
E�etive moduli from ine�etive uniqueness proofs. An unwinding ofde La Vall�ee Poussin's proof for Chebyhe� approximation�Ulrih KohlenbahFahbereih Mathematik, J.W. Goethe{Universit�atRobert{Mayer{Str. 6{10, 6000 Frankfurt am Main, FRGAbstratWe onsider uniqueness theorems in lassial analysis having the form(+) 8u 2 U; v1; v2 2 Vu�G(u; v1) = 0 = G(u; v2)! v1 = v2�;where U; V are omplete separable metri spaes, Vu is ompat in V and G : U � V ! IR is aonstrutive funtion.If (+) is proved by arithmetial means from analytial assumptions(++) 8x 2 X9y 2 Yx8z 2 Z�F (x; y; z) = 0�only (where X;Y; Z are omplete separable metri spaes, Yx � Y is ompat andF : X � Y � Z ! IR onstrutive), then we an extrat from the proof of (++) ! (+) ane�etive modulus of uniqueness, i.e.(+ + +) 8u 2 U; v1; v2 2 Vu; k 2 IN�jG(u; v1)j; jG(u; v2)j � 2��uk ! dV (v1; v2) � 2�k�:Suh a modulus � an e.g. be used to give a �nite algorithm whih omputes the (uniquelydetermined) zero of G(u; �) on Vu with presribed preision if it exists lassially.The extration of � uses a proof{theoreti ombination of funtional interpretation and pointwisemajorization. If the proof of (++) ! (+) uses only simple instanes of indution, then � isa simple mathematial operation (on a onvenient standard representation of X, e.g. on ftogether with a modulus of uniform ontinuity for X = C[0; 1℄).Various uniqueness theorems in best approximation theory have the form (+) and are provedusing only analytial tools of the form (++). We analyse the most ommon proof of uniquenessfor the best Chebyhe� approximation of f 2 C[0; 1℄ by polynomials of degree � n given byde La Vall�ee Poussin and obtain expliit moduli of uniqueness and uniform onstants of stronguniity.In a subsequent paper two further proofs of this uniqueness will be analysed yielding betterestimates (due to the fat that mainly (++){lemmas are used) whih allow us to improveresults obtained prior by D. Bridges signi�antly.1 Introdution and basi notionsVarious theorems of lassial analysis have the form(1) 8x 2 X9y 2 Yx8z 2 Z�F (x; y; z) = 0�;where X;Y; Z are onstrutively de�nable omplete separable metri spaes (abbreviation: CSM{spaes), (Yx) is a family of ompat sets in Y and F : X�Y �Z ! IR is an extensional onstrutive(and therefore ontinuous) funtion.In this paper we onsider the following situation:�The results of this paper form the main part of hapter 8 and the �rst setion of hapter 9 of my dissertationKohlenbah (90). I am grateful to Prof. H. Lukhardt for many stimulating disussions and helpful suggestions.1



Let PA! denote the system of Peano arithmeti formulated in the language of all �nite types andAC{qf the axiom of hoie shema for quanti�er{free formulas. Assume that(2) PA! +AC{qf ` 8x 2 X9y 2 Yx8z 2 Z�F (x; y; z) = 0�! 8u 2 U; v 2 Vu9k 2 INA1;where A1(u; v; k) 2 �01;U; V are CSM{spaes and Vu is ompat in V (X;Y; Z et. are given in aonvenient standard representation, see 3).Using a proof{theoreti ombination of funtional interpretation and pointwise majorization, whihis developed in Kohlenbah (A)1, we extrat from any given proof of (2) a funtional � whih isprimitive reursive in the sense of the Hilbert (26)/G�odel (58) alulus T of funtionals of �nite typeand provides a bound for k whih depends neither on the premise nor on v, but only on u:(3) HA! ` 8x 2 X9y 2 Yx8z 2 Z�F (x; y; z) = 0�! 8u 2 U; v 2 Vu �u_k=0A1(u; v; k):Let us assume now for simpliity that Z = ; (F (x; y; z) =IR 0 is already a 8{sentene so that thisrestrition is not very essential).In a further step we extrat a primitive reursive funtional 	, whih redues the assumption8x 2 X9y 2 Yx�F (x; y) = 0� to its \"{version" 8x 2 X;n 2 IN9y 2 Yx�jF (x; y)j � 2�n�:(4) HA! ` 8u 2 U�8x 2 X9y 2 Yx�jF (x; y)j � 2�	u�! 8v 2 Vu �u_k=0A1(u; v; k)�:In our appliations, these "{versions of (1) are always provable in HA! (while the assumptions (1)are usually unprovable in PA! +AC{qf). Hene(5) HA! ` 8u 2 U; v 2 Vu �u_k=0A1(u; v; k):Thus starting from an ine�etive proof of 8u 2 U; v 2 Vu9k 2 INA1(u; v; k) we have obtained ane�etive bound � for k (independent of v) together with a onstrutive veri�ation. The bound �is extrated from the lassial proof and its veri�ation in (3) may use the assumption (1) whileadditional work is needed to extrat 	, whih makes possible a totally onstrutive veri�ation of� via (4). This ontrasts our treatment with onstrutive analysis (see e.g. Bishop (67)), whihonsiders only onstrutive proofs.We remark that our method also works when the assumptions (1) depend on u 2 U and thus appliesto the more general situation(2)� PA! +AC{qf ` 8u 2 U�8x 2 X9y 2 Yx;u8z 2 Z�F (u; x; y; z) = 0�! 8v 2 Vu9kA1�instead of (2).Examples for (1) are(�) The intermediate value theorem for f 2 C[0; 1℄.(�) The attainment of the maximum 8f 2 C[0; 1℄9x0 2 [0; 1℄�f(x0) = supx2[0;1℄ f(x)�.1This is related to the Herbrand{analysis developed in Lukhardt (89) and applied there for number theory. Ourmethod is speially suited for proofs involving higher types whih our in analysis.2



() The existene theorem for a best approximation:8f 2 C[0; 1℄9g 2 E�kf � gk1 =dist(f; E)�, whereE = f�1�1 + : : :+ �n�n : (�1; : : : ; �n) 2 IRng for �1; : : : ; �n 2 C[0; 1℄ linearly independent(Note that kf � gk1 =dist(f; E) ! kgk1 � 2kfk1 sine 0 2 E. Hene 9g 2 E an berestrited to 9g 2 Ef := f~g 2 E : k~gk1 � 2kfk1g, where Ef is ompat).More spei�ally: The existene of an extremal alternant in the ase of best approximation bypolynomials p 2 Pn of degree � n:(�)8><>: 8f 2 C[0; 1℄9pb 2 Pn; (x1; : : : ; xn+2) 2 [0; 1℄n+2; j 2 f0; 1g�kf � pbk1 = dist(f; Pn) ^ n+1Vi=1(xi+1 � xi) ^ n+2Vi=1 (�1)i+j�pb(xi)� f(xi)� = dist(f; Pn)�:(Æ) The existene theorem of Cauhy{Peano on the solvability of ordinary di�erential equations.The mathematial value of the proof{theoretial result skethed above depends on the followingquestions:(i) Are there interesting lassial theorems whih an be brought into the form (2) or (2)�, where(ii) the bound � is of mathematial interest but annot be obtained diretly from the given proof?(iii) Can the extration of � be arried out from the intuitive proof with reasonable e�ort (wherethe veri�ation need not to be onstrutive and the extration may follow the mathematialintuition and not step by step the proof{theoretial proedure)?(iv) Has this bound � mathematial properties whih allow real mathematial appliations (inpartiular: is it numerially at least as good as known �'s or even better, instead of being justprimitive reursive)?The results of this paper (and a subsequent one) give positive answers to these questions:In paragraph 4,5 of this paper we show that a large lass of uniqueness proofs in lassial analysishas (relative to PA! + AC{qf) the form (2)�. This holds in partiular for best approximationtheory. Here the bound � yields an a{priori{modulus of uniqueness, whih e.g. an be used forthe omputation of best approximations with presribed preision.Let G : U�V ! IR be an extensional onstrutive funtion given by a primitive reursive funtionalin the sense of T and X;Y; Yx;u; F; U; V; Vu as above. We onsider uniqueness theorems having theform:(6) PA! +AC{qf ` 8u 2 U�8x 2 X9y 2 Yx;uF (u; x; y) = 0!8v1; v2 2 Vu�G(u; v1) = 0 = G(u; v2)! v1 =V v2�| {z }i:e:G(u;�) has at most one zero in Vu: �(6) an be easily transformed to(7) PA! +AC{qf ` 8u 2 U�8x 2 X9y 2 Yx;uF (u; x; y) = 0! 8n 2 IN; v1; v2 2 Vu9k 2 IN�jG(u; v1)j; jG(u; v2)j � 2�k ! dV (v1; v2) < 2�n��;where dV denotes the metri on V .Aording to (3) we an extrat a primitive reursive operation � whih gives a bound for k (andhene realizes 9k sine the proposition is monotoni in k):3



(8) HA! ` 8u 2 U�8x 2 X9y 2 Yx;uF (u; x; y) = 0! 8n 2 IN; v1; v2 2 Vu�jG(u; v1)j; jG(u; v2)j � 2��un ! dV (v1; v2) < 2�n��.We all � a modulus of uniqueness for v with G(u; v) = 0 (uniform in u). � does not depend onv1; v2. Using � one an onstrut an algorithm 	 2 T , whih omputes v 2 Vu suh that G(u; v) = 0with presribed preision (if v 2 Vu exists):Assume (+) 8u 2 U9v 2 Vu�G(u; v) = 0� and 8u 2 U; x 2 X9y 2 Yx;u(F = 0). Sine by assumptionG is given by a term in G�odel's T , there exists an algorithm � 2 T whih omputes an "{zero ofG(u; �) in Vu (at least by searhing through an "{net of Vu):(9) 8u 2 U; k 2 IN�jG(u; �uk)j � 2�k ^ �uk 2 Vu�:By (8) and (9) (	un)n2IN with 	un := �u(�un) is a Cauhy sequene in Vu with modulus ofonvergene 2�n and v 2 Vu as limit suh that G(u; v) = 0. Hene together with �;� also ~	 :=�u: limn!1	un is primitive reursive in the sense of G�odel's T and8u 2 U�G(u; ~	u) = 0 ^ ~	u 2 Vu�.The argument above uses the existene of v 2 Vu suh that G(u; v) = 0. By a re�nement of thisreasoning we an verify ~	 in HA! under the impliative assumption of the existene of "{zeroes ofG(u; �) (and of "{zeroes of F (u; x; �)) for arbitrary small " > 0:(10) HA! ` 8u 2 U�8x 2 X;m 2 IN9y 2 Yx;u�jF (u; x; y)j � 2�m�^8k 2 IN9v 2 Vu�jG(u; v)j � 2�k�! G(u; ~	u) = 0 ^ ~	u 2 Vu�:In our appliations to approximation theory, the "{premises of (10) an always be proved in HA!.Hene(11) HA! ` 8u 2 U�G(u; ~	u) = 0 ^ ~	u 2 Vu� ^ ~	 2 C(U; V ):All the results above hold analogously for the systems dPA!jn;dHA!jn with restrited indution andelementary reursor onstants only instead of PA!; HA!. Then �; ~	 are even primitive reursive inthe sense of Kleene (52) (provable within dHA!jn).Roughly speaking the results (8){(11) mean: Proof{theoretial analysis of a uniqueness proof (2)�yields a modulus of uniqueness and thus in turn an algorithm ~	 for true higher type existene sen-tenes (+) having the logial form 89�18. The veri�ation of ~	, i.e. the proof for G(u; ~	u) = 0,an be made onstrutive but need not be.Classially the uniqueness of v implies (using an inonstrutive ompatness argument) that (�un)n2INonverges to v and that v depends ontinuously on u. The additional information provided by � isan e�etive rate of onvergene of (�un)n2IN and an e�etive modulus of (pointwise) ontinuity for~	.From reursive analysis it is known that v is omputable in u (in the sense of Kleene) if G;U; V et.are reursively represented (see Kreinovih (79),(82) and Kreisel (82)).In ontrast to suh general results our unwinding yields mathematially relevant data �; ~	 whihrely on the natural datas of the arithmetial part of the given uniqueness proof, while proofs ofanalytial lemmas having the form (1) 8x 2 X9y 2 Yx8z 2 Z�F (x; y; z) = 0� are not used. If thesearithmetial parts of the proof use only simple indutions, then � will be a simple mathematialoperation. In fat this happens. 4



An important speial ase of (6) is the situation, where G(u; �) assumes its in�mum in exatlyone point:(12) PA! +AC{qf ` 8u 2 U�8x 2 X9y 2 Yx;uF (u; x; y) = 0!8v1; v2 2 Vu�G(u; v1) = infv2Vu G(u; v) = G(u; v2)! v1 =V v2��:This holds for many uniqueness theorems in best approximation theory. Here we onsider the fol-lowing examples:(i) Best Chebyhe� approximation by polynomials p 2 Pn or { more generally { by elements ofarbitrary so{alled Haar spaes.(ii) Best approximation of f 2 [0; 1℄ by polynomials p 2 Pn w.r.t. the norm kfk1 := R 10 jf(x)jdx.(iii) Best approximation in stritly onvex spaes, in partiular in uniformly onvex spaes (Lp; 1 <p <1) (espeially (L2)).(iv) Best approximation of f 2 C[0; 1℄ by polynomials having restrited oeÆients.In (i){(iv) the uniqueness of the best approximation an be proved inPA! + 8f 2 C[0; 1℄9x0 2 [0; 1℄�f(x0) = supx2[0;1℄ f(x)�. Hene there exist moduli of uniqueness� 2 T and algorithms ~	 2 T with presribed preision for best approximations in these situations.In partiular the existene of a best approximation is provable in HA! and thus in every frameworkof onstrutive analysis (as Bishop (67), intuitionisti analysis or reursive analysis). For (i) and(iii) (for uniformly onvex spaes) this was proved �rst by Bridges (80),(80A) (in the framework ofBishop (67)). (ii),(iii) (for onstrutive de�nable stritly onvex spaes) and (iv) were establishedin Kohlenbah (90). Furthermore for every modulus of uniqueness � in (i){(iv), � + 1 is a modulusof pointwise ontinuity for the projetion whih maps every element of the spae onsidered onto itsbest approximation (5.4).In paragraph 6 we arry out the extration of � for (i) with all numerial details from the most om-mon proof (given by de La Vall�ee Poussin (19)) of the uniqueness of best polynomial approximationw.r.t. the sup norm k � k1. If the input data f and n are enrihed by an estimate 0 < Æ �dist(f; Pn)(Æ 2 Q) then we obtain an expliit modulus of uniqueness (~�fnÆ) + k, whih is linear in q=̂2�k(6.16,6.17). The existene of suh a onstant ~�fnÆ, whih is alled a onstant of strong uniity,was �rst proved ine�etively by Newman/Shapiro (63) (also for arbitrary Haar spaes). � and ~�depend on f only via an estimate M � kfk1 and a modulus of uniform ontinuity !f for f (i.e.8x; y 2 [0; 1℄; k 2 IN(jx � yj < 2�!f (k) ! jf(x) � f(y)j < 2�k)). Hene for ompat K � C[0; 1℄ weobtain (e�etively in a ommon modulus of ontinuity for all f 2 K and an estimate MK � kfk1)a uniform modulus of uniqueness �K for all f 2 K.Furthermore, if there exists a ÆK > 0 with ÆK � inff2Kdist(f; Pn), this yields (e�. in f; n; ÆK) auniform onstant of strong uniity for K (6.19). Henry/Shmidt (76) gave an ine�etive proof ofthe existene of suh uniform onstants.The entral part of the �{extration is the analysis of the ompliated ine�etive proof of theso{alled alternation theorem, on whih the uniqueness proof is based. This analysis yields a newquantitative version of the alternation theorem (see 6.12,6.13).In a subsequent paper we will analyse two further proofs for the uniqueness of the best Chebyhe�5



approximation, whih are due to Kirhberger (02)/Borel (05) and Young (07)/Rie (64) resp. Theseproofs make essential use of the alternation theorem from whih the uniqueness property is derivedquite easily (although in a somewhat more ompliated way than in de La Vall�ee Poussin's proof).However (slight modi�ations of) these proofs need an appliation of the alternation theorem only,whih has the form 8x 2 X9y 2 Yx�F (x; y) = 0� (namely (�) of () above), while the alternationtheorem itself, as it is used in de La Vall�ee Poussin's proof, has the form8x 2 X� ~F (x) =IR 0! 9y 2 Yx(F (x; y) =IR 0�, whih amounts to8x 2 X9z 2 IN9y 2 Yx(A0(x; z) ! F (x; y) =IR 0) with IN non{ompat, sine ( ~F (x) =IR 0) 2 �01(If we assume already the uniqueness theorem, then the alternation theorem and this appliationare trivially equivalent). Hene by (8) above we are now able to extrat moduli of uniqueness fromthese uniqueness proofs without onsidering the proof of the alternation theorem or its appliation.This simpli�es the extration enormously and the results are numerially signi�antly better. Thebest modulus is obtained from ( a slight simpli�ation) of Young/Rie's proof and generalizes toarbitrary Haar spaes. In partiular it allows us to improve estimates already obtained by Bridges(80A),(82),(82A) (who works entirely within the framework of onstrutive analysis in the sense ofBishop) substantially by an n (=degree approximating polynomials or more general the dimensionof the Haar spae) in the exponent.In summary, the proof{theoretial analysis of these three uniqueness proofs shows that it is nu-merially relevant for the extration of data to separate those parts from the proof whih derive8x 2 X9y 2 Yx8z 2 Z�F (x; y; z) =IR 0�{lemmas and eventually to modify the given proof so thatertain lemmas are only used in this form.1.1 Basi notionsE � PA! denotes the lassial extensional arithmeti in all �nite types (i.e. (E � HA!) in thenotation of Troelstra (73)), where the set ~T of all �nite types is given by the lauses0 2 ~T and �; � 2 ~T ) �(�) 2 ~T :Eah funtional of type �(�) maps objets of type � to objets of type �. Brakets whih are uniquelydetermined are usually omitted, i.e we write e.g. 0(00) for 0(0(0)).The subset ~P � ~T of pure types is given by0 2 ~P and � 2 ~P ) 0(�) 2 ~P:Pure types are often denoted by natural numbers: 0(n) := n + 1. The degree deg(�) is de�ned bydeg(0) := 0, deg(��) :=max(deg(�),deg(�) + 1).If the axiom of extensionality for eah type is replaed by a quanti�er{free rule of extensionalityER{qf A0 ! s =� tA0 ! r[s℄ =� r[t℄ ;where A0 is quanti�er{free, then one obtains the systemWE�PA!. For the orresponding theorieswith intuitionisti logi only, we write E�HA! andWE�HA! . All these systems T have the samequanti�er{free part qf-T (in the sense of Troelstra (73), 1.6.13), whih we all T . T is an extensionalversion of the Hilbert (26)/G�odel (58) alulus of primitive reursive funtionals of �nite type.The systems above all ontain reursor onstants R� with the de�ning axioms8<: R�0yz =� yR�(Sx0)yz =� z(R�xyz)x; 6



