1
(PCM2)(a'®) := Fn'VE®, m® (m > hk — a(hk) —r a(m) <m k—+1)‘

We now show that the contribution of single instances (PCM2)(a) of (PCM2) to the growth of

uniform bounds is (at most) given by the functional Wakg := X, (®4i0g) (where
i<C(a)k’

IN 5 C(a) > a(0)) as above:

Proposition 5.1.1 Let n > 2 and Bo(u',v™,w") € L(G,A*) be a quantifier—free formula which

contains only u',v",w" free, where v < 2. Furthermore let £,t € G, R® and A be as in thm.2.4.
Then the following rule holds

(

GnAY + A+ AC—qf FVu'Vo <; tu((PCM2)(§uv) — Jw? By(u, v, w))

= 3(eff)x,X € G.R” such that

GnAfY + A+ b-AC FVu'Vo <, tuv\i’*((\i!* satifies the mon.funct.interpr. of
VEO, g' 30 (gn > n = (€uv)(n) —m (Suv)(gn) <m 7)) = Fw < XuT* By (u, v, w))

4§ and

GnAf + A+ b-AC FVu'Vo <, tuV\I’*((\IJ* satifies the mon. funct.interpr. of
Va'®, k%, g'3n(gn > n — a(n) —k algn) < 7)) = Jw <, xu®* By(u,v,w))

and therefore

\ PRAY + A + b-AC +Vu'Vo <, tudw <., xu¥ By(u,v,w),

here ¥ := \a, k, g. ®;,i0g) = @ (0 d C(a) := (a(0))(0) + 1.
where ak,g. max (®ui0g) = max (9(0)) and C(a) = (a(0))(0) +

In the conclusion, A+ b-AC can be replaced by A, where A is defined as in theorem 2.4. If A =0,
then b—AC can be omitted from the proof of the conclusion. If T < 1 and the types of the I-quantifiers

in A are < 1, then G, AY + A+AC—qf may be replaced by E-G, A + A+AC™P —¢f, where a, 3 are
as in cor.2.6.

9The restriction to the lower bound 0 is (convenient but) not essential: If ¥n%(c <r a(n + 1) <) an) we may
define @’ (n) := a(n) —r ¢. (PCM?2) applied to a’ implies (PCM2) for a. Everything holds analogously for increasing
sequences which are bounded from above.
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Proof: The existence of x follows from cor.2.6 since

G2A¥ FVa' OV ki (k <o kAf >0 n AVm >0 n(a(n) —r a(m) <g =1)

= Vm > 2(a(n) —r a(m) <m ;%1))

¥ fulfils the monotone functional interpretation of
Va'© k%, ¢'Inl(gn > n — a(n) —g da(gn) <mr ﬁﬂ) (see the end of section 4) and hence (using
lemma 2.2.11 from [15]) ®(£*(u™,t*u™)) satisfies the monotone functional interpretation of

— — 1
VE®, g'3In’ (gn > n — (Euv)(n) —r (uv)(gn) <r k—-i-l)’ where £* s—maj £ At* s—maj t.

x is defined by x := u, U*.gu (¥ (¢ (uM, t*u))).

Remark 5.1.2 1) The computation of the bound X in the proposition above needs only a func-

tional U* which satifies the monotone functional interpretation of

(+) V&2, ¢*In’(gn > n — (5171/1)(71) -R (577{1)(9”) <r ﬁ)

For special & such a functional may be constructable without the use of ®;;,. Furthermore for
fized u the number of iterations of g only depends on the k—instances of (+) which are used in
the proof.

2) If the given proof of the assumption of this proposition applies U only to functions g of low
growth, then also the bound xu¥ is of low growth: e.g. if only g := S is used and type/w =0,
then xuV is a polynomial in u™ (in the sense of [15]).

Corollary to the proof of prop.5.1.1:
The rule
( GnAY + A + AC—qf +Vu'Vo <, tu(IfOVEYm,m > fk(|(Euv)(m) —r (Suv)(m)| < 7£5)
— Jw” By (u,v,w))
=
GnAY + A FVu'Vo <, tu (VEInVm, m > n(](uv)(m) —r (Euv)(m)]

— Jw” By (u,v,w))

IN
2

\

holds for arbitrary sequences (£uv)'(®) of real numbers (this also extends to more general mono-
tone formulas Vu'Vv <, tuB(u,v) in the sense of thm.2.4). The restriction to bounded monotone

sequences ffw is used only to ensure the existence of a functional ¥ which satisfies the monotone
functional interpretation of (4) above.

We now consider a generalization (PCM 2*)(az_()0)(0)) of (PCM?2)(a'(®)) which asserts the existence

of a sequence of Cauchy moduli for a sequence a; of bounded monotone sequences:

1

(PCM2%) (0" = IOV kO%m >0 bkl ((ar)(hkl) —m (a1)(m) <m 1)

¢)
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Proposition 5.1.3 Let n, Bo(u,v,w),t,A be as in prop.5.1.1. t.£ € G,R”. Then the following
rule holds

(G, 4% + A + AC—qf + VulVo <, tu((PCOM2*)(€uv) — Ju Bo(u, v, w))

= 3(ef f)x € G,R” such that

GnAY + A+ b-AC +VulVe <, tu‘v"I’*((lIf* satifies the mon. funct.interpr. of

Val @O k0 1300 (gn > n — VI < k((a)(n) —r (ar)(gn) <m =1)) =3w <y xu¥* By (u, v, w))

and in particular

fRA;" + A+ b-AC FVu'Vo <; tuIw <, xu¥' By(u,v,w),

where ' := Xa, k, g. i<C(in7lgi{k+1)2 (®;4i0g) and IN > C(a, k) > maXR((af\;)(O), ce (fa\;)(O))

In the conclusion, A+ b-AC can be replaced by A, where A is defined as in theorem 2.4. If A = 0,
then b—AC can be omitted from the proof of the conclusion. If T < 1 and the types of the I-quantifiers

in A are < 1, then G,A* + A+AC—qf may be replaced by E-G, A“ + A+AC™P —qf, where a, 3 are
as in cor.2.6.
As in prop.5.1.1 we also have a term X which needs only a $* for the instance a = Euv.

Proof: The first part of the proposition follows from cor.2.6 since (PCM2*)(a) is implied by

SR 2o WYL <o K ((an)(hE) —w (a)(0m) <m0 )

and
GoA” FVa OOk, n, ik <o kA >0 n AYm >0 0¥l <g E((ar)(n) —w (1) (m) <m 1)

= Vm 20 iVl <o k((@)(7) —m (@)(m) <m ).

It remains to show that ¥’ satisfies the monotone functional interpretation of

Vat @@ k0 g3 (gn > n — VI < k(@(n) — (@) (gn) < =1)):

Assume

Wi < C(a, k) (k +1)*(9(g'0) > g0 AT < k((ar)(9°0) — (ar)(9(g70)) > 1)

Then
Vi < C(a, k)(k + 1)2(g(g’0) > ¢'0) and
A<k (Vi < Cla, k) (k+1) =1((4)i < (f)it1 < Cla, k)(k +1)%)A
Vi < C(a, k) (k + 1) ((a) (99:0) — (ar)(9(9':0)) > 117))

and therefore

/\g(g(j)c(“”“)(’““) =1(0)) > g(j)c(a.k)(k+1)—'1(0)
/\(al)(g(])c(a,k)(k+1) 1(0)) — (al)(g(g(])cw,k)(k+1) 21(0))) > ﬁ_l)
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Hence

, L — 1
A < k3jVi < Ca, k) (k + 1) (g0 > g0 A (ar)(g770) — (ar) (g2 0) > m),

which contradicts (a;) C [0, C(a, k)]

5.2 The principle (GLB) ‘every sequence of real numbers in IR, has a
greatest lower bound’

This principle can be easily reduced to (PCM2) (provably in GoA“):
Let a'(® be such that Vn°(0 <g an). Then (PCM2)(a) implies that the decreasing sequence

(@(n))n C Ry has a limit aj. It is clear that ag is the greatest lower bound of (a(n)), C IR4. Thus
we have shown

G, A® FVYa'© ((POM2)(a) — (GLB)(a)).

By this reduction we may replace (PCM2)(uv) by (GLB)(£uwv) in the assumption of prop.5.1.1.
There is nothing lost (w.r.t to the rate of growth) in this reduction since in the other direction we
have

GnA® + ACYof FVa'® ((GLB)(a) » (PCM2)(a)) :
Let a'(® be as above and aq its greatest lower bound. Then ay = li_>m @n. Using AC%%—qf one

obtains (see section 4) a modulus of convergence and so a Cauchy modulus for (@(n)),.

5.3 TI%-CA and I1-AC
Definition 5.3.1 1) II?-CA(f'(©) := 3¢'V2° (gz =0 0 > Vy°(fzy =0 0)).

2) Define A§ (1, 20,40, 2°) := Vi <o 237 <o yVZ <o z(f27 #0 OV fiZ =0 0).

AS can be expressed as a quantifier—free formula in G, A“ (see [15]).

(Note that iteration of Vf'(O)(TI)-CA(f)) yields CA,,).
In [16] we proved (using cor.2.6)

Proposition 5.3.2 Let n > 1 and By(u',v",w?) € L(G,A%) be a quantifier-free formula which

contains only u',v™,w" free, where v < 2. Furthermore let £,t €G,R® and A be as in thm.2.4.
Then the following rule holds

/

GnA“ + A+ AC—qf FVu'Vo <; tu(II)-CA(Euv) — Fw” By(u,v,w))

= d(eff.)x € G.R” such that

GoAY + A +b-AC +YulVo <, tuVlI’*((\IJ* satifies the mon. funct.interpr.
of V2%, k' 3yO AS (€uv, 2, y, hy)) — Fw <, xul* By(u,v,w))

and in particular

\ PRAY + A+ b-AC FVu'Vo <, tudw <, xu¥ By(u,v,w),

where ¥ := \z°, h'. max (®;i0h) (= Az°, h'. max (h'0)).
i<z+1 <zr+1
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In the conclusion, A+b-AC can be replaced by A, where A is defined as in thm.2.4. If A = 0, then
b—AC can be omitted from the proof of the conclusion. If 7 < 1 and the types of the I-quantifiers in

A are < 1, then G, A® + A+AC—qf may be replaced by E-G, A% + A+AC*P —qf, where o, 3 are as
i cor.2.6.