where y and z are of type � and �0� and S denotes the suessor funtion.For � = 0�k : : : �1; s =� t is used as an abbreviation for 8y�11 ; : : : ; y�kk �sy1 : : : yk =0 ty1 : : : yk� (orin the quanti�er{free alulus T for sy1 : : : yk =0 ty1 : : : yk) with di�erent variables y1; : : : ; yk notourring in s and t.If the onstants R� are replaed by elementary reursor onstants R̂� haraterized by8<: R̂�0yzv =0 yvR̂�(Sx0)yzv =0 z(R̂xyzv)v; where v = v�11 ; : : : ; v�kk suh that yv is of type 0;and if the shema of full indution is replaed by the axiom of quanti�er{free indution(IA)-qf : 8f1�f0 = 0 ^ 8x�fx = 0! f(Sx) = 0� �! 8x(fx = 0)�;then one obtains the restrited systems dE � PA!jn,... et. with quanti�er{free part dPR due toFeferman (77) (The funtionals of dPR are essentially the primitive reursive funtionals in the senseof Kleene (59)).Within all the systems onsidered above, it is possible to onstrut a term �x� :t�[x℄ 2 T (dPR) foreah term t� 2 T (dPR) suh that ��x:t[x℄�(t0� ) =� t[t0℄ (see Troelstra (73), 1.6.8,1.8.4). The languageof a theory T is denoted by L(T ).For funtionals x�1; x�2 we have the following natural inequality relation:8<: x1 �0 x2 :� x1 � x2 (where ` � ' is primitive reursively de�ned as usual)x1 ��� x2 :� 8y�(x1y �� x2y); x1 �� x2 :� x2 �� x1:\8x �� y A", \9x �� y A", \ kVi=0A(i)", \ kWi=0A(i)" are abbreviations for \8x(x �� y ! A)",\9x(x �� y ^ A)", \8i �0 k A(i)", \9i �0 k A(i)".Furthermore \8x; ~x �� sxA" stands for \8x8~x �� sxA", but \8x; ~x �� yA" stands for \8x ��y8~x �� yA". A0; B0; C0; : : : denote quanti�er{free formulas.The axiom shema of quanti�er{free hoie is de�ned byAC{qf := [�;�2 ~T f(AC)�;�{qf)g ; where(AC)�;�{qf : 8x�9y�A0(x; y)! 9Y ��8x�A0(x; Y x):By the priniple of bounded hoie we mean the shema(b{AC)�;� : 8Z���8x�9y �� Zx A(x; y; Z)! 9Y ��� Z8xA(x; Y x; Z)�:(b{AC)�;�{qf �(b{AC)�;�{8; (b{AC)�;�{8b� is (b{AC)�;� restrited to quanti�er{free formulas (for-mulas having the form 8uÆA0 resp. 8u �� vA0) (For a disussion of b{AC see Kohlenbah (B),3.11,3.12). 7



Primitive reursive oding: We use the following oding of �nite sequenes of objets of type 0(from Troelstra (73)):j(x; y) := 2x(2y + 1)�� 1; j1z :=minx � z[9y � z(2x(2y + 1) = Sz)℄;j2z :=miny � z[9x � z(2x(2y + 1) = Sz)℄:�1(x) := x; �n+1(x0; x1; : : : ; xn) := j(x0; �n(x1; : : : ; xn)),j11(x) := x; jni (x) := 8<: j1 Æ (j2)i�1(x) if 1 � i < n(j2)n�1(x) if 1 < i = n (if n > 1):It follows that jni ��n(x1; : : : ; xn)� = xi (1 � i � n); �n(jn1 (x); : : : ; jnn(x)) = x:<>:= 0; < x0; : : : ; xn >:= S��2(n; �n+1(x0; : : : ; xn))�. As an abbreviation we use bx :=< x >. Onean onstrut primitive reursive funtions �; lth;� suh that< x0; : : : ; xn > � < y0; : : : ; ym >=< x0; : : : ; xn; y0; : : : ; ym >; lth(< x0; : : : ; xn >) = n+ 1.�(n; y) = 8<: xy if y � m;00 otherwise for n =< x0; : : : ; xm > :We usually use the notation (n)y for �(n; y). For funtions (i.e. funtionals of type 1) a1, we de�nea0 :=<>; a(Sx) := ax� < ax >. Thus for x 6= 0 one has ax =< a0; : : : ; a(x�� 1) > : ax is primitivereursive in a; xlth1 a1 := lth a0; (a1)y := �x0:(ax)y .The weak K�onig's lemma is de�ned (following Troelstra (74)) to beWKL : 8f1�Tf ^ 8x09n0(lth n = x ^ fn = 0)! 9b �1 �k:18x0�f(bx) = 0��;whereTf :� 8n;m�f(n �m) = 0! fn = 0� ^ 8n; x�f(n� < x >) = 0! x � 1�:T f asserts that f represents a 0,1{tree (The designation \weak K�onig's lemma (WKL)" is due toH. Friedman).2 E�etive moduli from uniqueness proofs in logial typesand spaesFirst we reall some results from Kohlenbah (A) on whih our investigation in this paper is based:2.1 Theorem1) WE � PA! +AC{qf` 8u1; v � tu�8xÆ9y �� suvx8z2A0(u; v; x; y; z)! 9w2B0(u; v; w)�) 9 e�. losed terms �21;	21 2 T suh thatWE �HA!+b{ACÆ;�{8b ` 8u; v � tu�8x9y � suvx8z �2 	u A0 ! 9w �2 �u B0�.� and 	 an be extrated from any given proof of the assumption by funtional interpre-tation ombined with pointwise majorization (see Kohlenbah (A),2.2). If type/z > 2 then itis still possible to extrat the bound � (b{ACÆ;�{8b has then to be replaed by b{ACÆ;�{8).8



The theorem generalizes to tuples u; v; z; w of variables (where deg(ui) � 1, deg(wi; zi) � 2)and (with a orresponding modi�ation of b{AC{8b) also for tuples x; y instead of the singlevariables u; v; z; w; x; y. Furthermore we may have a �nite onjuntion of assumptions havingthe form 8xÆ9y �rho suvx8z2A0.2) An analogous result holds for dWE � PA!jn;dPR and dWE �HA!jn instead of WE � PA!; Tand WE �HA!.(Note that � and 	 depend on u only!)Proof: See Kohlenbah (A),2.3,2.4 and 2.13.2.If all variables have types � 1, 2.1 an be strengthened so that the use of AC in the onlusionan be avoided. Furthermore WKL may be added):2.2 TheoremAssume that (� = 0 ^ � � 1) or (� = 1 ^ � = 0):1) E � PA! +WKL+AC�;�{qf ` 8u1; v �1 tu�8x19y �1 suvx8z1A0 ! 9w1B0(u; v; w)�) 9�2;	2 2 T suh thatWE �HA! ` 8u1; v �1 tu�8x9y � suvx 	uVi=0A0(u; v; x; y; �m:(i)m)! �uWk=0B0(u; v; �m:(k)m�.This also holds if type/u; v; x; y; z; w � 1 and generalizes to tuples of variables. �;	 anbe extrated from any proof of the assumption.2) 1) is also valid for dE � PA!jn;dPR and dWE �HA! jn.Proof: The theorem follows from Kohlenbah (A),3.8,4.8.Furthermore we need two lemmas from Kohlenbah (A) (whih are also used in the proof of Kohlen-bah (A),3.8 and hene of 2.2):2.3 Lemma (Kohlenbah (A),3.2)1) Let A0(x1; y) 2 L(WE � PA!) be a quanti�er{free formula whose free variables are x1; y =y1; : : : ; yn and type/yi � 1 (1 � i � n). Then the following holds:WE �HA! ` VWx1A0(x; y)$ VWk0A0(�m:(k)m; y):2) An analogous result holds for dWE �HA!jn if A0 2 L( dWE � PA!jn).
9



2.4 Lemma (Kohlenbah (A), 3.5,3.6)1) Let A0(x; ~x1) 2 L(WE � PA!) be a quanti�er{free formula whose free variables are x =xÆ11 ; : : : ; xÆnn and ~x1, where Æi � 1 (1 � i � n). Assume that s1Æn:::Æ1 2 T is losed. Then thereare (e�etively) quanti�er{free formulas B0(x) and C0(x) (ontaining only x free) suh that1: WE �HA! ` 8~x �1 sxA0(x; ~x)$ B0(x);2: WE �HA! ` 9~x �1 sxA0(x; ~x)$ C0(x):Furthermore one an onstrut a losed term � 2 T suh thatWE �HA! ` 8x�9~x � sxA0(x; ~x)! A0(x; �x) ^ �x �1 sx�:2) 1) holds analogously for dWE �HA!jn and dPR if A0 2 L( dWE � PA!jn).Using 2.1 we an prove a �rst result onerning the extration of moduli of uniqueness:2.5 Theorem1) WE � PA! +AC{qf ` 8u1; v1; v2 �2 tu�8xÆ9y �� suv1v2x8z2A0(u; v1; v2; x; y; z)! �8w2B0(u; v1; w) ^ 8w2B0(u; v2; w)! v1 =2 v2��) 9 e�etively losed terms �211;	211 2 T suh thatWE �HA!+b{ACÆ;�{8b ` 8u1; v1; v2 �2 tu; k1�8x9y � suv1v2x8z �2 	uk A0! �8w �2 �uk�B0(u; v1; w) ^ B0(u; v2; w)�! v1k =0 v2k��.2) An analogous result holds for dWE � PA!jn;dPR; dWE �HA!.� and 	 an be extrated by funtional interpretation and pointwise majorization from any givenproof of the assumption. The types of z; v1; v2; w (u) may be also � 2 (� 1).Proof:1) WE � PA! +AC{qf ` 8u1; v1; v2 �2 tu�8x9y � suv1v2x8z2A0 !�8w2B0(u; v1; w) ^ 8w2B0(u; v2; w)! 8k1(v1k =0 v2k)��)WE � PA! +AC{qf` 8u; v1; v2 � tu; k�8x9y � suv1v2x8z2A0 !9w2�B0(u; v1; w) ^ B0(u; v2; w)! v1k = v2k��.By 2.1.1 one an extrat �;	 2 T suh thatWE �HA!+b{ACÆ;�{8b ` 8u; v1; v2 � tu; k�8x9y � suv1v2x8z �2 	uk A0 !9w �2 �uk�B0(u; v1; w) ^ B0(u; v2; w)! v1k = v2k��.This implies the theorem.2) an be proved analogously using 2.1.2. 10



2.6 RemarkIf z is of arbitrary type then the bound � an still be extrated (but b{ACÆ;�{8b has to be replaedbyb{ACÆ;�{8).Using 2.2,2.3 and 8k0(v11k = v12k)$ v1 =1 v2, the proof of 2.5 implies the following2.7 CorollaryAssume that (� = 0 ^ � � 1) or (� = 1 ^ � = 0):1) E � PA! +WKL+AC�;�{qf ` 8u1; v1; v2 �1 tu�8x19y �1 suv1v2x8z0; ~z1A0 !�8w0; ~w1B0(u; v1; w; ~w) ^ 8w0; ~w1B0(u; v2; w; ~w)! v1 =1 v2��) 9 losed terms �; ~�;	; ~	 2 T suh thatWE �HA! ` 8u; v1; v2 � tu; k�8x9y � suv1v2x Vz�0	ukj�0 ~	uk A0(u; v1; v2; x; y; z; �m:(j)m)! � Vw�0�uki�0 ~�uk �B0(u; v1; w; �m:(i)m) ^ B0(u; v2; w; �m:(i)m)�! v1k =0 v2k��.2) The same result holds for dE � PA!jn;dPR and dWE �HA!jn.2.7 ontains as a speial ase:2.8 Corollary1) E � PA! +WKL+AC�;�{qf ` 8x19y �1 sx8z0A0(x; y; z)!8u1; v1; v2 �1 tu�8w0B0(u; v1; w) ^ 8w0B0(u; v2; w)! v1 =1 v2�) 9 losed terms �;	 2 T suh thatWE �HA! ` 8u1; k0�8x9y � sx	ukVz=0A0(x; y; z)!8v1; v2 � tu� �ukVw=0(B0(u; v2; w) ^ B0(u; v2; w)) ! v1k =0 v2��.2) The same result holds for dE � PA!jn;dPR; dWE �HA!jn.2.9 Remark1) The extration of �;	 in 2.5,2.8 and { if ~z1; ~w1 are omitted { also in 2.7 uses not the ontinuityof primitive reursive funtionals (of type 2) but only majorizability of primitive reursivefuntionals of higher type and funtional interpretation.2) For our appliations the 2.8 (instead of 2.7) is suÆient. However it is sometimes possibleto redue the omplexity of (+) 8x19y �1 sx8z0A0(x; y; z) if we allow that this assumptionmay depend on u; v1; v2 (as in 2.7) whih simpli�es the proof-theoreti analysis (e.g. for eahu; v1; v2 only a speial instane of \8x" may be needed).11



3) For some proof it is muh easier to extrat a somewhat weaker modulus b� suh that8v; v0 � tu� b�ukVw=0(B0(u; v0; w) ^ 8wB0(u; v; w) ! v0k =0 vk�. If there exists a vu � tu suhthat 8wB0(u; vu; w) then b�u is already a modulus in the sense of 2.8 sine v1k = vk ^ v2k =vk implies v1k = v2k. This strategy will be useful if the given proof uses the assumption8wB0(u; v1; w) and the assumption 8wB0(u; v2; w) in a di�erent way in order to onlude thatv1 = v2. This is the ase in the uniqueness proofs given by Kirhberger (02)/Borel(05) andYoung(07/Rie(64) for best Chebyhe� approximation (mentioned in the introdution).We all the funtional � from 2.5 and 2.7 (and in the ase of 2.7 also ~�) amodulus of uniquenessuniform in u for v suh that 8wB0(u; v; w). �uk is a bound for the instanes w1; : : : ; wn of \8w0"whih are needed in order to onlude that v1k =0 v2k (i.e. v1; v2 as elements of the Baire spaehave distane � 1k ) from nVi=0B0(u; v1; wi) ^ B0(u; v2; wi).Now let's assume that vu is an element (and hene by uniqueness the element) �1 tu suh that8w0B0(u; vu; w). In order to ompute vuk, it is suÆient to onstrut a vu;k with �ukVw=0B0(u; vu;k; w).Sine �ukVw=0B0(u; vu; w), it follows that vuk =0 vu;kk. Note that it is ruial here that � does notdepend on vu.If 8u19v �1 tu8w0B0(u; v; w) (and hene a fortiori 8u1; k09v �1 tu kVw=0B0(u; v; w)) true, then using2.4 one an onstrut a funtional � 2 T suh that 8u; k� kVw=0B0(u; �uk; w) ^ �uk � tu�. Puttogether we have �u(�uk)k =0 vuk and hene vu = �k:��u(�u(k + 1))�(k), i.e. using the modulus� one an ompute vu primitive reursively (in the sense of T resp. dPR) in u.The reasoning above supposes the existene of vu. A more areful argument yields that the as-sumption of 2.7 together with 8u1; k09v �1 tu kVw=0B0(u; v; w) already implies the veri�ation of�k:��u(�u(k + 1))�(k) and hene the existene of vu (Thus the existene of the solution vu followsonstrutively from the existene of \"{solutions" for arbitrary " > 0):2.10 Theorem1) WE � PA! +AC{qf ` 8u1; v1; v2 �1 tu�8xÆ9y �� suv1v2x8z2A0(u; v1; v2; x; y; z)!�8w0; ~w1B0(u; v1; w; ~w) ^ 8w0; ~w1B0(u; v2; w; ~w)! v1 =1 v2��) 9 a losed term �11 2 T suh thatWE �HA!+b{ACÆ;�{8b ` 8u�8v1; v2 �1 tu;xÆ; z29y � suv1v2x8~z �2 zA0^8n09v �1 tu nVw;i=0B0(u; v; w; �m:(i)m)! 8w; ~wB0(u;�u;w; ~w) ^ �u �1 tu�.2) Analogously for dWE � PA!jn;dPR and dWE �HA!jn.12



Given a proof of the assumption, � an be onstruted using funtional interpretation and majoriza-tion.Proof:1) By 2.3 it is suÆient to onsider 8w0B0(u; v; w) instead of 8w0; ~w1B0(u; v; w; ~w). The assump-tion and 2.5 yield e�etively the existene of funtionals �0;	 2 T suh that(1) WE �HA!+b{ACÆ;�{8b ` 8u1; v1; v2 �1 tu; k0�8x9y � suv1v2x8z �2 	uk A0! � �ukVw=0(B0(u; v1; w) ^ B0(u; v2; w))! v1k =0 v2k��.By 2.4 one an onstrut a � 2 T suh that(2) WE �HA! ` 8u1; n0�9v �1 tu nVw=0B0(u; v; w)! nVw=0B0(u; �un;w) ^ �un � tu�.De�ne � := �u1; k0:[�u(�0uk)℄(k). Now assume �0ukVw=0 B0(u; v; w) for a v �1 tu. Then (2)implies �0ukVw=0 B0(u; �u(�0uk); w). Together with (1) this yields(3) WE �HA!+b{ACÆ;�{8b ` 8u; k�8v1; v2 � tu;x9y � suv1v2x8z �2 	uk A0! 8v � tu��0ukVw=0 B0(u; v; w)! vk = (�u)k��.It remains to show thatWE �HA!+b{ACÆ;�{8b ` 8u�8k; v1; v2 � tu;x9y � suv1v2x8z �2 	uk A0^8n9v � tu nVw=0B0(u; v; w)! 8wB0(u;�u;w) ^ �u � tu�.By Troelstra (73),1.6.14 there exists a losed term p 2 T suh thatWE �HA! ` 8u1; v1; w0�puvw =0 0$ B0(u; v; w)�:Furthermore one an onstrut a modulus of ontinuity ~p 2 T (with respet to the variable v)for p (Troelstra (73),2.7.8), i.e.(4) WE �HA! ` 8u; v; v0; w�v(~puvw) =0 v0(~puvw)! puvw =0 puv0w�:Let u1 and w00 be arbitrary but �xed and assume that8k; v1; v2 � tu;x9y � suv1v2x8z �2 	uk A0(u; v1; v2; x; y; z) and8n9v � tu nVw=0B0(u; v; w) :De�ne n0 := ~pu(�u)w0; n1 :=maxf�0unjn < n0g ; n2 :=max(n1; w0). (2) implies(5) n2̂w=0B0(u; �un2; w) ^ �un2 � tuand hene (sine w0 � n2) (6) B0(u; �un2; w0). Sine n2 � �0un for n < n0 it follows from(5) that(7) 8n < n0 �0un̂w=0 B0(u; �un2; w): 13