A similar result holds for IIY-~AC(£uv), where
MO-AC(f1O©)(0)).= 0 (V2?3yOV2° (flayz =00) — 3g' V2% 2°(flaz(gx)z =0 0)).
5.4 The BolzanoWeierstral property for bounded sequences in IR? (for
every fixed d)

We now consider the Bolzano—Weierstrafl principle for sequences in [—1,1]¢ C IRY. The restriction

to the special bound 1 is convenient but not essential: If (z,) € R? is bounded by C' > 0, we

define 2!, := % -z, and apply the Bolzano—Weierstrafl principle to this sequence. For simplicity
we formulate the Bolzano— Weierstrafl principle w.r.t. the maximum norm || - ||max. This of course
implies the principle for the Euclidean norm || - ||z since || - |z < Vd - || - ||max-

We start with the investigation of the following formulation of the Bolzano—Weierstrafl principle:

BW : V(z,) C[-1, l]dEI:L' € [-1, I]deO,mOEIn >0 m(||x — Znllmax < ﬁ),

i.e. (x,) possesses a limit point x.
Later on we discuss a second formulation which (relatively to G, A“) is slightly stronger than BW:

V(zn) C [-1,1]93z € [-1,1]43f (Vn°(fn <o f(n + 1))
AV (|2 = @ g llmax < 757))

BWT :

i.e. (z,) has a subsequence (z,) which converges (to z) with the modulus I%H

Using our representation of [—1,1] from section 3, the principle BW has the following form

d
‘v’x}(o), .. .,a:;(o) aq,...,aq <1 MYE®, m®3n >om /\ (|di R Z;n| <R Tl ),
i=1

~ /

BW (21(0)):=

where M and y* — § are the constructions from our representation of [—1, 1] in section 3. We now
prove

(¥) GoA® + ACYO—qf F F~ = vy @, 2! O (M0-CA(xz) — BW (z)),

for a suitable y € GoR¥:
BW (z) is equivalent to

1

d
1) 3ay,...,aq <3 MVE°3 k a; —®r Z;n| <mp ——
(1) Jay,...,a0 <y n >0 /\(|a IRIn|_1Rk+1)

i=1

which in turn is equivalent to

d
N _ 3
(2) 3ay,...,aq <1 MYE"3n >0 k )\ (laik —q (@m)(k)| <q m)_

i=1
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Assume —(2), i.e.

d
N 3
(3) vala' sy ad <1 ME”CO\V/TL >o k \/ (|&zk - Q (xzn)(k” >@ m)

=1
Let x € G2RY¥ be such that

G2A” - ‘v’x}(o), . x;(o)‘v’lo, n®(xzin =¢ 0 ¢

d
[n >0 viti () — ‘\_/1 (1) —q (@in) (Vi ()] >q m])

MY-CA(xz) yields the existence of a function h such that

d
__ 3
(4) V19, 19, KO (Rly . . . lak =0 0 4 ¥n >0 k\:/1 (i e @m)(B)] >a 1=)-
Using h, (3) has the form
(5) Yar,...,aq <1 M3K®(h(ark,... adk, k) =0 0).

By ¥9-UB~ (which follows from ACH%—qf and F~ by [15] (prop. 4.20)) we obtain

d
— __ 3
(6) FkoVa, ..., aq <t MYM Tk <o ko¥n >0 k \/ (|(@,m)(k) —q (@in)(k)| >q m)

i=1
and therefore

d
(7) FkoVay, ..., ag <y MYM®Yn > ko \/ (|@m) —k 730 >

i=1

1
ko—}—l)-

Since |a;,3(m + 1) —r @] <® 727 (see the definition of y — § from section 3) it follows

d

. — 1 .
(8) ElkOVal, -.-,Qq Sl MYn >0 k()l:\/l (|a2 — R {I?ZTL| >R m), 1.e.
1
—-1,1]¢ — max > —————)-
(9) 3k/'O\v/(a’la 7a'd) € [ ) ] vn >0 kO(”Q gn” > 2(k0 + 1))

By applying this to a := z(ko + 1) yields the contradiction ||z(ko + 1) — z(ko + 1)||max > m,

which concludes the proof of (k).

Remark 5.4.1 In the proof of (x) we used a combination of II{~CA(£g) and X9-UB~ to obtain a
restricted form I{~UB~) of the extension of £¢-UB~ to ITI)—formulas:

1o UB-) - Vi <y sInOVEC A (t°[ f],n, k) —
' InoVf <1 s¥mO®3n <o noVk® Ao (¢ m], n, k),
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where k does not occur in ¢[f] and f does not occur in Ag(0,0,0) and g' is the only free variable in
46(0,0,0).

9-UB~| follows by applying II{—CA to An, k.t ,(a’,n°, k%), where t 4, is such that

ta,(a% 0 k%) =¢ 0 ¢ Ag(a®,n°, k°), and subsequent application of $?-UB~.

M9-CA and X9-UB~ do not imply the unrestricted form II9-UB~ of II9-UB~ |:

Vf <y sInOVEC Ao (f, n, k) —

H?*UBi f 1 O(f )
IngVf <1 8Ym°3In <o noVk Ao ((f,m), n, k)

since a reduction of IIY-UB~ to %-UB~ would require a comprehension functional in f:

(+) FBVFL, 00D fn =0 0 ¢ VKO Ao (f,n, ).

In fact TI{-UB™ can easily be refuted by applying it to Vf <; Az.13n°VEk°(fk = 0 — fn = 0), which
leads to a contradiction. This reflects the fact that we had to use F~ to derive X{-UB~, which is

incompatible with (+) since ®+AC"Y—qf produces (see above) a non-majorizable functional, namely

Tfl= minn[fn = 0], if existent
0°, otherwise,

whereas F'~ is true only in the model M of all strongly majorizable functionals introduced in [2]
(see [15] for details).