(3) and (7) yield8n < n0�(�un2)n =0 (�u)n�; hene (�un2)n0 = (�u)n0:(6),(4) and the n0{de�nition imply B0(u;�u;w0). Furthermore from (2) and the assumptionwe an onlude that �u �1 tu.Sine the reasoning above an be arried out in WE �HA!, the theorem follows.2) is proved analogously. In Kohlenbah (90) it is shown that one an onstrut a modulus ofpointwise ontinuity ~p 2dPR if p 2dPR.2.11 Remark to the proof of 2.101) Instead of using the modulus ~p of pointwise ontinuity for p we ould have used a modulus p̂of uniform ontinuity on �v1jv �1 tu	. Suh a modulus an be extrated from proofs of theextensionality of p 2 T w.r.t. =1 (and the argument v) using majorization (see Kohlenbah (B))whereas the onstrution of a pointwise modulus involves a quite ompliated formalization ofstandard redution sequenes of terms (see Troelstra (73),2.7.8).2) In appliations to onrete mathematial uniqueness theorems one will extrat � from a givenproof of 8n9v � tu nVw=0B0(u; v; w) (whih an usually be given in WE � PA! in our appli-ations) and so obtain a better result than the one obtained from 2.4 (whih uses boundedsearh).2.12 Corollary1) WE � PA! +AC{qf ` 8u1�8xÆ9y �� sux8z2A0(u; x; y; z)! 9!v �1 tu8w0; ~w1B0(u; v; w; ~w)�) 9 a losed term �11 2 T suh thatWE �HA!+b{ACÆ;�{8b ` 8u�8x; z29y � sux8~z �2 zA0 ! 8w; ~wB0(u;�u;w; ~w)^�u �1 tu�.2) 1) also holds for dWE � PA!jn;dPR and dWE �HA!jn instead ofWE�PA!; T andWE�HA!.Proof: 1) In partiular the assumption impliesWE � PA! +AC{qf ` 8u�8x9y � sux8zA0 ! 9v � tu8w; ~wB0�and therefore a fortiori(�) WE � PA! +AC{qf ` 8u�8x9y � sux8zA0 ! 8n9v � tu n̂w;i=0B0(u; v; w; �m:(i)m)�:Let tB0 2 T be suh that tB0(u; v; w; ~w) =0 0$ B0(u; v; w; ~w). Sine tB0 is (provable inWE�HA!)extensional in v w.r.t. =1 (see Troelstra (73),2.7.3), (�) impliesWE � PA! +AC{qf ` 8u�8x9y � sux8zA0 ! 8n9v1 n̂w;i=0B0(u;min1(v; tu); w; �m:(i)m)�:14



By 2.1 it follows thatWE �HA!+b{ACÆ;�{8b ` 8u�8x; z9y � sux8~z �2 zA0 !8n9v1 nVw;i=0B0(u;min1(v; tu); w; �m:(i)m)�.2.12 now follows from 2.10.2) is proved analogously.In our mathematial appliations, the types of x; y; z; w are always � 1. In this ase the use ofb{AC in the onlusion of 2.10 an be avoided and WE�PA! be replaed by E�PA! (as in 2.7).Furthermore, WKL may be added:2.13 TheoremAssume (� = 0 ^ � � 1) or (� = 1 ^ � = 0):1) E � PA! +WKL+AC�;�{qf ` 8u1; v1; v2 �1 tu�8x19y �1 suv1v2x8z0; ~z1A0 !�8w0; ~w1B0(u; v1; w; ~w) ^ 8w; ~wB0(u; v2; w; ~w)! v1 =1 v2��) 9 a losed term �11 2 T suh thatWE �HA! ` 8u�8v1; v2 � tu;x; k9y � suv1v2x kVz;j=0A0(u; v1; v2; x; y; z; �m:(j)m)^8n9v �1 tu nVw;i=0B0(u; v; w; �m:(i)m)! 8w; ~wB0(u;�u;w; ~w) ^ �u �1 tu�.2) An analogous result holds for dE � PA!jn;dPR and dWE �HA!jn.Proof: The assertion follows as in the proof of 2.10 but with the use of 2.7 instead of 2.5.In the following, we show that the uniqueness and boundedness of v as well as the assumptionthat 8w0B0 2 �01 are neessary for the validity of 2.12:1) Neessity of uniqueness:PA ` 8u9v � 18wB0(u; v; w))= �9 a reursive f : 8u;wB0(u; fu; w) is true�(B0 2 L(PA) quanti�er{free).Proof: From reursion theory (see e.g. Rogers (67)) it is well known that there are reursiveenumerable sets A = fxj9y(�(x; y) = 0)g and B = fxj9y(�(x; y) = 0)g (�; � primitive reur-sive) suh thata) PA ` 8u�8w��(u; v) 6= 0� _ 8w��(u;w) 6= 0�� (i.e. A \ B = ;) andb) there exists no reursive funtion f : IN! IN suh that8u�[fu = 0! 8w��(u;w) 6= 0�℄ ^ [fu 6= 0! 8w��(u;w) 6= 0�℄�(i.e. A;B are reursive inseparable).a) ) PA ` 8u9v � 18w; ~wB0(u; v; w; ~w), where15



B0(u; v; w; ~w) :� [v = 0 ! �(u;w) 6= 0℄ ^ [v 6= 0 ! �(u; ~w) 6= 0℄. Now let f 2 ININ be suhthat 8u;w; ~wB0(u; fu; w; ~w),i.e.[fu = 0! 8w��(u;w) 6= 0�℄ ^ [fu 6= 0! 8w��(u;w) 6= 0�℄ for all u:By b), f is not reursive.2) Neessity of the boundedness of v:PA ` 8u9!v8wB0(u; v; w))=(9fre.:8u;wB0(u; fu; w) is true).Proof: De�neB(u; v) :� [v 6= 0 ^ Tuu(v�� 1)℄ _ [v = 0 ^ :9wTuuw℄;where T denotes Kleene's T{prediate.B(u; v)$ 8wB0(u; v; w); where B0(u; v; w) :� [v 6= 0 ^ Tuu(v�� 1)℄ _ [v = 0 ^ :Tuuw℄:It is lear that PA ` 8u9!v8wB0(u; v; w). Letf 2 ININ be suh that 8u;wB0(u; fu; w). Thenfu 6= 0$ 9wTuuw. The reursive undeidability of the halting problem implies that f is notreursive.3) Neessity of the assumption that 8wB0 does not ontain a positive 9{quanti�er:PA ` 8u9!v � 18w9zB0(u; v; w; z))= (9f re.: 8u;w9zB0(u; fu; w; z).Proof: We onsider again the example from 1)PA ` 8u9v � 18w; ~wB00(u; v; w; ~w)where B00(u; v; w; ~w) :� [v = 0! �(u;w) 6= 0℄ ^ [v 6= 0! �(u; ~w) 6= 0℄.HenePA ` 8u9!v � 1�8w; ~wB00(u; v; w; ~w) ^ (v 6= 0! :8w; ~wB00(u; 0; w; ~w))� and thereforePA ` 8u9!v � 18w; ~w9z; ~zB0(u; v; w; ~w; z; ~z) whereB0(u; v; w; ~w; z; ~z) :� B00(u; v; w; ~w) ^ (v 6= 0! :B00(u; 0; z; ~z)).Let f 2 ININ be suh that 8u;w; ~w9z; ~zB0(u; fu; w; ~w; z; ~z).Then 8u�[fu = 0! 8w(�(u;w) 6= 0)℄ ^ [fu 6= 0! 8w(�(u;w) 6= 0)℄�.Therefore (as in 1) f is not reursive.Remark: The proof above shows that even for B 2 �02 (instead of B 2 �01) it may happen thatPA ` 8u9!v � 1B(u; v))=(9f re.: 8uB(u; fu) is true),sine B(u; v) :� 8w; ~wB00(u; v; w; ~w) ^ (v 6= 0! :8w; ~wB00(u; 0; w; ~w)) 2 �02.3 Representation of omplete separable metri spaes andompat metri spaes in the �nite type system WE�PA!In order to generalize the logial results of 2 to omplete separable metri spaes (instead of the spe-ial Baire spae ININ) and ompat metri spaes (instead of the Cantor spae 2IN or �v 2 ININjv �1 s	)we have to show how suh spaes an be represented in the system dWE � PA!jn (and hene inWE � PA!). In doing so we make free use of ideas and onstrutions from Brown/Simpson (86),Troelstra (77), Troelstra/van Dalen (88) and Beeson (85) (see also Kreitz/Weihrauh(85)).16



We develop this representation in some detail sine, for the appliation of our proof{theoretial ex-tration of e�etive data, the logial form of the representation is ruial. In partiular we have toonstrut a representation for whih the quanti�ers VWx 2 X and VWy 2 K (X omplete separable,K ompat) redue to the \logial" quanti�ers VWx1 and VWx �1 s respetively without introduingnew quanti�ers. The use of �nite types allows some simpli�ations not possible within seond orderlanguages with set-variables (as used e.g. in Brown/Simpson (86)).Sine H. Friedman, S. Simpson, D. Brown, R.L. Smith, Shioji, Tanaka and others have shown thatsubstantial parts of lassial analysis (and algebra) an be arried out in (seond order fragments of)WE�PA!+WKL+AC0;0{qf and even in dWE � PA!jn+WKL+AC0;0{qf (see e.g. Simpson (85)and Shioji/Tanaka (90)), this redution makes our extration appliable to quite a lot of non{trivialproofs in lassial analysis.Real numbers in dWE � PA!jnWe introdue real numbers as Cauhy sequenes of rational numbers with �xed Cauhy modu-lus 2�n. To this end we �rst have to de�ne the ordered �eld (Q;+; �; 0; 1; <) of rational numberswithin dWE � PA!jn:Rational numbers are represented as odes j(n;m) of pairs (n;m) of natural numbers (i.e. type-0objets): j(n;m) represents the rational number n2m+1 if n is even, and the negative rational number� n+12m+1 otherwise. Sine we use a surjetive pairing funtion j, eah number an be oneived as odeof a uniquely determined rational number. We de�ne an equality relation =Q on the representativesof the rational numbers, i.e. on IN, to ben1 =Q n2 :� j1n12j2n1 + 1 = j1n22j2n2 + 1 if j1n1 and j2n2 both are evenand analogous in the remaining ases, where ab = d is de�ned to hold if ad =0 b when bd > 0.In order to express the statement that n represents the rational r, we write n =Q hri or simplyn = hri. Of ourse h�i is not a funtion of r sine r possesses in�nitely many representatives.Rational numbers are, stritly, speaking equivalene lasses on IN w.r.t. =Q . By using only theirrepresentatives and =Q one an avoid formally introduing the set Q of all these equivalene lasses.On IN one an easily de�ne primitive reursive operations +Q ; �Q and prediates <Q ;�Q (in thesense of Kleene) suh that e.g. hr1i +Q hr2i =Q hr3i i� r1 + r2 = r3 for the rational numbersr1; r2; r3 whih are represented by hr1i; hr2i; hr3i (analogous for �Q ; <Q ;�Q). IN an be naturallyembedded into our representation of Q via n 7! hni := j(2n; 0); 0Q := h0i; 1Q := h1i. It an easilybe veri�ed (within dWE � PA!jn) that (IN;+Q ; �Q ; 0Q ; 1Q ; <Q) is an ordered �eld (whih represents(Q;+; �; 0; 1; <) in dWE � PA!jn).Eah funtion f : IN! IN (i.e. eah funtional of type 1) an be oneived of as an in�nite sequeneof odes of rationals and therefore as representative of an in�nite sequene of rationals.Real numbers are represented by funtions f suh that(�) 8n�jfn�Q f(n+ 1)jQ <Q h2�n�1i�; hene8n8k > m � n�jfm�Q fkjQ �Q �k�1i=mjfi�Q f(i+ 1)jQ �Q�1i=njfi�Q f(i+ 1)jQ < h2�ni�.17



Eah f whih satis�es (�) therefore represents a Cauhy sequene of rationals with Cauhy modulus2�n. In order to guarantee that eah funtion f odes a real number, we introdue the followingonstrution whih is primitive reursive (in the sense of Kleene (52) and hene in the sense of dPRand T ) onstrution:(��) bfn :=8<: fn if 8k < n�jfk �Q f(k + 1)jQ <Q h2�k�1i�;fk for the least k < n suh that jfk �Q f(k + 1)jQ �Q h2�k�1i otherwise.bf always satis�es (�). If (�) is already valid for f then 8n(fn =0 bfn). Thus eah funtion f odesa uniquely determined real number, namely the real number whih is given by the Cauhy sequeneoded by bf . In the other diretion, if f represents a Cauhy sequene of rationals with modulus2�n, then gn := f(n+ 1) satis�es (�) and therefore represents the real number, given by f , in oursense. This shows that nothing is lost by our restrition of sequenes satisfying (�). The onstrutionenables us to redue quanti�ers ranging over IR to 8f1 resp. 9f1. This also holds for the operationson IR below.On the representatives (in the sense above) of real numbers (i.e. on the funtionals of type 1) f1; f2we de�ne an equivalene relation =IR byf1 =IR f2 :� 8n�j bf1(n+ 1)�Q bf2(n+ 1)jQ <Q h2�ni�:f1 =IR f2 holds i� f1 and f2 represent the same real number (w.r.t. the usual identity relation onthe reals).In ontrast to =Q , the relation =IR is not deidable, i.e. not a �00{prediate, but it is a �01{prediate.f1 <IR f2 :� 9n� bf2(n+ 1)�Q bf1(n+ 1) �Q h2�ni� 2 �01;f1 �IR f2 :� :(f2 <IR f1) 2 �01:It is not diÆult to de�ne primitive reursive funtionals +IR;�IR; �IR et. (in the sense of Kleene)on our odes of real numbers, whih represent the elementary operations +;�; � et. on IR: Forexample, de�ne f1 +IR f2 by(f1 +IR f2)(k) := bf1(k + 1) +Q bf2(k + 1):Then f1 +IR f2 =IR f3 holds i� x1 + x2 = x3 for the real numbers x1; x2; x3 whih are representedby f1; f2; f3. +IR is a funtional of type 1(1)(1). �IR is de�ned analogously.If n = hri odes the rational number r, then �k:n represents r as a real number. 0IR := �k:0Q ;1IR := �k:1Q .IR denotes the set of all equivalene lasses on the set of funtions f w.r.t. =IR. As in the ase of Q,we use IR only informally and deal exlusively with the representatives and the operations de�nedon them. (ININ;+IR; �IR; 0IR; 1IR; <IR) is an Arhimedean ordered �eld (provable in dWE � PA!jn),whih represents (IR;+; �; 0; 1; <) in dWE � PA!jn.One easily veri�es the following fat:3.1 Lemma8k�jf �IR �n: bf(k)jIR <IR h2�ki�.Eah funtional �10 an be oneived of as an in�nite sequene of odes of real numbers and thereforeas a representative of a sequene of real numbers. We have the following Cauhy ompleteness:18



3.2 LemmadWE � PA!jn ` 8�10�8n;m; k � n(j�m�IR �kjIR �IR h2�ni)!9f18n(j�n�IR f jIR �IR h2�ni)�.f an be de�ned primitive reursively in � : fk := d�(k + 3)(k + 3).Complete separable metri and normed spaes in dWE � PA!jnComplete separable metri spaes, whih we all: CSM{spaes, may be oneived of as omple-tions ( bX; bd) of ountable metri spaes (X; d). Suh ountable spaes are given as follows: Assumethat the elements of X are oded by natural numbers and that fX is a (prim. re.) enumeration ofthe set hXi of all these odes. (X; d) an now be represented by a pseudo metri dX (more preisely:a funtional of type 100, whih represents a pseudo metri) on IN suh that dX (n;m) =IR hd(x; y)i,where fXn and fXm are odes of x; y 2 X and hd(x; y)i is a representative of the real numberd(x; y). Note that dX is in general not a metri on IN: dX(n;m) =IR 0IR)= n =0 m.In the following we assume that dX (n;m) =1 ddX(n;m) (for otherwise we simply ould de�ned0X (n;m) := ddX(n;m)). The ompletion ( bX; bd) of (X; d) is now represented as the ompletionof (IN; dX): An element of this ompletion is given by a funtion h satisfying(�) 8n�dX(hn; h(n+ 1)) <IR h7 � 2�n�1i�:(�) implies that (hn)n2IN is a Cauhy sequene in (IN; dX) with modulus 2�n+3. As for the rep-resentation of IR above, we want to have that eah funtion h represents a (uniquely determined)element of the ompletion. If we would try to de�ne bh in the same way as we de�ned bf , then thisoperation would not be primitive reursive in h sine <IR is (in ontrast to <Q) not deidable. Inorder to avoid this diÆulty we �rst modify (�) to(��) 8n�[dX(hn; h(n+ 1))℄(n+ 1) <Q h6 � 2�n�1i�:Now bh an be de�ned primitive reursively in h bybh(n) := 8<: h(n) if 8k < n�[dX(hk; h(k + 1))℄(k + 1) <Q h6 � 2�k�1i�;h(k) for the least k < n : [dX (hk; h(k + 1))℄(k + 1) �Q h6 � 2�k�1i; otherwise.(In the following we always refer to this de�nition of ).bh ful�ls (��) and therefore (�) for all h. If (��)is already valid for h, then 8n(hn =0 bhn). Hene eah h may be thought of as being a representativeof a (uniquely determined) element of the ompletion of (IN; dX ), namely of that element, whih isrepresented by bh. In the other diretion, eah representative of a Cauhy sequene in (IN; dX ) withCauhy modul 2�n ful�ls (��) and is therefore also a representative in our sense (of the elementgiven by this Cauhy sequene).The onstrution bh enables us to extend the pseudo metri dX to a pseudo metri bdX on ININ:bd1(1)(1)X (h1; h2)(n) :=0 [dX (bh1(n+ 5);bh2(n+ 5))℄(n+ 5):By the summmand +5, the \right" rate of onvergene of bdX (h1; h2) is ensured:8k�jbdX(h1; h2)(k)�Q bdX(h1; h2)(k + 1)j <Q h2�k�1i�:Furthermore we have 19