Next we prove
(#%) GoA” + ACO0—gf + v . 22O (S0TA(xa) A BW (z) - BW (z))
for a suitable term y € GoR*, where

VI°(3y° (f10y =0 0) AV (3y(fley = 0) — 3y(fla'y = 0))

YO-TIA(f) :=
= VeIy(flzy = ))

BW (z) implies the existence of ay,...,aq <1 M such that

d

N 1
(10) Vk,m3n > m J\ (|a:(2(k + 1)(k +2)) —q (@in)(2(k + 1)(k +2))| <q k—+1)'
=1
Define (for x}(o), . ,x;(o),l?, 1Y)

F(z,l,k,m,n) :=

(zn is the m-th element in (z(1)); such that A (|l; —q (in)(2(k + 1)(k +2))| <q 7i7))-

d
=1
One easily verifies that F(z,l,k,m,n) can be expressed in the form 3a°Fy(z, 1, k, m,n,a), where Fy

is a quantifier—free formula in £(G2A®“), which contains only z,[, k,m,n,a as free variables. Let x €
GoR¥ such that
X(gala kamanaa) =0 0« Fo(gala kamanaa)
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and define x(z,q,m,p) := X(z, v{ " (q), - -, v31, (), m, 1 (), j2(p)). BI-TA(xz) yields

(11) Vi, .. .1, k(EIn F(z,l,k,0,n) A ‘v’m(EInF(g,L, k,m,n) — InF(z,l, k,m’,n))
%VmHnF(g,l,k,m,n)).

(10) and (11) imply
Vk,m3n(zn is the m-th element of (z(1)); such that

A (20 + 1)k +2)) —g @) 20k + Dk +2))] <q £7))-

i=1

(12)

and therefore

Vk3In(zn is the k-th element of (z(l)); such that
(13)

Z\1 (|£~li(2(k+ 1)(k +2)) —q (z:n)2(k + 1)(k +2))| <q kLH))

By AC%%—qf we obtain a function g' such that

Vk(z(gk) is the k-th element of (z(l)); such that
14 N
. /d\ (lai(2(k + 1)(k +2)) —q (zi(gk))(2(k + 1) (k +2))| <q 37))-

=1
We show (15) Vk(gk < g(k +1)) :

Define Ag(zl, k) := 7\ (lai 2k + 1) (k + 2)) —q (z:) 2(k + 1)(k + 2))| <q #7)- Let I be such that

Ap(zl,k + 1). Because of

jas(2(k + 1) (k +2)) —q () (2(k +1)(k + 2))| <
@ (2(k + 2)(k + 3)) —q (@) 2k +2)(k + 3))| + srr2ersy

)
1
k+1°

Ag(gl,k#*l)

1 2
72 T )

this yields Ag(zl, k). Thus the (k + 1)-th element z! such that Ag(zl, k+1) is at least the (k+ 1)—th
element such that Ag(zl, k) and therefore occurs later in the sequence than the k-th element such
that Ag(zl, k), i.e. gk < g(k+1).

It remains to show

d
(16) V& /\ (la; —m 2:(fk)| <m

i=1

%-I-l)’ where fk:=g(2(k+1)):

This follows since Z\l (Ja:(2(k + 1)(k +2)) —q (x@c))(2(k +1)(k+2)| <q k%‘_l) implies

2

~ 1 2 2
(lai —w 2i(9k)] <m 77 + SFED T = =)

i>x

2

(15) and (16) imply BW*(z) which concludes the proof of (xx).
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Remark 5.4.2 One might ask why we did not use the following obvious proof of BW*(z) from
d
BW (z): Let a be such that YkIn > k A (|a; —r z:n| <m kL—H) ACP0¢f yields the existence of
i=1

1=

d —

a function g such that Vk(gk > kA A (& —r zi(gk)| <m 737))- Now define fk := g(*+1(0). It is
i=1

clear that f fulfils BW*(z).

The problem with this proof is that we cannot use our results from section 2 in the presence of the
iteration functional ®;; (see [16] for more information in this point) which is needed to define f as a
functional in g. To introduce the graph of ®;; by $Y-TIA and AC—qf does not help since this would
require an application of ¥9-TA which involves (besides z) also g as a genuine function parameter.
In contrast to this situation, our proof of BW (z) — BW*(z) uses X{-TA only for a formula with
(besides z) only k, ak as parameters. Since k (as a parameter) remains fixed throughout the induc-
tion, g only occurs as the number parameter ak but not as genuine function parameter. This
is the reason why we are able to construct a term x such that 9-IA(yz) A BW (z) - BW*(z).

Using (%) and (xx) we are now able to prove

Proposition 5.4.3 Let n > 2 and Bo(u',v™,w") € L(G,A%) be a quantifier—free formula which
contains only u',v",w" free, where v < 2. Furthermore let §,t € GoRY and A be as in thm.2.4.
Then for a suitable &' € G, R“ the following rule holds

(

GnA” + A+ AC-¢f +VulVo <, tu(BW*(guv) — Jw” Bo(u, v, w))

= (eff.)x € GnR” such that

Gmax(n3)A; + A+ 0-AC + Yulve <, tuV\I’*((\If* satifies the mon. funct.interpr. of
Vz0 W 3yCAS ('uv, 2, y, hy)) — Fw <, xul* Bo(u,v,w))

and in particular

{ PRAY + A+ b-AC FVYu'Vo <, tudw <, xu¥ Boy(u,v,w),

where ¥ := A\z°, h'. max (®i0h) (= Az°, h'. max (h'0)).
i<z+1 <r+1

In the conclusion, A+b-AC can be replaced by A, where A is defined as in thm.2.4. If A = 0, then
b—AC can be omitted from the proof of the conclusion. If 7 < 1 and the types of the I-quantifiers in

A are < 1, then G, AY + A+AC—qf may be replaced by E-G, A% + A+AC*P —qf, where o, 3 are as
i cor.2.6.
This results also holds (for a suitable £" instead of £') if instead of the single instance BW ™ (fuv),

a sequence VlOBW+(§uvl) of instances is used in the proof.

Proof: By (x),(xx) and the proof of prop.3.11 from [16] there are functionals o1, @2 € GaR* such

that
GoAY + ACH—qf + F~ — Vz(II)-CA(p1z) A TI{-CA(p2z) - BW ' (2)).

Furthermore GoA“ F TIY-CA () fi1 fo) — TI9-CA(f1) A IY-CA(f>), where

fi(jez,y), if 1z =0
¢f1f2$0y0 =0
fo(joz,y), otherwise.

25



Hence GoA“ + AC'0—qf + F~ — Vz(TI)-CA(ps3z) - BW*(z)), for a suitable p3 € GoR“ and thus
GnAY + A+ ACqof FF~ = Vu'Vu <, tu(M7-CA(ps(uv)) = Jw By).

By the proof of theorem 4.21 from [15] we obtain
GnA® + A + (%) + AC—f +Vu'Vo <, tu (T9-CA(p3(£uv)) = Fw By),

where A = {3Y <5 820, 2" Ag(2, Yz, 2) : VaTJy < saV2"4g € A},

(%) == VoY < A 51O yyd 510 k0 2vn <o no( \ (Zi < ki) > ®k(Z,n) < DK(Y Bjjk)).

i<n

Prop.5.3.2 (with A’ := AU{(x)}) yields the conclusion of our proposition in G,A% + A + (¥)+ b-AC
and so (since, again by the proof of theorem 4.21 from [15], G3AY F (%) and even G3zAY F (%)) in
Gmax(3,m)AY + A+b-AC.

This proof also extends to sequences VlOBW+(§uvl) of instances of BW™ since by the reasoning
above such a sequence reduces to a suitable sequence VI°TI{~CA (¢uvl) of instances of II-CA which
can be reduced in turn to a single instance using coding (see [16] for this).

5.5 The Arzela—Ascoli lemma

Under the name ‘Arzela—Ascoli lemma’ we understand (as in the literature on ‘reverse mathematics’)
the following proposition:
Let (f;) C C[0,1] be a sequence of functions!® which are equicontinuous and have a common bound,

i.e. there exists a common modulus of uniform continuity w for all f; and a bound C' € IN such that
| fillso < C. Then

(i) (f1) possesses a limit point w.r.t. || - || Which also has the modulus w, i.e.

af € C[0,1] (‘v’ko‘v’mEIn >0 m(||f — falloo <

< %H) A f has modulus w);

(ii) there is a subsequence (fy) of (f;) which converges with modulus ﬁ_l

As in the case of the Bolzano—Weierstrafl principle we deal first with (7). The sligthly stronger
assertion (ii) can then be obtained from (i) using X{-TA(f) and AC®°—qf analogously to our proof
of BW*(z) from BW (z). For notational simplicity we may assume that C' = 1. When formalized

in G,A%, the version (i) of the Arzela-Ascoli lemma has the form!!

A=A wh)

(£ <100 MO DA
H(1)9F(fl,m,u,v):EVaoFo(fl,m,u,v,a):z

~ “~

1 __ _ 1
[N _ < -
w(m) +1 [ fr = fiv] <m m+1)

— 39 <q(0) M. M (Vm,u,vF (g, m,u,v) AVEIn >0 k(||]Azt.g(z)r — Az'. fo(2)R |00 < k%i_l)))

VZOamoauoaUO( |qu —-Q qU| SQ

10T he restriction to the unit interval [0, 1] is convenient for the following proofs but not essential.
g(z)Rr denotes the continuation of g : [0,1]N @ — TR to [0, 1] which is definable in g and its modulus w.
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Here M, q and y' — §j are the constructions from our representation of [0,1],[—1, 1] in section 3. For

notational simplicity we omit in the following ().
A-A(f,w) is equivalent to!2

fey <1000 M AV, m® u® WO F (fr,m,u,v) = g <10y An.M (Ym, u,vF (g, m, u,v)A
w(k)+1
vk >0k A (l9(GarR (k) —e foGrrnR (M) <a £))-

Assume —A-A(f,w), ie. fy <A n°M AV, m,u,vF(f;,m,u,v) and

Vg <1(0) )\n.M(Vm,u,vF(g,m,u,v) —
(1) w(k)+1 .
Tl >o k> V(oo n(t) —a fulagn (0] > )

Let a be such that
w(k)+1 i 5
0 20 0y _ o v 9
Vi, k,n(a(®k%,n°) = 0 ¢ [n >k — \:/0 (1) —q fn(w(k)+1)m(k)| >q k+1)])'
9-CA(a') (where a'in := a(j11, j2i,n)) yields the existence of a function h such that
VI, k(hik = 0 < Vn(a(l, k,n) = 0)).

Hence

Vg, k(B9 (dm (B) (@ (k) +2),k) = 0 >
(2) w(k)+1
vn >0k Vo (lo(rimn(®) —e falaain ) >a w) )

(1),(2) and ¥9-UB~ yield (using the fact that g can be coded into a type-1-object by g'z® :=
g(j1il',j2§l7))

Vg’ <1 Aw. M (jo)V1 (Vim, w0, 0 < o Fo (A, y.(97,1) ( (2, 9)), my v, 0) =
(3) w(k)+1 , .
< ko > ko V(10w D 9) G k) —o fo(orzrn®)] >0 £)),

i=0

and therefore using

gmn, if m,n <l|
qmn =
0°, otherwise, and g =1(0) Az,y.((91)",7)(j(z,y)) for r > j(1,1)

FkoVg <i(0y An.MVI° (‘v’m,u,v,a < koFyo(gi,m,u,v,a) =
(4) w(k)+1

3 < hovn > ko V(I (b) —e folmer)m(9)] >a £21)).