3.3 Lemma8k�bdX (f; �m: bf(k)) <IR h2�k+3i�:(ININ; bdX) is the ompletion of (IN; dX):3.4 LemmadWE � PA!jn ` 8�10�8n;m; k � n�bdX(�m;�k) �IR h2�ni�! 9f18n�bdX(�n; f) �IR h2�ni��.f an be de�ned primitive reursively in � : fk := d�(k + 5)(k + 5).(IN; dX ) is anonially embedded into (ININ; bdX ) byi : IN!; i(n) := �k0:n:dX (n;m) =IR bdX(i(n); i(m)) for all m;n.(ININ; bdX) is alled standard representation of ( bX; bd). If one de�nes an equality relation =bXon the set ININ byh1 =bX h2 :� �bdX(h1; h2) =IR 0IR�;then bdX de�nes a metri on the equivalene lasses with respet to =bX . This metri spae is isometrito ( bX; bd), whih justi�es the expression \standard representation of ( bX; bd)".3.5 Examples1) [0; 1℄n endowed with the Eulidean metribdE�(x1; : : : ; xn); (y1; : : : ; yn)� := ��ni=1jxi � yij2� 12 is the ompletion of the spae [0; 1℄n \ Qnwith the metridE�(r1; : : : ; rn); (~r1; : : : ; ~rn)� := ��ni=1jri � ~rij2� 12 on [0; 1℄n \Qn.2) The spae C[0; 1℄ of all ontinuous funtions f : [0; 1℄! IR together with the sup metri bd1 isthe ompletion of (A; d1) where A is the set of all �nite tuples of rational numbers andd1�(r0; : : : ; rm); (~r0; : : : ; ~rn)� := supx2[0;1℄ j(rmxm + : : :+ r1x+ r0)� (~rnxn + : : :+ ~r1x+ ~r0)j.3) Let Lp denote (as usual) the spae of funtions f : [0; 1℄ ! IR suh that jf jp is integrable on[0; 1℄ (1 � p <1):On the set A of 2), we de�ne the metridp�(r0; : : : ; rm); (~r0; : : : ; ~rn)� := � R 10 j(rmxm + : : :+ r0)� (~rnxn + : : :+ ~r0)jpdx� 1p .Lp is given in dWE � PA!jn as the standard representation of the ompletion ( bA; bdp) of (A; dp).3.6 De�nitionA CSM{spae ( bX; bd) is alled T{de�nable (dPR{de�nable), if it possesses a standard representation(ININ; bdX) with bd1(1)(1)X 2 T (dPR) (i.e. d100X 2 T (dPR)) and bdX represents provable in WE � PA!(resp. dWE � PA!jn) a pseudo{metri on ININ. 20



3.7 RemarkThe metri spaes 3.5.1{3.5.3 are all dPR{de�nable. Furthermore the de�nitions of these spaes in3.5 are lassially equivalent to the usual mathematial de�nitions. However, this equivalene isin general not provable in dWE � PA!jn(+AC0;0{qf) or WE � PA!(+AC0;0{qf). If e.g. C[0; 1℄ isas the set of all pointwise ontinuous funtions on [0; 1℄, then one needs WKL to show that thesefuntions are uniformly ontinuous. Then one applies the Weierstra� approximation theorem (whihholds onstrutively for uniform ontinuous funtions) in order to onstrut the representation 3.5.2.Our representation 3.5.2 of C[0; 1℄ is onstrutively equivalent to the de�nition of C[0; 1℄as the setof all uniformly ontinuous funtions f : [0; 1℄ ! IR, where f is given together with a modulus!f : IN! IN of uniform ontinuity, i.e.8n 2 IN; x; y 2 [0; 1℄�jx� yj < 2�!f (n) ! jfx� fyj < 2�n�:This is the de�nition of C[0; 1℄ whih we use when we arry out the extration of moduli of uniquenessfrom onrete mathematial proofs. The enrihing of data by suh a modulus !f is more onvenient inpratie than the presentation of f as a Cauhy sequene of polynomials having rational oeÆients,sine suh a sequene is in general quite ompliated to onstrut, whereas a modulus !f an ofteneasily be written down. Thus, standard representations of CSM{spaes are only used for provingthe general metatheorems (as 4.1{4.6,5.1 below). For the unwinding of onrete proofs, the mostuseful de�nition of these objets is used.3.8 De�nitionLet ( bX; bd) be a CSM{spae. Then for eah x0 2 bX; r 2 IR+, the open ball with radius r and enterx0 is de�ned by B(x0; r) := nx 2 bX : bd(x; x0) < ro.3.9 LemmaLet ( bX; bd) be a CSM{spae.1) Assume that hx0 ; hy represent x0; y 2 bX in (ININ; bdX ). Then the following impliation holdshx0(m+ 1) = hy(m+ 1)) y 2 B(x0; 2�m+4):2) To eah x0 2 bX; m 2 IN there exists an n 2 IN suh that for all y 2 B(x0; 2�m) there exists arepresentative hy in (ININ; bdX ) with hym =0 n.Proof:1) bdX�hx0 ; i(bhx0(m))� <IR h2�m+3i and bdX�hy; i (bhy(m))| {z }bhx0(m) <IR h2�m+3i (3.3,3.4) impliesbdX(hx0 ; hy) <IR h2�m+3 + 2�m+3i = h2�m+4i.2) Let hx0 ; hy be representatives of x0; y in (ININ; bdX) and assume without loss of generality thatm � 1. Thenn :=< bhx0(3); : : : ;bhx0(m+ 2) > and ~hy(k) :=8<: bhx0(k + 3) if k < m;bhy(k + 3) if k � m;21



ful�l the lemma:~hym =0 n. Furthermore ~hy represents y, i.e. bdX (~hy; hy)) =IR 0IR: It is suÆient to show thatb~hy =1 ~hy. i.e.(�) 8k�dX�~hy(k); ~hy(k + 1)�(k + 1) <Q h6 � 2�k�1i�, whih an be veri�ed using 3.3,3.4 (theonly problemati ase is when k = m� 1).The proof of 3.9 an be arried out in dWE � PA!jn, i.e.3.10 CorollaryFor eah CSM{spae ( bX; bd) given in standard representation (ININ; bdX), dWE � PA!jn proves1) 8h10; h1;m0�h0(m+ 1) =0 h(m+ 1)! bdX(h0; h) <IR h2�m+4i� and2) 8h10;m09n08h1� bdX(h0; h) <IR h2�mi ! 9~h�bdX(h; ~h) =IR 0IR ^ ~hm =0 n��.3.11 De�nitionLet bX and bY be CSM{spaes2 A losed term �1(1) 2 T (dPR) represents provable in WE � PA!( dWE � PA!jn) a funtion bX ! bY ifWE � PA! ` 8f11 ; f12 �f1 =bX f2 ! �f1 =by �f2�.( dWE � PA!jn).3.12 Remark1) 3.11 is justi�ed by the following fat: If � represents a funtion bX ! bY in the sense of 3.11,then � indues (provable in WE � PA! or in dWE � PA!jn) a funtion on the equivalenelasses on ININ w.r.t. =bX and =bY . Modulo an isometry between bX; bY and their standardrepresentations this funtion in turn indues a funtion bX ! bY .2) Using negative translation it follows thatWE � PA! ` 8f11 ; f12 �f1 =bX f2 ! �f1 =bY �f2� impliesWE � HA! ` 8f11 ; f12 �f1 =bX f2 ! �f1 =bY �f2�. This also holds for dWE � PA!jn anddWE �HA!jn.3.13 De�nitionA funtion F : bX ! bY is alled T{de�nable (dPR-def.) if a losed term �1(1)F 2 T (dPR) exists suhthat1) �F represents provable in WE � PA! ( dWE � PA!jn) a funtion bX ! bY and2For notational simpliity we often write bX instead of ( bX; bd).
22



2) the funtion bX ! bY indued by �F equals F , i.e.8x 2 bX; y 2 bY ; hxi1; hyi1�hxi represents x ^ hyi represents y !(�F (hxi) =bY hyi $ F (x) = y)�.3.14 Remarks and onventionsThe funtion F in 3.13 may be given in set{theoretial terms whih are not expressible withinWE � PA!. In partiular, 2) may be unprovable in WE � PA! . In the following, if we saythat a ertain sentene involving bX; bY ; F holds provable in WE � PA! , we always mean that theorresponding statement expressed in terms of the standard representations of bX; bY and �F isprovable in WE � PA!. We always onsider bX; bY as given with �xed standard representations(ININ; bdX); (ININ; bdY ) and F as represented by a �xed funtional �F . Assume e.g. that bX and bYare T{de�nable CSM{spaes and that F : bX� bY ! IR is a T{de�nable funtion. Then the sentene8x 2 bX9y 2 bY �F (x; y) = 0� is represented in WE � PA! by(�) 8x19y1��F (x; y) =IR 0IR� with �F 2 T . (�) has the logial form(��) 8x19y18k0A0(x; y; k) where A0 2 L(WE � PA!) is quanti�er{free.If T is a theory in the language of WE � PA!, thenT ` 8x 2 bX9y 2 bY �F (x; y) = 0� stands forT ` 8x19y18k0A0(x; y; k).3.15 PropositionIf F : bX ! bY is a T{de�nable (dPR{de�nable) funtion, then F possesses provable in WE �HA!( dWE �HA!jn) a modulus !001F 2 T (dPR) of pointwise ontinuity, i.e.WE � HA! ` 8f10 ; f1; n0� bdX (f0; f) <IR h2�!F f0ni ! bdY (�F f0;�F f) <IR h2�ni� (Analogous fordWE �HA!jn).Note that !f is in general not extensional in f0 with respet to =bX .Proof: The proposition follows from 3.10 and the fat that eah funtional of type 1(1) in T (dPR)possesses a modulus of pointwise ontinuity in T (dPR) (provable inWE�HA! resp. dWE �HA!jn);see Troelstra (73) (3.7.8) and Kohlenbah (90) (3.22.1).Complete separable normed spaes are represented in dWE �HA!jn as speial metri spaes withthe metri d(x; y) := kx� yk. In addition to the metri also the vetor spae operations have to berepresented in dPR or T . The spaes in 3.5 are also dPR{de�nable as normed spaes (over IR).Furthermore one an introdue bounded linear funtionals and ontinuous linear funtionals be-tween CSM-spaes. The equivalene of these onepts is provable in dWE � PA!jn + AC0;0{qf (seeBrown/Simpson (86)).Substantial parts of lassial analysis and funtional analysis an be formalized in RCA0 +WKLand therefore in dWE � PA!jn + WKL + AC0;0{qf (This also holds for algebra: See e.g. Fried-man/Simpson/Smith (83) and Hatzikiriakou/Simpson (89)).In partiular the following theorems are provable in this system:23



1) Eah f 2 C[0; 1℄ attains a maximum value in [0,1℄ (Simpson (84)).2) The Cauhy{Peano theorem on the existene of loal solutions of systems of ordinary di�er-ential equations (Simpson (84)).3) The Hahn{Banah theorem for separable Banah spaes (Brown/Simpson (86)).4) Alaoglu's theorem for separable Banah spaes (Brown (87)).5) The �xpoint theorems of Brouwer, Tyhono�{Shauder and Markov{Kakutani (Shioji/Tanaka(90)).6) The intermediate value theorem for f 2 C[0; 1℄ is even provable in dWE � PA!+AC0;0{qf (seeSimpson (85)).1){6) are provable also for the lassial de�nitions of C[0; 1℄ as the set of pointwise ontinuous fun-tions. For our de�nition of C[0; 1℄ one an easily prove in dWE �HA!jn that for every f 2 C[0; 1℄there exist supx2[0;1℄ f(x) and infx2[0;1℄f(x).Compat metri and normed spaes in dWE � PA!jnCompat spaes are usually de�ned via the Heine{Borel overing property. However this prop-erty is unprovable in WE � PA! +AC{qf even for the most ommon spaes as e.g. [0; 1℄ � IR (seee.g. Friedman (75)). Therefore we use a di�erent de�nition of ompatness due to Brouwer, whih isommon in onstrutive mathematis and lassially (with the so{alled fan priniple even intuition-istially) equivalent to the usual Heine{Borel ompatness (see e.g. Brown (90) and Troelstra/vanDalen (88)):3.16 De�nitionA CSM{spae ( bX; bd) is alled ompat if it is totally bounded, i.e. if there exist funtions x(�:�) :IN� IN ! bX; � : IN ! IN, whih yield a �nite sequene xk;0; : : : ; xk;�(k) in bX for eah k 2 IN suhthat8x 2 bX; k9i � �(k)� bd(x; xk;i) < 2�k�.3.17 RemarkEah ompat metri spae is separable: The ountable setX := Sk2IN �xk;0; : : : ; xk;�(k)	 is dense in bX.Sine by 3.17 ompat metri spaes are speial CSM{spaes, we ould use the standard repre-sentation for CSM{spaes desribed above. However, we need a speial form of this representation,whih has the property that all representatives are bounded by some funtion M , i.e. are elementsof �x 2 ININj8n(xn �M(n))	, and every element of this set represents a uniquely determined pointin the ompat spae:Let ( bX; bd) be a ompat metri spae with a 2�k{net xk;0; : : : ; xk;�(k) in bX for eah k 2 IN. We odexk;i by j(k; i) (If n is not of the form j(k; i) with i � �(k), then n odes the element x0;�(0)). Now we24



onsider the standard representation (ININ; bdX) of ( bX; bd) w.r.t. X := Sk2IN �xk;0; : : : ; xk;�(k)	 usingthis oding. For eah f 2 ININ there exists (e�etively) a funtion g �1 M suh that f and g representthe same element in bX, i.e. bdX (f; g) =IR 0IR, whereM(k) :=maxfj(k + 2; 0); : : : ; j(k + 2; �(k + 2))g:De�ne ~f(k) := bf(k + 1), then 8k�dX ( ~f(k); ~f(k + 1)) <IR h7 � 2�k�2i�. For every k 2 IN exists (ef-fetively in � and dX) a ik � M(k) suh that dX(ik; ~f(k)) <IR h2�k�1i: De�ne ik as the leasti �M�(k) suh that(�) dX(i; ~fk)(k + 3) <Q h2�k�2i+ h2�k�3i(suh an i �M(k) always exists sine, byM{de�nition, there exists an i �M(k) with dX (i; ~fk) <IRh2�k�2i).The onstrution of ik impliesdX (i; ~fk) <IR h2�k�2i+ h2�k�3i+ h2�k�3i = h2�k�1i.HenedX (ik; ik+1) �IR dX (ik; ~fk) + dX ( ~fk; ~f(k + 1)) + dX( ~f(k + 1); ik+1)<IR h2�k�1i+ h7 � 2�k�2i+ h2�k�2i = h5 � 2�k�1iand therefore dX (ik; ik+1)(k + 1) <Q h5 � 2�k�1i+ h2�k�1i = h6 � 2�k�1i,i.e. bg =1 g for gk := ik. It follows that g represents the same element of bX as f and 8k 2 IN(gk �M(k)).�f 2 ININjf �1 M	 together with the restrition of bdX on f: : :g, whih we also denote by bdX , rep-resents the ompat metri spae ( bX; bd).3.18 De�nition��f 2 ININ : f �1 M	 ; bdX� is alled standard representation of the ompat metri spae ( bX; bd).A ompat metri spae ( bX; bd) is alled T{de�nable (dPR{de�nable), if it possesses a standardrepresentation ��f 2 ININ : f �1 M	 ; bdX� where M1; bd1(1)(1)X 2 T (dPR), i.e. M1; d100X 2 T (dPR),and if dX represents provable in WE � PA! (resp. dWE � PA!jn) a pseudo{metri on hXi suhthatWE � PA! ` 8i 2 hXi; k9j �M(k)�dX (i; j) < 2�k�2�.3.19 Examples1) [0; 1℄n(� IRn) is a dPR{de�nable ompat metri spae (w.r.t. the Eulidean metri dE).2) Let K;C be positive rational numbers suh that K > C > 0. ThenM := f(x1; : : : ; xn) 2 IRn : jxij � K ^ jxi � xj j � C (1 � i < j � n)g(endowed with the Eulidean metri) is a dPR{de�nable ompat metri spae.3.20 Remarks and onventions3.14 holds analogously if bY is a ompat metri spae:Let bX be a CSM{spae,K a ompat metri spae and F : bX�K ! IR a T{de�nable (dPR{de�nable)funtion on the T (dPR){de�nable spaes bX; bK. Then the sentene 8x 2 bX9y 2 K�F (x; y) = 0� isrepresented in WE � PA! ( dWE � PA!jn) by 25