12For better readability we write instead of its code.

w(kz)Jrl
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By putting g := fr,+1 and [° := 3(c + 1), where ¢ is the maximum of ky + 1 and the codes of all

ST for i <w(k)+ 1 and k < ko, (4) yields the contradiction

w(k)+1 . -
Bk V(s (S e St () (9] >0 o).

=0

a' can be defined as a functional ¢ in f(.),w, where £ € GoR®. Since the proof above can be carried

out in G3A“+ACH0—qf'3 (under the assumption of F~ and I{—CA(¢(f,w)) using prop. 4.20 from
[15] ) we have shown that

G3AY + ACH0of F F~ — VOO LU I)-CAE(f,w) = A-A(f,w)).

Analogously to BW™ one defines a formalization A—A™(f,w) of the version (ii) of the Arzela—Ascoli
lemma. Similarly to the proof of BW (z) — BW* (z) one shows (using 9-TA(x(f,w)) for a suitable
X € GoR¥ and AC%0—¢f) that A~A(f,w) - A-A*(f,w). Aanalogously to prop.5.4.3 one so obtains

Proposition 5.5.1 For n > 3 proposition 5.4.3 holds with BW T (¢uv) (resp. YI°BW* (£uvl)) re-
placed by A-A(€uv) or A-AT(Euv) (resp. VIPA-A(Euvl) or VI A-AT (Eunl)).

5.6 The existence of limsup and liminf for bounded sequences in R

Definition 5.6.1 a € IR is the limsup of (z,) C R iff

() VE° (Vm3n >o m(la — z,| < ﬁ) A3IVG >0 l(z; <a+ ﬁ))
Remark 5.6.2 This definition of limsup is equivalent to the following one:
(xx) a is the greatest limit point of ().
The implication (x) — (%) is trivial and can be proved e.g. in GoA¥. The implication (xx) — (%)
uses the Bolzano—Weierstraf§ principle.
In the following we determine the rate of growth caused by the assertion of the existence of lim sup
(for bounded sequences) in the sense of (x) and thus a fortiori in the sense of (xx).

We may restrict ourselves to sequences of rational numbers: Let 2'(®) represent a sequence of real
numbers with Vn(|z,| <r C). Then y,, := Z,(n) represents a sequence of rational numbers which is
bounded by C + 1. Let a' be the lim sup of (y,), then a also is the lim sup of z. Hence the existence
of lim sup z,, follows from the existence of lim sup y,,. Furthermore we may assume that C' = 1.

The existence of limsup for a sequence of rational numbers € [—1,1] is formalized in G,A“ (for
n > 2) as follows:

. y 1 ) e 1
Flimsup(z') := Fa'V&® (Vm3n > m(la —r #(n)| <m k——l—l) A3V >0 1(2(§) <m a + m)),

where #(n) := maxq(—1, ming(zn,1)). In the following we use the usual notation #, instead of

13We have to work in G3A% instead of GoA“ since we have used the functional <I>(>fac = 71‘
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We now show that Jlimsup(z') can be reduced to a purely arithmetical assertion L(z') on z! in

proofs of Yu'Vv <, tu3w? Ag-sentences:

L(z") := VEI >¢ kYK >0 13¥q,7 >0 jVm,n(K >gm,n > | — lzg" —q =y | <

~

Q m)a

-~

Lo(,k 1K q,r):=

where 2" := maxq(Zm, - --,Zm+y) (Note that Ly can be expressed as a quantifier—free formula in
GrAY).

Lemma 5.6.3 1) G2AY F Mon(3kVIIKVjdq,r(l >k - K >1Aq,r > jA—Lg).
2) GoA* - Vz! (Ilimsup(z) — L(z)).

3) GoA“ +Vz' ((L(z)® — Ilimsup(z)).
(The facts 1)-3) combined with the results of section 2 imply that 3lim sup({uv) can be reduced
to L(&uv) in proofs of sentences Vu'Vv <, tudw? Ay, see prop. 5.6.4 below).

/) G3A¥ +X9-TA F V' L(z).

Proof: 1) is obvious.
2) By 3limsup(z') there exists an a' such that (1) VE°Ym3n >o m(|la —r | <m 777) and
(2) VEOTIV) >0 I(&; <m a + 747)- Assume —L(z), i.e. there exists a ko such that

(3) VI > ko3K > IVj3g,r > j3m,n(K > m,n > 1 A |z —q | >

1
ko + 1)

Applying (2) to 2ko + 1 yields an wg such that (4) Vj > uo(%; <m a + m) (3) applied to

I := maxg(ko,uo) + 1 provides a Ky with

(5) Ko > uo AVj3g,r > jIm,n(Ko > m,n > ug A lzy" —q =, | > T 1).
0
(1) applied to k := 2ko + 1 and m := K yields a dp such that
(6) do > Ko N\ (|a—id | < #)
o= 2(k0 + 1)
By (5) applied to j := dy we obtain
(7) KOZUO/\dO>K0/\(|a_]Rj'd0|SM)/\
3q,7 > doIm,n(Ko > m,n > ug A |z]" —q x| > ﬁ)

Let g,r,m,n be such that

(8) ¢,r > do AN Ko >m,n>ug Alxg —q 2| > il
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(6)
Then 2" > 24, > a — m since m < Ko < dgp < m + ¢q. Analogously: z} > a —

1
q> o ¥D) "
3) Let f, g be such that L® is fulfilled, i.e.

m. On the

other hand, (4) implies 27", 2 < a +

K

Thus |z;* —q @] < =47 which contradicts (8).