(�) 8x19y �1 M��F (x; y) =IR 0IR� with M;�F 2 T (dPR). (�) has the logial form(��) 8x19 �1 M8k0A0(x; y; k) where A0 2 L(WE � PA!) (2 L( dWE � PA!jn) is quanti�er{free. IfT is a theory in the language of WE � PA! resp. dWE � PA!jn thenT ` 8x 2 bX9y 2 K�F (x; y) = 0� stands for T ` 8x19y �1 M8k0A0(x; y; k).3.21 PropositionIf F : K ! bX is a T{de�nable funtion on the T{de�nable ompat metri spae K into a T{de�nable CSM{spae bX, then F possesses provable in WE � PA! a modulus !1F 2 T of uniformontinuity, i.e.WE �HA! ` 8f1; f2 �1 M;n0� bdK(f1; f2) <IR h2�!F (n)i ! bdX(�F f1;�F f2) <IR h2�ni�.An analogous result holds for dWE �HA!jn;dPR.Proof: Similar to the proof of 3.15 using the fat that eah funtional of type 1(1) in T (dPR)possesses a modulus of uniform ontinuity on �f1 : f �1 M	 in T (dPR) (see Kohlenbah (B) for asimple onstrution of suh a modulus).3.22 De�nitionLet ( bX; bd),(bY ; b�) be T{de�nable (dPR{de�nable) CSM{spaes with standard representations (ININ; bdX)and (ININ; b�Y ). An bX{family (Yx)x2bX of ompat subsets Yx � bY is alled T{de�nable (dPR{de�nable) if funtionals s1(1);�1(1)(1) 2 T (dPR) exist whih transform representatives of elementsof Yx uniformly in x into representatives in bY :1) If hxi represents x 2 bX then for eah f �1 s(hxi) the funtion �f(hxi) represents an element ofYx � bY in (ININ; b�Y ).2) For every x 2 bX; y 2 bY there exists an f �1 s(hxi) suh that �f(hxi) represents y in (ININ; b�Y )if y 2 Yx (Here hxi denotes a representative of x).3) The subset Ax � ININ given by Ax := ��fx1jf �1 sx	 (more preisely the set of =bY {equivalenelasses generated by the elements of Ax) is provable in WE � PA! ( dWE � PA!jn) ompat in(ININ; bdY ) for all x1.4) Ax is (provable in WE � PA! resp. dWE � PA!jn) extensional w.r.t. =bX , i.e.x1 =bX x2 ^ y 2 Ax1 ! 9~y 2 Ax2(�fy =bY �f ~y).3.23 ExampleLetF : C[0; 1℄! IR be a T{de�nable (dPR{de�nable) funtion and k � kE denote the Eulidean normon IRn. Then(Yf )f2C[0;1℄ with Yf := f(a1; : : : ; an) 2 IRn : k(a1; : : : ; an)kE � F (f)g � IRn is a T{de�nable (dPR{de�nable) C[0; 1℄{family of ompat subsets of IRn.
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3.24 Remarks3.14 and 3.20 hold analogously if (Yx)x2bX is a T{de�nable bX{family of ompat sets in bY : Let bX; bYbe CSM{spaes. If (Yx)x2bX is a T{de�nable bX{family of ompat sets in bY and F : bX� bY ! IR is aT -de�nable funtion on the T{def. CSM{spaes bX; bY , then the sentene 8x 2 bX9y 2 YxF (x; y) = 0is represented in WE � PA! by(�) 8x19y �1 sx�~�F (x; y) =IR 0� with s; ~�F 2 T , where ~�F (x; y) :=1 �F (x;�(y; sx)), with �F ,�from the de�nition of F , Yx resp.(�) has the logial form 8x19y �1 sx8k0A0(x; y; k) where A0 2 L(WE � PA!) is quanti�er{free.An analogous remark holds for dPR and dWE � PA!jn instead of T and WE � PA! .3.25 Proposition1) If F : bX � bY ! IR is as in 3.24, then F (x; �) is (uniform in x) for eah x 2 X uniformlyontinuous on Yx and possesses provable inWE�HA! a modulus !F (x) of uniform ontinuityon Yx, i.e. !1(1)F 2 T suh thatWE �HA! ` 8x 2 bX; y1; y2 2 Yx; n 2 IN�b�(y1; y2) < 2�!F (x;n) ! bd(Fy1; F y2) < 2�n�, where!F is in general not extensional in x w.r.t. =bX .2) The T{de�nability of F implies the T{de�nability of ~F (x) := infy2Yx F (x; y).3) WE �HA! ` 8x 2 bX; k 2 IN9y0 2 Yx�jF (x; y0)� infy2Yx F (x; y)j < 2�k�.An analogous result holds for dPR; dWE �HA!jn.Proof: 1) By Kohlenbah (B,2.15,2.5.1) one an onstrut a funtional �� 2 T (for � from thede�nition of (Yx) suh that(+) WE �HA! ` 8x1; y �1 sx���(sx)x �1 �yx�. De�ne Ax := �y1 : y �1 �k:���(sx)x�(k + 3)	.From the proof of 3.9.2 and (+) it follows thatWE �HA! ` 8y1; y2 �1 sx�bdY (�y1x;�y2x) < 2�m !9fy1;x; fy2;x 2 Ax( Vi=1;2�yix = fyi;x ^ fy1;xm = fy2;xm)�.The proposition now follows from the fat that eah funtional �1(1) 2 T possesses a modulus~�x (~� 2 T ) of uniform ontinuity on Ax together with 3.10.1, 2) and 3) follow easily from 1).4 E�etive moduli from uniqueness proofs in lassial anal-ysisIn this paragraph we generalize the results 2.10 and 2.13 from the logial spaes ININ; 2IN to arbitrary(onstrutively representable) CSM{spaes X and X{families (Yx)x2X of ompat sets in a CSM{spae Y . Throughout this paragraph we make the following general assumptions:X;Y; U; V;W are always T{de�nable resp. dPR{de�nable CSM-spaes. (Yx;u)x2X;u2U ; (Vu)u2U areT{ resp. dPR{de�nable X{families of ompat sets in Y; V . Furthermore F : U�V �X�Y �Z ! IRand G : U � V �W ! IR are T{de�nable (dPR{de�nable) funtions (Together with X1; X2 also27



X1 � X2 is a T{de�nable (dPR-def.) CSM spae w.r.t. the produt metri). (zn); (wn) are T{de�nable (dPR{de�nable) sequenes in Z;W , whih are provable within WE � PA! ( dWE � PA!jn)dense in Z;W (suh sequenes exist by the very de�nition of T{de�nable (dPR{de�nable) CSM{spaes.4.1 TheoremAssume (� = 0 ^ � � 1) or (� = 1 ^ � = 0).1) Let A1(u1; v1; k0;m0) 2 L(WE � PA!) be a formula having the form 9l0=1A0 where A0 isquanti�er{free, whih ontains only u; v; k;m as free variables. Furthermore, assume that A1is \mathematially" extensional w.r.t. =U ;=V in u; v (provable in E�PA!+WKL+AC�;�{qf).3 Then the following rule holds:E � PA! +WKL+AC�;�{qf` 8u 2 U; v 2 Vu�8x 2 X9y 2 Yx;u8z 2 Z�F (u; v; x; y; z) = 0�! 8k 2 IN9m 2 INA1(u; v; k;m)�) 9 losed terms �;	; ~	 2 T suh thatWE �HA! ` 8u 2 U; v 2 Vu; k 2 IN�8x 2 X9y 2 Yx;u ~	ukVi=0 �jF (u; v; x; y; zi)j � 2�	uk�! �ukWm=0A1(u; v; k;m)�.�;	 and ~	 an be extrated from the assumption by funtional interpretation ombined withpointwise majorization.2) A result analogous to 1) holds for dPR; dE � PA!jn; dWE �HA!jn instead of T;E�PA!;WE�HA!.Proof: 1) By the ontinuity of F (3.15) the assumption impliesE � PA! +WKL+AC�;�{qf` 8u 2 U; v 2 Vu�8x 2 X9y 2 Yx;u8i; n�jF (u; v; x; y; zi)j � 2�n�! 8k 2 IN9m 2 INA1(u; v; k;m)�.This sentene has the logial form (3.24)E � PA! +WKL+AC�;�{qf` 8u1; v �1 tu�8x19y �1 sux8i0; n0B1(u; v; x; y; i; n)! 8k09m0A1(u;�vu; k;m)�,where s; t 2 T are losed terms and B1 2 �01; A1 2 �01. 2.2.1 yields the extratability of losedterms �;	; ~	 2 T suh thatWE �HA! ` 8u; v � tu; k�8x9y � sux Vi�~	ukn�	uk B1(u; v; x; y; i; n)! �ukWm=0A1(u;�uv; k;m)�,i.e. the assertion of the theorem. 2) is proved analogously using 2.2.2.4.2 Remark1) The assumption \E � PA! + WKL + AC�;�{qf` 8u 2 U; v 2 Vu(: : :)" in 4.1 (and in thefollowing) means (aording to 3.14) that the representation of this proposition by using3Hene A1 represents a property of the elements of U;V , whih we denote also by A1.28



the standard representation of U;X; Yx;u; Z; Vu and the representation of F in T is provable inE � PA! +WKL+AC�;�{qf.The funtionals �;	 and ~	 operate on the representatives of elements of U and are in generalnot extensional with respet to u1 =U u2 � � dU (u1; u2) = 0�. In onrete mathematialappliations these funtionals will be extensional in natural enrihments of the data e.g. inf 2 C[0; 1℄ together with a modulus of uniform ontinuity on [0; 1℄.2) The assumption that A1 is provable in E�PA!+WKL+AC�;�{qf extensional with respetto =U ;=V in u; v in 4.1 implies that this extensionality is also provable in WE �HA!:F :� 8u11; u12; v11 ; v12 ; k;m�u1 =U u2 ^ v1 =V v2 ^ A1(u1; v1; k;m) ! A1(u2; v2; k;m)� is (las-sially) equivalent to a 8u19k0F0{sentene, where the impliation 8u19k0F0 ! F holds intu-itionistially. 2.2 inludes as a speial ase thatE � PA! + WKL + AC�;�{qf` 8u19k0F0 implies WE � HA! ` 8u19k0F0 and thereforeWE �HA! ` F .Next we apply 4.1 to uniqueness theorems:4.3 TheoremFor �; � as in 4.1, the following rule holds:1)E � PA! +WKL+AC�;�{qf`8u 2 U; v1; v2 2 Vu�8x 2 X9y 2 Yx;u8z 2 Z�F (u; v1; v2; x; y; z) = 0)! �8w 2 W (G(u; v1; w) = 0 = G(u; v2; w)) ! v1 = v2)�) 9 losed terms �; ~�;	; ~	 2 T suh thatWE �HA! ` 8u 2 U; v1; v2 2 Vu�8x 2 X9y 2 Yx;u8z 2 Z ~	ukVi=0 �jF (: : : ; zi)j � 2�	uk�! � ~�ukVj=0 �jG(u; v1; wj)j; jG(u; v2; wj)j � 2��uk�! dV (v1; v2) � 2�k��.�; ~�;	 and ~	 an be extrated as in 4.1.2) The theorem also holds for dE � PA!jn;dPR; dWE �HA!jn.Proof: 1) The assumption impliesE � PA! +WKL+AC�;� � qf ` 8u 2 U; v1; v2 2 Vu�8x 2 X9y 2 Yx;u8i;m�jF (: : : ; zi)j � 2�m�! �8j; n(jG(u; v1; wj)j; jG(u; v2; wj)j � 2�n)! 8k 2 IN(dV (v1; v2) < 2�k��:ThereforeE � PA! +WKL+AC�;� � qf ` 8u 2 U; v1; v2 2 Vu�8x 2 X9y 2 Yx;u8i;m(jF j � 2�m)! 8k9j; n�jG(u; v1; wj)j; jG(u; v2; wj)j � 2�n ! dV (v1; v2) < 2�k��:The Formula (�) �jG(u; v1; wj)j; jG(u; v2; wj)j � 2�n ! dV (v1; v2) < 2�k� has the logial formB(u; v1; j; n) ^ B(u; v2; j; n) ! C(v1; v2; k) where B 2 �01; C 2 �01. (�) is logially equivalent to a29



prenex normal form D(u; v1; v2; j; n; k) 2 �01 (The impliation D ! (B(v1)^B(v2)! C) even holdsintuitionistially). 4.1 yields losed terms �; ~�;	; ~	 2 T suh thatWE �HA! ` 8u 2 U; v1; v2 2 Vu; k 2 IN�8x 2 X9y 2 Yx;u ~	ukVi=0 �jF (: : : ; zi)j � 2�	uk�! Wj�~�ukn��uk D(u; v1; v2; j; n; k)�;hene the theorem follows.3) follows analogously.The next theorem shows, how the moduli �; ~� of 4.3 an be used to ompute v 2 Vu with8w 2 W �G(u; v; w) = 0� (uniformly in u):4.4 TheoremLet �; � be as above.1) E � PA! +WKL+AC�;�{qf ` 8u 2 U; v1; v2 2 Vu�8x 2 X9y 2 Yx;u8z 2 Z(F = 0)! �8w 2 W (G(u; v1; w) = 0 = G(u; v2; w))! v1 = v2��) 9 a losed term � 2 T suh thatWE �HA! ` 8u 2 U�8v1; v2 2 Vu; x 2 X; l;m9y 2 Yx;u lVi=0(jF (: : : ; zi)j � 2�m)^8h; n9v 2 Vu hVj=0(jG(u; v; wj)j � 2�n)! 8w 2 W (G(u;�u;w) = 0) ^ �u 2 Vu�2) An analogous result is valid for dE � PA!jn;dPR and dWE �HA!jn.4.5 CorollaryLet �; � be as above.1) E � PA! +WKL+AC�;�{qf ` 8x 2 X9y 2 Yx8z 2 Z�F (x; y; z) = 0�!8u 2 U; v1; v2 2 Vu�8w 2 W �G(u; v1; w) = 0 = G(u; v2; w)�! v1 = v2�) 9 a losed term � 2 T suh thatWE �HA! ` 8x 2 X; l;m9y 2 Yx lVi=0 �jF (x; y; zi)j � 2�m�^8u 2 U; h; n9v 2 Vu hVj=0 �jG(u; v; wj)j � 2�n�! 8u 2 U;w 2W �G(u;�u;w) = 0�^� 2 C(U; V )(� 2 C(U; V ) means that � represents a ontinuous funtion U ! V ).2) Analogous for dE � PA!jn;dPR; dWE �HA!jn.Proof of 4.4: 1) By 4.3 the assumption of 4.4 implies the extratability of losed terms �0; ~�0 2 Tsuh that(1) WE �HA! ` 8u 2 U; v1; v2 2 Vu�8x 2 X9y 2 Yx;u8z 2 Z lVi=0 �jF (: : : ; zi)j � 2�m�30



! � ~�0ukVj=0 �jG(u; v1; wj)j; jG(u; v2; wj)j � 2��0uk�! dV (v1; v2) < 2�k�1��.Let u 2 U and assume(2) 8h; n9v 2 Vu hVj=0 �jG(u; v; wj)j � 2�n�2. (2) has the form8h0; n09v �1 tu hVj=0 �j�G(u;�vu; wj)j �IR h2�n�2i�, where t;�G;� 2 T . This implies8h0; n09v �1 tu ĥj=0�j d�G(u;�vu; wj)j(n+ 2) �Q h2�n�1i�| {z }A0(u;v;h;n):� .A0 is quanti�er{free and by 2.4 it follows (e�etively) the existene of a losed term � 2 T suh thatWE �HA! ` 8u1�8h0; n09v �1 tuA0(u; v; h; n)! 8h; nA0(u; �uhn; h; n) ^ �uhn �1 tu�.De�ne ~�uhn := �(�uhn; u). This yields(3) WE �HA! ` 8u 2 U�8h; n9v 2 Vu hVj=0 �jG(u; v; wj)j � 2�n�!8h; n� hVj=0 �jG(u; ~�uhn;wj)j � 2�n� ^ ~�uhn 2 Vu��.De�ne � := �u; k: d�1uk(k + 5) 2 T , where �1 := �u; k:[ ~�u(~�0u(k + 5))(�0u(k + 5))℄.� ful�ls the laim of the theorem: Assume8v1; v2 2 Vu; x 2 X; l;m9y 2 Yx;u lVi=0 �jF (: : : ; zi)j � 2�m� and8h; n9v 2 Vu hVj=0 �jG(u; v; wj)j � 2�n�.Then (1) and (3) yield(4) 8k 2 IN; v1; v2 2 Vu� ~�0ukVj=0 �jG(u; v1; wj)j; jG(u; v2; wj)j � 2��0uk�! dV (v1; v2) < 2�k�1�and(5) 8h; n hVj=0 �jG(u; ~�uhn;wj)j � 2�n�.(4) and (5) imply that �~�u(~�0uk)(�0uk)�k2IN is a Cauhy sequene in Vu with modulus 2�k:For m;n � k de�ne ~ :=max(~�0um; ~�0un);  :=max(�0um;�0un).(4) and (5) yield dV �~�u(~�0um)(�0um); ~�u~� < 2�m�1 anddV �~�u(~�0un)(�0un); ~�u~� < 2�n�1, and henedV �~�u(~�0um)(�0um); ~�u(~�0un)(�0un)� < 2�m�1 + 2�n�1 � 2�k�1 + 2�k�1 = 2�k.By 3.4 and the de�nition of �, it follows that(6) �u = limk!1 ~�u(~�0uk)(�0uk) with modulus of onvergene 2�k.We have to show that 8w 2 W �G(u;�u;w) = 0� (Provable in WE � HA!): Let k;m 2 IN bearbitrary but �xed. G(u; �; wk) is ontinuous in �u with a modulus of ontinuity !u;k (for short: !)(3.15). 31



a :=max�k; ~�0u(!(m) + 1)�; b :=max�m;�0u(!(m) + 1)�. (5) implies(7) aVj=0 �jG(u; ~�uab; wj)j � 2�b� and therefore in partiular(8) jG(u; ~�uab; wk)j � 2�m. (7) yields (together with (4),(5))(9) dV �~�uab; ~�u�~�0u(!(m) + 1)���0u(!(m) + 1)�� < 2�!(m)�1. By (6) we have(10) dV ��u; ~�u�~�0u(!(m) + 1)���0u(!(m) + 1)�� � 2�!(m)�1. (9) and (10) imply(11) dV (�u; ~�uab) < 2�!(m).By (8) and (11) and the de�nition of ! it follows that jG(u;�u;wk)j � 2�m+2�m. Sine k;m 2 INwere arbitrary, we have 8k�G(u;�u;wk) = 0� and therefore 8w 2 W �G(u;�u;w) = 0� by the on-tinuity of G(u;�u; �) in w (3.15). Sine ~�uk 2 Vu, (6) implies �u 2 Vu for all u 2 U (Vu is losedsine Vu is ompat in the CSM{spae V ).2) is proved analogously.Proof of 4.5: 1) By the assumptions of 4.5 and by theorem 4.4 we an onstrut a funtional� 2 T suh that 8u 2 U;w 2 W �G(u;�u;w) = 0�. It remains to show that � 2 C(U; V ) (provablein WE �HA!): Beause of 3.15 it suÆes to show that � is extensional w.r.t. =U ;=V , i.e.WE �HA! ` 8u11; u12(u1 =U u2 ! �u1 =V �u2): Assume u1 =U u2. We have(�) 8w 2 W �G(u1;�u1; w) = 0� ^ 8w 2 W �G(u2;�u2; w) = 0�. By the extensionality of G (3.13),(�) implies 8w 2 W �G(u2;�u1; w) = 0�. The uniqueness of v 2 Vu2 suh that 8w�G(u2; v; w) = 0�and the extensionality of Vu in u (3.22) yield, together with (�); �u1 =V �u2 (Sine 4.4 appliedto the assumptions of 4.5 implies that the uniqueness of v is provable in WE �HA! and sine theextensionality of G and Vu is by assumption provable in WE � PA!, we have shown the extension-ality of � in WE � PA! and therefore, by negative translation, also in WE �HA!).2) is proved analogously.4.6 CorollaryLet �; � be as before.1) E � PA! +WKL+AC�;�{qf ` 8u 2 U�8x 2 X9y 2 Yx;u8z 2 Z�F (u; x; y; z) = 0�!9!v 2 Vu8w 2 W �G(u; v; w) = 0��) 9 a losed term � 2 T suh thatWE �HA! ` 8u 2 U�8x 2 X; l;m 2 IN9y 2 Yx;u lVi=0 �jF (u; x; y; zi)j � 2�m�!8w 2 W �G(u;�u;w) = 0� ^ �u 2 Vu�.2) An analogous result holds for dE � PA!jn;dPR; dWE �HA!jn.� an be extrated from any given proof of the assumption by funtional interpretation and ma-jorization.Proof: The assertion follows immediately from the proof of 4.4 (see the proof of 2.12 above).
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5 General appliations to approximation theoryIn the examples from best approximation theory disussed below we are onerned with the om-putation of a uniquely determined extremal point of a funtion G(u; �) : V ! IR on a ompat setVu � V (uniformly in u 2 U). This situation an be redued to the one in 4.3{4.6:By 3.25.2 ~G(u; v) := G(u; v)� inf~v2VuG(u; ~v) is T{de�nable if G is, and for v 2 Vu we have ~G(u; v) =0$ G(u; v) = inf~v2VuG(u; ~v). Hene 4.3{4.6 an be applied to\G(u; v) = inf~v2VuG(u; ~v)" instead of \8w 2 W �G(u; v; w) = 0�". In partiular, sine (by 3.25.2)WE �HA! ` 8u 2 U;m 2 IN9v 2 Vu�j ~G(u; v)j � 2�m�, 4.4 applied to ~G yields5.1 TheoremFor � = 0 ^ � � 1 or � = 1 ^ � = 0 the following rule holds:1) E � PA! +WKL+AC�;�{qf ` 8u 2 U; v1; v2 2 Vu�8x 2 X9y 2 Yx;u8z 2 Z�F (: : : ; z) = 0�! �G(u; v1) = infv2Vu G(u; v) = G(u; v2)! v1 = v2��) 9 a losed term � 2 T suh thatWE �HA! ` 8u 2 U�8v1; v2 2 Vu; x 2 X; l;m9y 2 Yx;u lVi=0 �jF (: : : ; zi)j � 2�m�! G(u;�u) = infv2VuG(u; v) ^ �u 2 Vu�:2) An analogous result holds for dE � PA!jn;dPR and dWE �HA!jn instead of E � PA!; T andWE �HA!.The theory of best approximation o�ers an interesting lass of examples for appliations of 4.3and 5.1 sine1) non{trivial and non{onstrutive proofs of the uniqueness of the best approximation are en-tral,2) the uniqueness theorems have the logial form whih is supposed in 4.3 and 5.1,3) various uniqueness proofs in approximation theory make essential use of lemmas having thelogial form (�) 8x 2 X9y 2 Yx8z 2 Z�F (x; y; z) = 0� and are formalizable inE � PA! +AC0;0{qf+lemmas (�) and4) numerial data as moduli of uniqueness (whih are investigated in approximation theory underthe heading \strong uniity") as well as algorithms for the omputation of best approximationsare of pratial interest.One of the theoretial fundamentals of best approximation theory is the following lassial existenetheorem:5.2 TheoremLet (X; d) be a metri spae and K a ompat non{void subset of X . Then eah x 2 X possesses abest approximation in K, i.e.8x 2 X9yb 2 K�d(x; yb) =dist(x;K)�, where dist(x;K) := infy2K d(x; y).33