" { Vk(fk > k AVE > fkYq,r > gkK
*

Ym,n(K >m,n > fk = |z]' —q 27| <q %_H))

We may assume that f, g are monotone for otherwise we could define

fME := maxo(f0,..., fk),gMkK = maxq {gry : <o k Ay <o K} (f™,gM can be defined in G;R¥
using ®; and A-abstraction). If f, g satisfy (), then fM, g™ also satisfy (x).

Define

ini[f(k) <oi <o f(k) + gk(fk) A %; =q x'* ], if existent
h(k):zo{mml[f()_oz_of() GE(FE) A ;=g w]f ;,,). if existen

09, otherwise.
h can be defined in GoA“ as a functional in f,g. The case ‘otherwise’ does not occur since
Vm, qJi(m <o i <o m+qA%; = maxq(Tm, .-, Emtq))-
By the definition of h we have (+) Zpr =q ng(fk) for all k. Assume that m > k. By the monotonicity
of f,g we obtain fm >¢ fk A gm(fm) >o gk(fm) >0 gk(fk). Hence () implies

1 1
fk fm Ik fk
W) 125k gm) =@ Tgmrmy| < 7777 304 @) logiia) —@ Tgrirm| < 757

and therefore (3) |a:£,’:(fk) -q azgz(fm)| < 2. Thus for m,7m > k we obtain

For (k) := h(4(k +1)) this yields (5) Vk¥Ym, 1 > k(%5,, —@ T < kLH) Hence for a :=3 Am%.%j,

we have @ = a, i.e. a represents the limit of the Cauchy sequence (Z;,,)-
- (*)
Since h(k) = h(4(k+ 1)) > f(4(k+1)) > 4(k + 1) > k, we obtain

1

(6) Vk(h(k) > kA |75, —w a| <R m),

i.e. ais a limit point of z. It remains to show that (7) VkIIVj >0 [(2; <m a +
Define c(k) := g(4(k + 1), f(4(k + 1))). Then by (x)

Ok

1
Vg, r > c(k)(|afA*F) —q D) < T 1))
and by (+) a(k) =q x;c((:((:ill))?f(4(k+l))) and therefore
; F(4(k+1)) 1
> ! — < .
Vi > (k) (|2} @ 9l < )
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Hence Vj > c(k) (2 p(aks1))+; <@ a(k) + m) which implies

Vi efh) + FA(h+ 1) (8 <ma+ g+ ).

Thus (7) is satisfied by I := ¢(2(k + 1)) + f(4(2k + 1) + 1).

4) Assume —L(z), i.e. there exists a kg such that

- - - 1
(+) VI > ko3K > IVj3q,r > jEIm,n(K >m,n > 1A |zy" —q 2| > T 1).
0
We show (using $9-TA on [9): (++) :=
1
VI >0 13i% (1th(i) = LAY] <1=1((0); < (0)j41) AVG G <T=10G # 5 = |86y, —a ), | > e ).
0

Ag(il):=

I =1: Obvious. [ — [ + 1: By the induction hypothesis their exists an i which satisfies Ag(3,1).
Case 1: Vj <1+13aVb > a(|#, —q F(;),| > ﬁ)

Then by the collection principle for II9-formulas II-CP there exists an ag such that

1
Vi <1=1Vb > ag(|Zy —q Z(s),| > :
j< o(I# —0 %, 1 > 7-=7)
Hence ¢ := i x (maxq(ag, (); -;) + 1) satisfies Ag(¢',1 + 1).
Case 2: - Case 1. Let us assume that Z¢;, < ... < :E(i)l_,l (If not we use a permutation of

()o,---,(%);21)- Let jo <o !+1 be maximal such that

(1) Vmdn >q ﬁ’b(|fn —Q f(i)].0| < o+ 1).
(The existence of jo follows from the least number principle for II9—formulas IT9-LNP: Let j; be the
least number such that (I 1) =j; satisfies (1). Then jo = (I 1) =j1).
The definition of jo implies Vj < [ =1 (j > jo — Ja¥b > a(|Zy —q Zgy; | > ﬁ)) Hence (again by
9-CP)

1
ko+1

)

Let ¢ € IN be arbitrary. By (+) (applied to [ := maxg(ko,¢) + 1) there exists a K such that

(2) Jay > joVj <1=1(j > jo — Vb > ay(|&y —q Z(;),| >

(3) Vjdg,r > j3m,n(Ky > m,n > ¢, ko Azl —q 27| > )
1 ko +1

By (1) applied to m := K; there exists a u > K such that |Z, —q Z(;),, | < ﬁ
(3) applied to j := u yields ¢,r,m,n such that

m n ~ 1
ANy, Ty 2q T(i),;,, —

(5) ¢, > uANKy >m,n>c ko Alz] —q x| > 0 T A1

ko+1
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(since m,n <u<m-+q,n+r).
Because of m,n > ¢, kg this implies the existence of an a > ¢, kg such that #, > :E(i)].o. Thus we
have shown