Proof: d(x; �) : X ! IR+ is ontinuous (w.r.t. the topology indued by d and the Eulideantopology on IR). Hene d(x; �) assumes its in�mum on K.For the linear ase the following theorem holds (see e.g. Ahieser (47))5.3 TheoremLet (X; k � k) be a real normed spae and E � X a �nite dimensional subspae of X . Then8x 2 X9yb 2 E�dist(x;E) = kx� ybk�.Proof: Assume kx � yk � kx � 0k(= kxk), where 0 is the zero vetor in E (x 2 X; y 2 E).Then kyk � 2kxk sine kyk � kxk � kx � yk. Hene dist(x;E) =dist(x;Kx), where Kx :=fy 2 E : kyk � 2kxkg is ompat in E ( sine E is �nite dimensional). Therefore 5.3 follows from 5.2.For the usual examples of spaesX and E in approximation theory as e.g. (X; k�k) := (C[0; 1℄; k�k1)and E := falgebrai polynomials overIRof degree � ng (=: Pn), ~Kx := fy 2 E : kyk � 2kxk+ 1g isa dPR{de�nable family of ompat sets in X and thus dist(x;E) =dist(x; ~Kx) (see the proof of5.3) is a dPR{de�nable funtion in x. Hene if the uniqueness of the best approximation of ev-ery x 2 X in E an be proved within E � PA! +WKL + AC0;0+assumptions having the form8u 2 U9v 2 Vu8z 2 Z�F (u; v; z) = 0�, then by 4.3 we an extrat moduli of uniqueness � 2 T , i.e.(1) 8x 2 X; y1; y2 2 ~Kx; k 2 IN�ky1 � xk; ky2 � xk � dist(x;E) � 2��xk ! ky1 � y2k � 2�k�:� an easily extended to q 2 Q�+ instead of k 2 IN:(2) 8x 2 X; y1; y2 2 ~Kx; q 2 Q�+�ky1 � xk; ky2 � xk � dist(x;E) � ~�xq ! ky1 � y2k � q�;where ~�xq := 2��xk for the least k 2 IN suh that q � 2�k.Furthermore ~� an be generalized to a modulus of uniqueness on E instead of ~Kx (although E isnot ompat in X !):De�ne b�xq :=min(1; ~�xq):Claim: 8x 2 X; y1; y2 2 E; q 2 Q�+�ky1 � xk; ky2 � xk�dist(x;E) � b�xq ! ky1 � y2k � q�:Proof: For y1; y2 2 ~Kx the laim follows from (2). Assume y1 =2 ~Kx. Then ky1k > 2kxk + 1:If ky1 � xk �dist(x;E) + b�xq � kxk+ 1, then ky1k � 2kxk+ 1 whih is a ontradition.As was shown above, moduli of uniqueness allow the onstrution of �nite algorithms for the bestapproximation with presribed preision (5.1).The importane of the notion \modulus of uniqueness" in the ontext of approximation theory isfurther indiated by the following proposition (whih is provable in dWE �HA!jn):5.4 PropositionLet (X; k � k) be a omplete separable normed spae, E � X a �nite dimensional subspae. Assumethat every x 2 X possesses a uniquely determined best approximation in E and that the operation� is a modulus of uniqueness, i.e. (in partiular)34



8x 2 X; y; yb 2 E; q 2 Q�+�kx� yk�dist(x;E) � �xq ^ kx� ybk =dist(x;E)! ky � ybk � q�:Then the following holds1) 12 �� is a modulus of pointwise ontinuity for the projetion P : X ! E whih maps x 2 X to itsbest approximation yb 2 E, i.e.8x; x0 2 X; q 2 Q�+�kx� x0k � 12�x0q ! kPx�Px0k � q�:If � is linear in q,i.e. �xq = q � (x), then2) (x) is a \onstant of strong uniity", i.e.8x 2 X; y 2 E�kx� yk � kx� ybk+ (x) � ky � ybk�, where yb is the best approximation of x in E,3) �(x) := 2(x) is a pointwise Lipshitz onstant for P , i.e.8x; x0 2 X�kPx�Px0k � �(x0) � kx� x0k�:Proof: 1) One easily veri�es that dist(�; E) is Lipshitz ontinuous in x with Lipshitz onstant 1,i.e.(�) kx� x0k � "! jdist(x;E)�dist(x0; E)j � ". Now assume kx� x0k � 12�x0q. Then(1) kx0 �Pxk � kx0 � xk+ kx�Pxk =dist(x;E) + kx0 � xk (�)�dist(x0; E) + 12�x0q + kx� x0k�dist(x0; E) + �x0qand (2) kx0�Px0k �dist(x0; E). Sine � is a modulus of uniqueness it follows that kPx�Px0k � q.2) The assumption that � is a modulus of uniqueness impliesky � ybk � q ! kx � yk � dist(x;E)| {z }=kx�ybk +(x) � q � nn+1 for all n 2 IN. q := ky � ybk yields8n 2 IN�kx� yk � kx� ybk+ (x) � ky � ybk � nn+1�: Hene kx� yk � kx� ybk+ (x) � ky � ybk.3) follows immediately from 1).5.5 Remark1) In the ase of Chebyhe� approximation the existene of a onstant of strong uniity (x) > 0whih ful�ls 5.4.2 was proved non{onstrutively in Newman/Shapiro (63) (The name \on-stant of strong uniity" is due to Cheney (66)). In the literature the name onstant of stronguniity often refers to the least (x) > 0 whih satis�es 5.4.2.2) The fat that �(x) = 2(x) is a Lipshitz onstant for the projetion P if (x) is a onstant ofstrong uniity, was �rst established in Cheney (66).In many ases, the uniqueness of the best approximation an be proved lassially:5.6 Examples1) For every f 2 C[0; 1℄ there exists a uniquely determined algebrai polynomial pb;f 2 Pn :=falgebrai polynomials having degree � n with oeÆients in IRg suh thatkf � pb;fk1 =dist(f; Pn) =dist(f; LinIR(1; x; : : : ; xn)), where k � k1 denotes the sup norm anddist(f; Pn) := infp2Pn kf � pk1.More general: An n{tuple (�1; : : : ; �n) of funtions 2 C[0; 1℄ is alled \Chebyhe� system" ifit satis�es the so{alled \Haar ondition", i.e. if eah generalized polynomial�1�1 + : : : + �n�n (�1; : : : ; �n 2 IR), whih is not the zero polynomial on [0; 1℄, has at most35



n� 1 distint zeroes. It is well known that:[8f 2 C[0; 1℄ (f has exatly one best approximation in LinIR(�1; : : : ; �n)),(�1; : : : ; �n) is a Chebyhe� system℄ (Haar (18)).2) For f 2 C[0; 1℄ the norm k � k1 is de�ned as kfk1 := R 10 jf(x)jdx.Theorem (D. Jakson (21)): 8f 2 C[0; 1℄9!pb;f 2 Pn�kf � pb;fk1 =dist1(f; Pn)�, wheredist1(f; Pn) := infp2Pn kf � pk1.This theorem also generalizes to arbitrary Chebyhe� systems.3) A normed spae (X; k � k) is alled stritly onvex if8x; y 2 X�kxk = kyk = k 12 (x + y)k = 1 ! x = y�: The following theorem (due to M. Krein)holds:If X is strit onvex and E � X �nite dimensional then8x 2 X9!bx 2 E�kx� bxk =dist(x;E)�. Examples: Hilbert spaes, Lp (1 < p <1). Note thatneither �C[0; 1℄; k � k1� nor �C[0; 1℄; k � k1� or �L1; k � k1� are strit onvex.Whereas in 1){3) the set of approximations is a linear spae, it is only a onvex subset ofa linear spae in the next example:4) Chebyhe� approximation by polynomials having bounded oeÆients:Let ki 2 IN; 0 � i � p be suh that 0 < k0 < k1 < : : : < kp � n (p � n) anda1; : : : ; ap; b1; : : : ; bp 2 IR := IR [ f�1;+1g suh that(i) ai 6= +1; (ii) bi 6= �1; (iii) ai � bi for i = 0; 1; : : : ; p.Kn := ��ni=0ixijai � ki � bi; i = 0; 1; : : : ; p	. Kn is a onvex subset of Pn.Theorem (J.A. Roulier/G.D. Taylor (71)):8f 2 C[0; 1℄9!pb;f 2 Kn�kf � pb;fk1 =dist(f;Kn)�.4.3 and 5.1 an be applied to this situation sine Kn an be replaed by a ompat subset: Letp0 2 Kn. Then8f 2 C[0; 1℄; p 2 Kn : kf � pk1 =dist(f;Kn)!kf � pk1 � kf � p0k1 � kfk1 + kp0k1 !kpk1 � 2kfk1+kp0k1. Hene dist(f;Kn) =dist(f; ~Kn) where ~Kn :=fp 2 Kn : kpk1 � 2kfk1 + kp0k1g :In the following we disuss the examples 1) and 3) in more detail. For 2) and 4) we refer to Kohlen-bah (90) where it is shown that lassial proofs of the uniqueness in these ases an be formalizedin WE � PA! + 8f 2 C[0; 1℄9x0 2 [0; 1℄�F (x0) = supx2[0;1℄ f(x)� (For 2) the uniqueness proof fromCheney (66) is used).1) Linear Chebyhe� approximationIn this paper we restrit ourselves to the ase of Chebyhe� approximation by algebrai polynomialsp 2 Pn. (Pn; k � k1) an be identi�ed with (IRn+1; k � k1) via oeÆients, where k(0; : : : ; n)k1 :=supx2[0;1℄ jnxn+: : : 1x+0j: Sine k�kmax and k�k1 are equivalent norms on IRn+1, a rate of onvergenew.r.t. k�kmax yields a rate of onvergene w.r.t. k�k1 (by multipliation with a suitable onstant) andvie versa. 5.3 implies the existene of a polynomial pb;f 2 Pn suh that kf � pb;fk1 =dist(f; Pn).36



This was �rst proved in Kirhberger (02), where also the uniqueness of pb;f is shown (based on priorwork by Chebyhe� (59)). The most ommon uniqueness proof in the literature appeared �rst inde La Vall�ee Poussin (19). A more expliit presentation of this proof is given in Natanson (49) onwhih the following outline is based. In 6 we will give an expliit proof{theoretial analysis of thisproof in the sense above and extrat a modulus of uniqueness with all numerial details.Let (A) denote the sentene(A) 8f 2 C[0; 1℄; a; b 2 [0; 1℄; a < b9x0 2 [a; b℄(f(x0) = supx2[a;b℄ f(x))and take f 2 C[0; 1℄; n 2 IN as �xed but arbitrary in the following. En;f :=dist(f; Pn). We show thatthe uniqueness proof from de La Vall�ee Poussin/Natanson an be formalized in WE � PA! + (A).Sine A is logially equivalent to a 8x 2 X9y 2 KxA1{sentene with A1 2 �01, we an apply 4.3 and5.1.In the following we write for simpliity k � k instead of k � k1.Sine the uniqueness of pb;f is trivial for En;f = 0(pb;f = f !), we may assume that En;f > 0. Letpb 2 Pn be a best approximation of f , i.e. kf � pbk = En;f .jpb(x)�f(x)j 2 C[0; 1℄ assumes its maximum on [0; 1℄ (A), i.e. 9x0 2 [0; 1℄�jpb(x0)�f(x0)j = En;f�.A point with this property is alled an extremal point (abbreviation: (e){point) of pb � f . An(e){point x0 is a (+){point if pb(x0)� f(x0) = En;f and a ({){point if pb(x0)� f(x0) = �En;f .5.7 Lemma (A)There exist always both (+){points and ({){points.Proof: Assume without loss of generality that no ({){point exists, i.e.8x 2 [0; 1℄�pb(x)� f(x) > �En;f�: (A) yields that infx2[0;1℄ �pb(x)� f(x)� > �En;f . De�neh := 12� infx2[0;1℄ �pb(x) � f(x)� + En;f�: Then h > 0 and infx2[0;1℄ �pb(x) � f(x)� = �En;f + 2h.Hene �En;f +2h � pb(x)� f(x) � En;f and therefore �En;f +h � pb(x)�h� f(x) � En;f �h forall x 2 [0; 1℄, whih implies that pb � h 2 Pn is a better approximation of f than pb, ontradition.5.8 RemarkThe proof of 5.7 an be formalized inWE�PA!+(A) (and hene e.g. inWE�PA!+WKL+AC0;0{qf). (A) is used essentially: Even for n = 0; 5.7 implies8f 2 C[0; 1℄9x0 2 [0; 1℄�f(x0) = supx2[0;1℄ f(x)� and hene (A) (relative to WE � HA!): Let mresp. M denote the in�mum resp. supremum of f on [0; 1℄. Then E0;f =dist(f; P0) = 12 (M �n) and12 (M + n) is the best approximation of f in P0. 5.7 yields the existene of an x0 2 [0; 1℄ suh thatf(x0)� 12 (M + n) = 12 (M � n), i.e. f(x0) =M (This argument is taken from Bridges (82A)).5.9 Theorem (P.L. Chebyhe�,Kirhberger)In [0; 1℄ there exists a sequene of n+2 points x1 < x2 < : : : < xn+2 whih are alternating (+){pointsand ({){points, i.e.n+2Vi=1 �pb(xi)� f(xi) = (�1)i+jEn;f� for j = 0 or j = 1. Suh a system of points is alled alternant of37



pb � f .Proof (Natanson (49)): Sine f 2 C[0; 1℄ is uniformly ontinuous on [0; 1℄ we an onstrutpoints �0 = 0 < �1 < �2 < : : : < �s = 1 suh thatsupx2Ii �pb(x)�f(x)�� infx2Ii �pb(x)�f(x)� < 12En;f , where Ii = [�i; �i+1℄ for i = 0; : : : ; s�1. Ii isalled (e){interval if it ontains an (e){point of pb � f . If Ii is an (e){interval then pb(x)� f(x) 6= 0for all x 2 Ii. An (e){interval Ii is alled (+){interval if 8x 2 Ii(pb(x)�f(x) > 0) and ({){interval if8x 2 Ii(pb(x)� f(x) < 0). We number the (e){intervals onseutively from left to right Ij1 ; : : : ; IjNand assume without loss of generality that Ij1 is a (+){interval. Therefore we get the followingshema(�)8>>>>>><>>>>>>: Ij1 ; : : : ; Ijk1 (+)-intervalsIjk1+1 ; : : : ; Ijk2 (�)-intervals...Ijkm�1+1 ; : : : ; Ijkm (�1)�m�1-intervals (km = N):5.7 implies m � 2: We show that m � n+ 2.Assume: (��) m < n + 2: pb � f has di�erent signs in Ijk1 and Ijk1+1 . Hene the right boundaryof Ijk1 does not oinide with the left boundary of Ijk1+1 . Therefore there exists a point z1 2 [0; 1℄whih is stritly greater than all points of Ijk1 and stritly less than all points of Ijk1+1 (we write:Ijk1 < z1 < Ijk1+1). Analogously, one shows the existene of z2; z3; : : : ; zm�1 2 [0; 1℄ suh thatIjki < zi < Ijki+1 for i = 2; : : : ;m� 1.De�ne �(x) := (z1 � x)(z2 � x) � : : : � (zm�1 � x): (��) implies that �(x) 2 Pn. Sine no intervalIj1 ; : : : ; IjN ontains one of the zeroes z1; : : : ; zm�1 of �(x), �(x) has onstant sign on eah Iji (1 �i � N). This sign is the same as the sign of pb(x) � f(x) on Iji .Now onsider an interval Ii of the partition I1; : : : ; Is of [0; 1℄ whih is not an (e){interval, i.e.8x 2 Ii(jpb(x)� f(x)j < En;f ). (A) yields that supx2Ii jpb(x) � f(x)j < En;f and thereforeE� :=max�supx2Ii jpb(x)� f(x)j : Ii is not an (e){interval	 < En;f : De�ne R := supx2[0;1℄ j�(x)j:For suÆiently small � > 0 one has �R < En;f �E� and �R < 12En;f . Q(x) := pb(x)� ��(x) 2 Pn.We show: 8x 2 [0; 1℄�jQ(x)�f(x)j < En;f� (Using (A) this implies kQ�fk < En;f whih ontraditsthe de�nition of En;f ):Case 1: Ii is not an (e){interval:jQ(x)� f(x)j � jpb(x)� f(x)j+ �j�(x)j � E� + �R < En;f for all x 2 Ii.Case 2: Ii is an (e){interval: Let x 2 Ii: pb(x) � f(x) and � � �(x) have the same sign and jpb(x) �f(x)j > � � j�(x)j, sine jpb(x) � f(x)j � 12En;f and � � j�(x)j < 12En;f . It follows thatjQ(x)� f(x)j = jpb(x)� f(x) � ��(x)j = jpb(x)� f(x)j � � � j�(x)j. HenejQ(x)� f(x)j � En;f � � � j�(x)j < En;f , sine �(x) 6= 0 on (e){intervals.5.10 CorollaryThere exists at most one ( and therefore by 5.3 exatly one) polynomial of best approximation forf 2 C[0; 1℄ in Pn.Proof: Assume that p1; p2 2 Pn are best approximations of f , i.e. kp1 � fk = kp2 � fk = En;f .38