(6) Veda >g ¢, ko(Ta > Z(s);, )-
For ¢ := maxg (a1, (i), -1)+1 this yields the existence of an oy > a, (4); -, ko such that Z,, > &
Let K., be (by (+)) such that

)5q *

1

(7) Yida,r > j3m.n(Ka, 2 m,n > a1 (> a1, ko) Az —q @] > 7—7)
0

(6) applies to ¢ := Ko, provides an az > K,, such that Z,, > Z(;), . Hence (7) applied to j := a»

J

yields ¢, r,m,n with

(8) g7 > aa ANKoy >myn > oy Alzg" —q 27| > ANxd', 20 2@ Tay-

ko+1
Since m,n > aq > ayq, (i); -1, (8) implies the existence of an ag > (i); -, a; such that

1

(9) 5JQ3 >q@ 51@)].0 + T + 1

Since #(i); < #(i);, for j < jo, this implies (10) Vj < jo(Zas > %), + 7257)-
Let j <1-=1be > jo. Then by (2) and a3 > a1: |[Tas —q (), | > ﬁ Put together we have shown

1

(11) a5 > (i) 21 AVG <11 (lag —@ F, | > 1 7)-

Define i’ := i x (a3). Then Ag(i,1) implies Ao (i',1 + 1), which concludes the proof of (++).

(++) applied to I := 2(ko + 1) + 1 yields the existence of indices ip < ... < iy(ky41)

such that |Z(;), —q @), | > ﬁ for j, j' < 2(ko+1)Aj # j', which contradicts Vj%(—1 <q #; <q 1).
Hence we have proved L(z). This proof has used ¥9-TA, IIY-CP and I3-LNP. Since II3-LNP is
equivalent to 9-TA (see [20]), and II{-CP follows from ¥9-TA by [19] (where CP is denoted by M),
the proof above can be carried out in G3A“ + £9-TA (these results from [19],[20] are proved there in

a purely first—order context but immediately generalize to the case where function parameters are
present).

Proposition 5.6.4 Let n > 2 and Bo(u',v™,w") € L(G,A%) be a quantifier—free formula which

contains only u', v, w" free, where v < 2. Furthermore let £,t € G,R* and A be as in thm.2.4.
Then the following rule holds

,

GnAY + A+ AC—qf FVu'Vo <, tu (3 lim sup(&uv) — EinBo(u,v,w))
= J(eff)x € G, R’ such that
GnAY + A+ b-AC FVu'Vo <, tuVT* ((¥* satifies the mon. funct.interpr. of
the negative translation L(€uv)' of L(éw)) — Jw <, xu¥™ Boy(u,v,w))
and in particular AV € Ty such that
PAY + A+ b-AC +Vu'Vv <, tuFw <., $u By(u, v, w).
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where Ty is the restriction of Godel’s T which contains only the recursor R, for p < 1. The
Ackermann function (but no functions having an essentially greater order of growth) can be defined
m Ty.

In the conclusion, A+b-AC can be replaced by A, where A is defined as in thm.2.4. If A = 0, then
b—AC can be omitted from the proof of the conclusion. If 7 < 1 and the types of the I-quantifiers in

A are < 1, then G, A® + A+AC—qf may be replaced by E-G, A% + A+AC*P —qf, where o, 3 are as
i cor.2.6.

Proof: Prenexation of VulVv <; tu(L(éuv) — Jw? By (u,v,w)) yields
G = Vu'Vo <, tuIkVIAKYj3q, r,w[(l > kA (K >1Aq,r >j— Lo)) = Bo(u,v,w)].

Lemma 5.6.3.1) implies
(1) G2A¥ F Mon(G).

The assumption of the proposition combined with lemma 5.6.3.3) implies
(2) GRAY + A+ AC—qf FVu'Vo <, tu (L(Euv)s — Jw” Bo(u, v, w))

and therefore
(3) GpAY + A + AC—of FGH.

Theorem 2.4 applied to (1) and (3) provides the extractability of a tuple p € G,R* such that
(4) GhAY + A +b-AC (¢ satisfies the monotone functional interpretation of G).
G' intuitionistically implies
(5) Vu'vo <; tu(L(§uv)’ — —==3w? By (u,v,w)).
Hence from ¢ one obtains a term ¢ € G,R® such that (provably in G,AY + A +b-AC)
(6) 3 (3 s-maj ¢ AVu'Vo <, tuV¥a(Vb(L(¢uv)')p = Bo(u,v,Yuva))),

where HQVQ(L(fU’U)I)D is the usual functional interpretation of L(&uv)’.

Let ¥* satisfy the monotone functional interpretation of L(&uv)' then
(7) 3 (¥ s—maj a AVb(L(Euv)') ;).
Hence for such a tuple a we have
(8) Au'.@u(t*u)¥* s-maj Yuva for v < tu

(Use lemma 2.2.11 from [15]. t* in G,R* is a majorant for t).

Since v < 2 this yields a >» bound xu¥™* for ¢Yuva (lemma 2.2.11 from [15]).

The second part of the proposition follows from lemma 5.6.3.4) and the fact that G,A“ + X9-TA
has a monotone functional interpretation in PAY by terms € T; (By [20] £9-TA has a functional
interpretation in T;. Since every term in T; has a majorant in Ty, also the monotone functional
interpretation can be satisfied in Ty).

Remark 5.6.5 By the theorem above the use of the analytical aziom Jlim sup(§uv) in a given proof
of YulVv <, tu3w By can be reduced to the use of the arithmetical principle L(€uv). By lemma
5.6.3.2) this reduction is optimal (relatively to Gy A ).
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