Then p(x) := p1(x)+p2(x)2 2 Pn is also a best approximation of f . By 5.9 there exists an alternantx1 < x2 < : : : < xn+2 for p(x)� f(x) in [0; 1℄. Assume that xk is a (+){point of p(x)� f(x). Thenp1(xk)�f(xk)2 + p2(xk)�f(xk)2 = En;f . Sine p2(xk)�f(xk) � En;f it follows that p1(xk)�f(xk)2 + En;f2 �En;f . Hene p1(xk) � f(xk) � En;f and therefore p1(xk) � f(xk) = En;f (sine p1 is a best ap-proximation). Analogously one shows that p2(xk) � f(xk) = En;f . Thus p1(xk) = p2(xk) for the(+){points of the alternant x1; : : : ; xn+2. An analogous argument establishes this for the ({){pointsof x1; : : : ; xn+2. Hene p1; p2 2 Pn oinide on n+ 2 distint points, whih implies p1 = p2.5.11 RemarkThe argument used in the proof of 5.10 to derive the uniqueness of the best approximation fromthe existene of n+2 distint points xi suh that jpb(xi)�f(xi)j = En;f appeared �rst in Tonelli (08).Under the assumption of 5.9, 5.10 is provable in dWE �HA!. Therefore it remains to show that5.9 an be proved within WE � PA! + (A): The proof of 5.9 uses essentially (A) and lassiallogi. Furthermore for the de�nition of E� and the shema (�) we need the following shema of\pre"{omprehension:(+) 8k0; x10; : : : ; x1k9i00; : : : ; i0k k̂j=0 �ij = 0$ A(xj)�;whih an be expressed in L(WE � PA!) via primitive reursive oding of tuples as follows(++) 8k0; x1�lth1x =0 k ! 9i0�lth i = k ^ 8j0�j < k ! [(i)j =0 0$ A((x)j )℄���;where A 2 L(WE � PA!). (++) an easily be proved in WE � PA! using lassial logi andindution on k. By 5.7 and (++) it follows that for every n 2 IN; f 2 C[0; 1℄ the shema (�) (in theproof of 5.9) and E� exist, whih leads using (A) to a ontradition to the assumption (��). Henewe have shownWE � PA! + (A) ` 8f 2 C[0; 1℄; n 2 IN; (0; : : : ; n); (~0; : : : ; ~n) 2 IRn+1�kf � (nxn + : : :+ 0)k =dist(f; Pn) = kf � (~nxn + : : :+ ~0)k ! nVi=0 i = ~i�:As was seen above, Pn an be replaed by ~Kf;n := fp 2 Pn : kpk � 2kfk+ 1g, and a modulus ofuniqueness for p1; p2 2 ~Kf;n an be easily extended to a modulus on Pn. p 2 ~Kf;n implies that theoeÆients 0; : : : ; n of p are bounded jij � �(f; n), where � is a primitive reursive funtion on fand n (see below). Applying 4.3 to the result above yields a modulus of uniqueness 	 onAf;n := �(0; : : : ; n) : nVi=0 jij � �(f; n)� � IRn+1, whih extends to a modulus on IRn+1 (provablein WE �HA! + (A"), where(A") : 8f 2 C[0; 1℄; a; b 2 [0; 1℄; a < b; k 2 IN9x0 2 [a; b℄�jf(x0)� supx2[a;b℄ f(x)j < 2�k�:Sine this \"{version" of (A) is provable in WE �HA! it follows that5.12 TheoremWE �HA! ` 8f 2 C[0; 1℄; n 2 IN; k 2 IN; (0; : : : ; n); (~0; : : : ; ~n) 2 IRn+1�kf � (nxn + : : :+ 1x+ 0)k; kf � (~nxn + : : :+ ~1x+ ~0)k �dist(f; Pn) + 2�	fnk39



! nVi=0 ji � ~ij � 2�k�;where the funtional 	0001 2 T is an operation on the standard representation of C[0; 1℄ and n,k, i.e.primitive reursive in f; n; k where f is given together with a modulus of uniform ontinuity on [0; 1℄.Analogously, the appliation of 5.1,5.3 yields an algorithm � for omputation of the oeÆientsof the best approximation with presribed preision:5.13 TheoremWE �HA! ` 8f 2 C[0; 1℄; n 2 IN��fn 2 Af;n � IRn+1 ^ kf � d�fnk =dist(f; Pn)�;where d(0; : : : ; n) denotes the polynomial nxn + : : : + 0 and � 2 T . By the uniqueness of thebest approximation � is extensional in f and thus represents a funtion C[0; 1℄ ! IRn+1, whih ispointwise ontinuous with modulus of ontinuity 	 + 1 (5.4.1,5.11).An expliit formula for the operation � an be given using Markov's inequality kp0k � 2n2 � kpkfor all p 2 Pn, where p0 denotes the derivative of p (see e.g. Meinardus (64),p. 65):p = �ni=0ixi ^ kpk �M 2 IN!kp(i)k � 2i � n2(n� 1)2 � : : : � (n� i+ 1)2M (p(i)(0)=i!i)�!jij � 2i�n2(n�1)2�:::�(n�i+1)2i! M � 2i�(n2)ii! M � 2Mn2i:Hene we an de�ne �(f; n) := 2(2kfk+ 1)n2n.In the next paragraph we extrat expliitely a modulus 	 of uniqueness from the above unique-ness proof. The result is not only 2 T (and even 2dPR) but a very elementary operation in f; n andk and for dist(f; Pn) > 0 linear in k, i.e. a onstant of strong uniity (in the sense of 5.4.2).6 Expliit extration of moduli of alternation and unique-ness, onstants of strong uniity, Lipshitz onstants andmoduli of ontinuity from the uniqueness proof for bestChebyhe� approximation from de La Vall�ee Poussin (19)and Natanson (49)In this paragraph we arry out with all numerial details the extration of an e�etive modulus ofuniqueness from the proof of the uniqueness of the best approximation of f 2 C[0; 1℄ in Pn, whihis formulated in 5. More preisely we onstrut an operation 	 : C[0; 1℄� IN�Q�+ ! Q�+ suh thatfor all f 2 C[0; 1℄; n 2 IN8q 2 Q�+; p1; p2 2 Pn�kf � p1k; kf � p2k �dist(f; Pn) + 	fnq ! kp1 � p2k � q�:	 an easily be modi�ed to yield a modulus of uniqueness for the oeÆients of p1; p2 in the normk � kmax: By the Markov inequality it follows that kpk � q ! jij � 2n2n � q for i = 0; : : : ; n; p 2Pn; p(x) = nxn + n�1xn�1 + : : :+ 0.Under the assumption dist(f; Pn) � r > 0 (r 2 Q�+) we obtain a modulus of uniqueness ~	 whih islinear in q, i.e. ~	fnrq = C(f; n; r) �q and hene (by 5.4.2) a onstant of strong uniity. By 5.4.1,5.4.312	 resp. 2C(f;n;r) is a modulus of pointwise ontinuity resp. a Lipshitz onstant for the Chebyhe�40



projetion.The key part of the extration of these moduli is the analysis of the proof of the alternation theorem5.9 whih yields a new quantitative version of the "{weakening of this theorem: We onstrut ane�etive operation � whih is linear in q 2 Q�+ suh that8f 2 C[0; 1℄; p 2 Pn; q; " 2 Q�+�"; q <dist(f; Pn) ^ kf � pk �dist(f; Pn) + (�fnkq) � "!9 an "{alternant of length k for p� f�(k = 2; : : : ; n+ 2; see theorem 6.13 below).The moduli 	; � resp. ~	 are simple onstrutions in the data f (where f is always endowed with amodulus of uniform ontinuity on [0; 1℄) and n; q resp. f; n; q plus r 2 Q�+ suh that r �dist(f; Pn).In partiular 	; �; ~	 do not depend on the best approximation or the alternation points. Thus, thesemoduli are a{priori estimates.6.1 Notation~Kf;n := �p 2 Pn : kpk � 52kfk	 ; En;f :=dist(f; Pn).Let f 2 C[0; 1℄; n 2 IN; p 2 Pn and 1 � k � n+ 2. (x1; : : : ; xk) 2 [0; 1℄k is alled alternant of lengthk for p� f ifx1 < x2 < : : : < xk ^ kVi=1 �(�1)i+j(p(xi)�f(xi)) = En;f� for j = 0 or j = 1. !f : Q�+ ! Q�+ is alledmodulus of uniform ontinuity of f 2 C[0; 1℄ on [0; 1℄ if8q 2 Q�+; x; y 2 [0; 1℄�jx� yj < !f (q)! jfx� fyj < q�:Logial analysis if the uniqueness proof from de La Vallee Poussin (19)/Natanson (49)The uniqueness proof from 5 an be split into the following part:1) 8p1; p2 2 ~Kf;n�kf � p1k = En;f = kf � p2k ! kf � p1+p22 k = En;f�;2) 8p 2 ~Kn;f�kf � pk = En;f ! 9(x1; : : : ; xn+1) 2 [0; 1℄n+1�(x1; : : : ; xn+1) is an alternant for p� f of length n+ 1��,3) 8p1; p2 2 ~Kf;n; (x1; : : : ; xn+1) 2 [0; 1℄n+1�kp1 � fk = En;f = kp2 � fk^(x1; : : : ; xn+1) is an alternant for p1+p22 � f ! n+1Vi=1 p1(xi) = p2(xi)�,4) 8p1; p2 2 ~Kf;n; (x1; : : : ; xn+1) 2 [0; 1℄n+1� nVi=1(xi+1 > xi) ^ n+1Vi=1(p1(xi) = p2(xi))! p1 = p2�,5) 8p 2 Pn�kf � pk = En;f ! p 2 ~Kf;n�:Claim: 1){4) ! 8p1; p2 2 ~Kf;n�kf � p1k = En;f = kf � p2k ! p1 = p2�5)! 8p1; p2 2 Pn�kf � p1k = En;f = kf � p2k ! p1 = p2�.Proof: 1) ! kf � p1+p22 k = En;f 2)! 9(x1; : : : ; xn+1) 2 [0; 1℄n+1 : (x1; : : : ; xn+1) is an alternant forp1+p22 � f 3)! 9(x1; : : : ; xn+1) 2 [0; 1℄n+1� nVi=1(xi+1 > xi) ^ n+1Vi=1 p1(xi) = p2(xi)� 4)! p1 = p2.41



6.2 Remark1) The alternation theorem 5.9 yields the existene of an alternant of length n+2 in 2). However,in the proof of 5.10 only n+ 1 points are neessary. This an be utilized in the extration of	 and yields a numerial improvement.2) The restrition to ~Kn;f instead of Pn and the use of 5) are neessary only for the extrationof 	 ( in order to apply 4.3) but not for the proof of the uniqueness.The main step in the proof of the uniqueness is the proof of the alternation theorem 2). If En;f > 0,thennVi=1(xi+1 � xi) ^ 9j 2 f0; 1gn+1Vi=1 �(�1)i+j(p(xi) � f(xi)) = En;f� implies that (x1; : : : ; xn+1) is analternant of length n+ 1 for p� f , i.e.nVi=1(xi+1 > xi) ^ 9j 2 f0; 1gn+1Vi=1 �(�1)i+j(p(xi)� f(xi)) = En;f�.Sine the alternation theorem and the uniqueness of the best approximation are trivial for En;f = 0,2) an be replaed by2:1) 8p 2 ~Kf;n�kp� fk = En;f ! 9(x1; : : : ; xn+1) 2 [0; 1℄n+1; j 2 f0; 1g� nVi=1(xi+1 � xi) ^ n+1Vi=1 �(�1)i+j(p(xi)� f(xi)) = En;f��� and2:2) nVi=1(xi+1 � xi) ^ n+1Vi=1 �j(�1)i+j(p(xi)� f(xi))�En;f j < En;f�! nVi=1(xi+1 > xi).2.1) has (modulo the standard representation of the spaes involved and the oding of �nite tuplesof variables) the form(�) 8x1�8k0A0(k; x) ! 9y � sx8z0B0�, where A0; B0 are quanti�er{free. Beause of the premise\8k0A0(k; x)" (�) is not an admissible assumption in 2.12 (in ontrast to (A)), i.e. it is not enoughto onsider the proof of \(�) ! uniqueness of best approximation". We also have to onsider theproof of (A)! (�) in WE � PA!. In Kohlenbah (A, Thm. 4.17) it is shown that it is suÆient toanalyse the proof of (A)! "{weakening of (�), where the "{weakening of (�) is8x1; z0�8k0A0(k; x) ! 9y � sx zVi=0B0�. From the proof of this weakening one extrats a funtional� suh that8x; z� �xzVk=0A0(k; x) ! 9y � sx zVi=0B0�: Applying the funtional obtained from the proof of \(�) !uniqueness' to � yields the modulus of uniqueness. In our situation, this strategy means that we haveto analyse the proof of the following "-weakening of the alternation theorem (under the assumption(A)):b2:(i)8p 2 ~Kf;n�kf � pk = En;f ! 8q 2 Q�+9(x1; : : : ; xn+1) 2 [0; 1℄n+1; j 2 f0; 1g� n+1Vi=1 �j(�1)i+j(p(xi)� f(xi))�En;f < q� ^ nVi=1(xi+1 > xi)��:By simple manipulations (as e.g. writing 8q 2 Q�+�kf � pk � En;f + q� instead of kf � pk = En;f )and a suitable (partial) prenexing, 1),b2),3) and 4) are equivalent to1�) 8p1; p2 2 ~Kf;n; q 2 Q�+9r 2 Q�+�kf � p1k; kf � p2k � En;f + r ! kf � p1+p22 k < En;f + q�:42



2�)(i) 8p 2 ~Kn;f ; q 2 Q�+9r 2 Q�+�kf � pk � En;f + r ! 9(x1; : : : ; xn+1) 2 [0; 1℄n+1; j 2 f0; 1g� n+1Vi=1 �j(�1)i+j(p(xi)� f(xi))�En;f j < q) ^ nVi=1(xi+1 > xi)��:(ii) 8p 2 ~Kf;n; (x1; : : : ; xn+1) 2 [0; 1℄n+1; q 2 Q�+; j 2 f0; 1g9l 2 Q�+�Vni=1(xi+1 � xi)^n+1Vi=1 �j(�1)i+j(p(xi)� f(xi))�En;f j+ q � En;f�! nVi=1(xi+1 � xi > l)�:3�) 8p1; p2 2 ~Kf;n; (x1; : : : ; xn+1) 2 [0; 1℄n+1; q 2 Q�+; j 2 f0; 1g9r; l 2 Q�+�kf � p1k; kf � p2k �En;f + r^n+1Vi=1 �j(�1)i+j�p1(xi)+p2(xi)2 � f(xi)��En;f j � l�! n+1Vi=1 �jp1(xi)� p2(xi)j < q��:4�) 8p1; p2 2 ~Kf;n; (x1; : : : ; xn+1) 2 [0; 1℄n+1; r; q 2 Q�+9l 2 Q�+� nVi=1(xi+1 � xi) � r) ^ n+1Vi=1 (jp1(xi)� p2(xi)j � l)! kp1 � p2k < q�:Sine the matrix of the sentenes 1�){4�) is equivalent to a 90=1A0{formula A and A is mono-toni in the 9-data \9r 2 Q�+" and \9l 2 Q�+", we an apply 4.1 in order to extrat funtionals�1;�2; ~�2;�3; ~�3;�4 2 T whih realize \9r" and \9l" and depend only on f; n; q (resp. f; n; r; q in4�))For notational simpliity, we omit the arguments f and n of the funtionals in the following:1��) 8p1; p2 2 ~Kf;n; q 2 Q�+�kf � p1k; kf � p2k � En;f +�1q ! kf � p1+p22 k < En;f + q�:2��(i) 8p 2 ~Kf;n; q 2 Q�+�kf � pk � En;f +�2q ! 9(x1; : : : ; xn+1) 2 [0; 1℄n+1; j 2 f0; 1g� n+1Vi=1 �j(�1)i+j(p(xi)� f(xi))�En;f j < q� ^ nVi=1(xi+1 > xi)��,(ii) 8p 2 ~Kf;n; (x1; : : : ; xn+1) 2 [0; 1℄n+1; j 2 f0; 1g ; q 2 Q�+� nVi=1(xi+1 � xi)^n+1Vi=1 �j(�1)i+j(p(xi)� f(xi))�En;f j+ q � En;f�! nVi=1(xi+1 � xi � ~�2q)�:3��) 8p1; p2 2 ~Kf;n; (x1; : : : ; xn+1) 2 [0; 1℄n+1; j 2 f0; 1g ; q 2 Q�+�kf � p1k; kf � p2k � En;f +�3q ^ n+1Vi=1 �j(�1)i+j�p1(xi)+p2(xi)2 � f(xi)��En;f j � ~�3q�! n+1Vi=1 (jp1(xi)� p2(xi)j < q)�:4��) 8p1; p2 2 ~Kf;n; (x1; : : : ; xn+1) 2 [0; 1℄n+1; r; q;2 Q�+� nVi=1(xi+1 � xi � r)^n+1Vi=1(jp1(xi) � p2(xi)j � �4rq) ! kp1 � p2k < q�. (�iq;�4rq 2 Q�+ for allq; r 2 Q�+; i=1,2,3).For f 2 C[0; 1℄; n 2 IN; q; l 2 Q�+ de�ne�lq := minn�1[�2min� l4 ; ~�3��4(~�2( 3l4 ))q��℄;�3��4(~�2( 3l4 ))q�o 2 Q�+:
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6.3 Proposition8p1; p2 2 ~Kf;n; l; q 2 Q�l � En;f ^ kf � p1k; kf � p2k � En;f +�lq ! kp1 � p2k � q�.Proof: Assumption 1��)! kf � p1+p22 k � En;f +�2; where  := min � l4 ; ~�3��4(~�2( 3l4 ))q��2��)! 9(x1; : : : ; xn+1) 2 [0; 1℄n+1; j 2 f0; 1gn+1Vi=1 �j(�1)i+j�p1(xi)+p2(xi)2 � f(xi)��En;f j < �and (�) n+1Vi=1 �xi+1 � xi > ~�2( 3l4 )� (sine j(�1)i+j�p1(xi)+p2(xi)2 � f(xi)� �En;f j < l4 � En;f4 impliesj : : : j+ 3l4 � En;f )3��)! n+1Vi=1 �jp1(xi)� p2(xi)j < �4�~�2( 3l4 )�q� (sine by �{de�nition)kf � p1=2k � En;f +�3��4(~�2( 3l4 ))q� )4��);(�)�! kp1 � p2k < q:� an be easily modi�ed to yield a modulus �� whih no longer depend on l and thus avoidsthe assumption \l � En;f":��q := min � q4 ;�( q4 )q�.6.4 Proposition8p1; p2 2 ~Kf;n; q 2 Q�+�kf � p1k; kf � p2k � En;f +��q ! kp1 � p2k � q�:Proof: Case 1: En;f � q4 : Then the assertion follows immediately from 6.3.Case 2: En;f < q4 : kf � p1k; kf � p2k � En;f + ��q < q4 + q4 = q2 !kp1 � p2k � kp1 � fk+ kf � p2k < q2 + q2 = q:The extration of �1;�3; ~�3 as well as the funtionals themselves are very simple. �4 is obtainedfrom Lagrange's interpolation formula. The extration of ~�2 uses essentially majorization. The mainpart of our extration however is the onstrution of �2. While the other steps in the uniquenessproof are onstrutive, the proof of the alternation theorem (from whih �2 is gained) is essentiallyinonstrutive both by using lassial logi as well as the ine�etive theorem (A). Nevertheless, wesueed in extrating �2 from the given ine�etive proof without global onstrutivation but byfollowing those data whih are omputationally relevant for the onstrution of �2.6.5 De�nitionFor n 2 IN; f 2 C[0; 1℄; p 2 Pn and " 2 Q�+ we de�ne:1) x 2 [0; 1℄ is an "{(e){point (\"{extremal{point") of p� f ifEn;f � " � jp(x)� f(x)j � En;f + ".2) x 2 [0; 1℄ is an "{(+){point ("{({){point) of p� f ifEn;f � " � p(x)� f(x) � En;f + " (�En;f � " � p(x)� f(x) � �En;f + ").3) (x1; : : : ; xk) 2 [0; 1℄k (1 � k � n+2) is an "{alternant of p�f (having length k) if x1 < : : : < xk44



and kVi=1 j(�1)i+j(p(xi)� f(xi))�En;f j � " for j = 0 or j = 1.4) p 2 Pn is an "{best approximation of f if kp� fk � En;f + ".6.6 Remark1) Formally 6.5.3 is de�ned for every " � 0. However, it does make sense only for 0 � " < En;fsine only in this ase the sign of p(xi)� f(xi) alternates for i = 1; : : : ; k.2) For " = 0 6.5 oinides with the usual de�nitions of (e){point,(+),({){point, alternant andbest approximation.3) A de�nition whih is similar to 6.5 an be found in Bridges (80A).Extration of �1;�2; ~�2;�3; ~�3;�4Ad �1: The extration is trivial: De�ne �1q := q.kf � p1=2k � En;f + q ! 8<: �En;f � q � f(x)� p1(x) � En;f + q�En;f � q � f(x)� p2(x) � En;f + q 9=;! �2En;f � 2q � 2f(x)� �p1(x) + p2(x)� � 2En;f + 2q! �En;f � q � f(x)� p1(x)+p2(x)2 � En;f + q for all x 2 [0; 1℄.Hene kf � p1+p22 k � En;f + q.Ad �3; ~�3: Again the extration is obvious: �3q := q4 ; ~�3q := q4 .Assume kf � p1k; kf � p2k � En;f + fraq4. Let (x1; : : : ; xn+1) 2 [0; 1℄n+1 be a q4{alternant ofp1+p22 � f and let xi be a q4{(+){point:En;f � q4 � p1(xi)+p2(xi)2 � f(xi) = p1(xi)�f(xi)2 + p2(xi)�f(xi)2p2(xi)�f(xi)�En;f+ q4�! En;f � q4 � p1(xi)�f(xi)2 + En;f+ q42! 2En;f � 2 q4 � p1(xi)� f(xi) +En;f + q4! (1) En;f � q2 � q4 � p1(xi)� f(xi) � En;f + q4 .Analogously, one shows that(2) En;f � q2 � q4 � p2(xi)� f(xi) � En;f + q4 .(1) and (2) imply jp1(xi)� p2(xi)j � q: If xi is an q4{({){point, then the reasoning is analogous.Ad �4: By Lagrange we have for all p 2 Pn(�) p(x) =Pn+1i=1 li(x)p(xi), where li(x) := n+1Qj=1;j 6=i(x�xj)n+1Qj=1;j 6=i(xi�xj) (1 � i � n+ 1).Sine xi+1 � xi � r (by the assumption) it follows that(��) jli(x)j � 1n+1Qj=1;j 6=i r�ji�jj � 1rn(i�1)!(n�i+1)! for all x 2 [0; 1℄.For p1 � p2 suh that n+1Vi=1 �jp1(xi)� p2(xi)j� � q; (�) implies45



p1(x) � p2(x) = n+1Pi=1 li(x)�p1(xi)� p2(xi)� and thereforejp1(x) � p2(x)j � n+1Pi=1 jli(x)j � jp1(xi)� p2(xi)j � q � n+1Pi=1 jli(x)j(� � �) (��)� q � n+1Pi=1 1rn(i�1)!(n�i+1)! : One easily veri�es that (i � 1)!(n � i + 1)! �bn2 !dn2 e! (1 � i � n+ 1).Hene jp1(x)� p2(x)j � q � n+1bn2 !dn2 e!rn . De�ne �4rq := bn2 !dn2 e!rnn+1 � q. �4 does not depend on f ! Thisis due to the fat that (� � �) holds for all p1; p2 2 Pn and not only for p1; p2 2 ~Kf;n � Pn. Puttogether the reasoning above yieldsnVi=1(xi+1�xi � r)^n+1Vi=1 �jp1(xi)�p2(xi)j � �4rq)! kp1�p2k � q for all p1; p2 2 Pn; (x1; : : : ; xn+1) 2[0; 1℄n+1; r; q 2 Q�+.Ad ~�2: Assume k�1Vi=1(xi+1 � xi) ^ kVi=1 �j(�1)i+j(p(xi) � f(xi)) � En;f j + q � En;f�, where j = 0or j = 1. One easily shows that k�1Vi=1 �j(p � f)(xi+1)� (p� f)(xi)j � 2q�. Let !p;f be a modulus ofuniform ontinuity for p� f on [0; 1℄. Then k�1Vi=1(xi+1 � xi � !p;f (2q)). De�ne b�2qp := !p;f (2q). Inthe following we use majorization to obtain a ~�2 from b�2 suh that8p 2 ~Kf;n; q 2 Q�+�0 < ~�2q � b�2qp�. b�2 depends on p via !p;f . Hene we obtain ~�2 byreplaing !p;f in b�2 by a uniform modulus of ontinuity for all p � f , where p 2 ~Kf;n: As-sume p(x) = nxn + : : : 1x + 0 2 Pn; x; y 2 [0; 1℄. By the Markov inequality p 2 ~Kf;n implieskp0k � 2n2� 52kfk� = 5n2kfk, where p0 is the derivative of p. The mean value theorem yields thatp is Lipshitz ontinuous with the Lipshitz onstant 5n2kfk. Thus !n(q) := q5n2kfk is a uniformmodulus of ontinuity for all p 2 ~Kf;n on [0; 1℄ (if n � 1; for n = 0 de�ne !n(q) := 1). Let !f bea modulus of uniform ontinuity for f 2 C[0; 1℄. Then ~!f;n(q) := min �!n( q2 ); !f ( q2 )� is a uniformmodulus of uniform ontinuity for np� f jp 2 ~Kf;no on [0; 1℄.De�ne ~�2q := ~!f;n(2q). ~�2 ful�ls 2��). 4Ad �2: For the extration of �2 we need the following majorization:6.7 LemmaLet z1; : : : ; zn 2 [0; 1℄ (n � 1) be real numbers withn�1Vi=1 (zi+1�zi � 2�) for a �xed � 2 Q�+; � � 1 and letK be de�ned byK := �x 2 [0; 1℄ : nVi=1(jzi � xj � �2 )�.4More preisely: Not ~�2 but its variant where kfk is replaed by �(f) suh that kfk � �(f) 2 Q�+, sine ~�2 =2 Qin general. I ts lear that suh a bound �(f) for kfk an be easily omputed (sine f is supposed to be endowed witha modulus of uniform ontinuity !f ). Note that �(f) may depend on !f .
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Then for p(x) := (z1 � x)(z2 � x) � : : : � (zn � x) 2 Pn the following holds:infx2K jp(x)j � nYi=1 j2i� 12 � nj � �n = dn2 eYi=1(2i� 32) � bn2 Yi=1(2i� 12) � �n:(Note that the right side does not depend on zi).Proof: For n = 1 the lemma is trivial. Thus assume n > 1. De�ne ~zi := 2(i � 1)� (1 � i �n) ~p(x) := (~z1 � x)(~z2 � x) � : : : � (~zn � x); ~K := �x 2 [0; 1℄ : nVi=1(j~zi � xj � �2 )�.i) Claim: infx2 ~K j~p(x)j � infx2K jp(x)j. The laim is proved by showing8x 2 K9~x 2 ~K�j~p(~x)j � jp(x)j�. This is not hard to verify if one treats the ases 0 � x �z1 � �2 ; zn + �2 � x � 1 and 9i(1 � i � n� 1 ^ zi + �2 � x � zi+1 � �2 ) separately.ii) Claim: infx2 ~K j~p(x)j = nQi=1 j2i� 12 � nj � �n = dn2 eQi=1(2i� 32 ) � bn2 Qi=1(2i� 12 ) � �n.Case 1: n even. We show that infx2 ~K j~p(x)j = j~p(~zn2 + �2 )j = j~p(~zfran2+1� �2 j. Let x0 2 ~K and assumex0 � ~zn2 � �2 . Then j~p(x00) < j~p(x0)j for x00 := x0 + 2� 2 ~K sine n�1Vi=1 (~zi � x0j = j~zi+1 � x00j) andj~zn � x0j > j~z1 � x00j. Analogously for x0 � ~zn2+1 + �2 and x00 := x0 � 2�.One easily veri�es for i = 0; : : : ; n2 � 1:j(~zn2�i�x)(~zn2+1+i�x)j assumes its minimum on I := [~zn2 + �2 ; ~zn2+1� �2 ℄ at the point x = ~zn2 + �2 .Hene j~p(x)j assumes its minimum on I at this point. Together with the reasoning above we anonlude j~p(~zn2 + �2 )j = infx2 ~K j~p(x)j.Sine ~zn2 + �2 = (n� 32 )�^j~zi�(n� 32 )�j = �j2i� 12�nj it follows that j~p(~zn2 + �2 )j = nQi=1 j2i� 12�nj��n:Furthermore, nQi=n2+1 j2i� 12 � nj = n2Qi=1(2i� 12 ) and n2Qi=1 j2i� 12 � nj = n2Qi=1(2i� 32 ).Case 2: n odd. We show j~p(~zdn2 e � �2 )j = j~p(~zdn2 e + �2 )j = infx2 ~K j~p(x)j (This implies (as in ase 1) thelaim sine ~zdn2 e � �2 = (n� 32 )�).a) 0 � x < ~zdn2 e � �2 ! j~p(x)j > j~p(~zdn2 e � �2 )j :~p(x) = ~q(x) � (~zn � x); where ~q(x) = (~z1 � x) � : : : � (~zn�1 � x). 0 � x < ~zdn2 e � �2 implies (by ase 1,sine n� 1 is even)j~q(x)j !� j~q�~zdn2 e � �2 �j ^ j~zn � xj > j~zn � �~zdn2 e � �2 �j and therefore j~p(x)j > j~p�~zdn2 e � �2 �j.(! holds sine dn2 e = n�12 + 1 and j~q�~zn�12 +1 � �2 �j = infx2 ~K j~q(x)j).b) 1 � x > ~zdn2 e + �2 ! j~p(x)j > j~p�~zdn2 e + �2 �j follows analogously (onsider ~p(x) = (~z1 � x) � ~~q ).6.8 Remark1) The proof of 6.7 shows that the estimate is optimal (as an estimate whih depends on � andn only), sine the polynomial ~p(x) is admissible.47



2) The estimate infx2K jp(x)j � ��2 �n is trivial.The following lemma an be easily veri�ed:6.9 LemmaAssume 0 � � � 1n . Then for all j; k � n:k < j ! d j2 eQi=1(2i� 32 ) � b j2 Qi=1(2i� 12 ) � �j < d k2 eQi=1(2i� 32 ) � b k2 Qi=1(2i� 12 ) � �k � 1.6.10 LemmaLet q 2 Q�+ with En;f � q. Then ~!f;n( q2 ) � 12(n+1) (Here and in he following ~!f;n denotes theuniform modulus of ontinuity for all p� f with p 2 ~Kf;n from the onstrution of ~�2).Proof: We divide [0; 1℄ into subintervals of length ~!f;n( q2 ) (the last one may have shorter length).The amplitude of pb � f on eah of these subintervals is at most En;f2 (where pb 2 ~Kf;n is the bestapproximation of f in Pn). By the alternation theorem the number of these subintervals is at least2(n+ 1).6.11 LemmaFor f 2 C[0; 1℄; n 2 IN; p 2 Pn; 0 � " < En;f assume kp � fk � En;f + ". Then there exist both"{(+){points and "{({){points of p� f .Proof: The proof is very similar to the proof of 5.7.6.12 TheoremAssume that 0 � " < En;f4 ; 0 < q � En;f ("; q 2 Q) and 2 � k � n+ 2. If p" 2 Pn is ab k�22 Qi=1 (2i� 12 ) � dk�22 eQi=1 (2i� 32 ) �min � 1n ; !f;p"( q2 )�k�2 �"{best approximation of f 2 C[0; 1℄, where !f;p" isa modulus of uniform ontinuity of p"�f , then there exists an "{alternant having length k for p"�f .Proof: We may assume that !f;p"( q2 ) � 1n (For otherwise we de�ne !0f;p"(q) := min � 1n ; !f;p"(q)�).Ck�2 = b k�22 Qi=1 (2i� 12 ) �d k�22 eQi=1 (2i� 32 ) �!f;p"( q2 )k�2. We divide [0; 1℄ into subintervals I1; : : : ; Is of length!f;p"( q2 ) (Is may have shorter length). The amplitude of p" � f on Ii = [�i; �i+1℄ is � q2 : Ii is alled"{(e){interval if it ontains an "{(e){point of p" � f: Sine " < En;f2 ; (p" � f)(x) is distint from0 on every "{(e){interval and therefore has onstant sign. An "{(e){interval Ii is an "{(+){interval("{({){interval) if p"(x)�f(x) > 0 (p"(x)�f(x) < 0) for all x 2 Ii (Thus an "{(+){interval ontainsan "{(+){point but no "{({){point). Enumerating all "{(e){intervals from left to right (Ij1 ; : : : ; IjN )
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we obtain the following shema (assuming without loss of generality that Ij1 is an "{(+){interval):(�)8>>>>>><>>>>>>: Ij1 ; : : : ; Ijk1 "{(+){intervalsIjk1+1 ; : : : ; Ijk2 "{({){intervals...Ijkm�1+1 ; : : : ; Ijkm "� (�1)m�1{intervals (km = N):6.9 implies kf � p"k � En;f � Ck�2 � " � En;f + ". By 6.11 the shema (�) onsists of at least twogroups (with at least one "{(+){interval resp. an "{({){interval). Thus m � 2. We show m � k:Assume on the ontrary m < k (��). p" � f has di�erent sign on Ijk1 and Ijk1+1 . Hene the rightendpoint of Ijk1 is distint from the left endpoint of Ijk1+1 . Thus there exists at least one intervalIi1 = [�i1 ; �i1+1℄ of I1; : : : ; Is whih lies between Ijk1 and Ijk1+1 and is not an "{(e){interval. De�nez1 := �i1+�i1+12 . Analogously, we de�ne z2; : : : ; zm�1 2 [0; 1℄ by zl := �il+�il+12 , where Iil = [�il ; �il+1℄is an interval lying between Ijkl and Ijkl+1 (1 � l � m� 1).�(x) := (z1 � x)(z2 � x) � : : : � (zm�1 � x). By our assumption (��) it follows that �(x) 2 Pn (sinem�1 � k�2 � n). z1; : : : ; zm�1 are the only zeroes of �(x). Sine none of the "{(e)-intervals ontainsone of these zeroes, �(x) has onstant sign on eah Iji . This sign equals the sign of p"(x)� f(x) onIji .(� � �) R := supx2[0;1℄ j�(x)j � 1 (sine z1; : : : ; zm�1 2 [0; 1℄). By the de�nition of zl we have zl+1� zl �2!f;p"( q2 ). Furthermore, jzl�xj � !f;p" ( q22 ) (1 � l � m�1) for every x whih lies in an "{(e){interval.Hene 6.7 implies(� � ��)8<: If x is element of an "{(e){interval, thenj�(x)j � Cm�1 6:9� Ck�2 and therefore j"�(x)j = "j�(x)j � " � Ck�2 .Let Ii be an interval of I1; : : : ; is whih is not an "{(e){interval. ThenEi := supx2Ii jp"(x)�f(x)j < En;f �". Let E� be the maximum of these Ei (for all non{"{(e){intervalsIi): E� < En;f � ". Choose � > 0 so small that�R < En;f � E� � " and �R � En;f4 � "R (En;f4 � "R > 0, sine R � 1 and " < En;f4 ). De�neQ(x) := p"(x)� (� + ")�(x) 2 Pn. We have to show that8x 2 [0; 1℄(jQ(x)� f(x)j < En;f ) () kQ� fk < En;f ontraditing the de�nition of En;f ):Case 1: Ii is not an "{(e){interval,x 2 Ii ! jQ(x) � f(x)j � jp"(x) � f(x)j+ ("+ �)j�(x)j � E� + "j�(x)j+ �j�(x)j(���)< E� + "j�(x)j +En;f �E� � " � " � R� "+En;f (���)� En;f .Case 2: Ii is an "{(e){interval, x 2 Ii:p"(x)�f(x) and ("+�)�(x) have the same sign and jp"(x)�f(x)j > ("+�)j�(x)j sine jp"(x)�f(x)j �En;f � "� En;f2 > En;f4 and ("+ �)j�(x)j � "R+ �R � En;f4 . HenejQ(x)� f(x)j = jp"(x) � f(x)� ("+ �)�(x)j = jp"(x)� f(x)j � ("+ �)j�(x)j� En;f + " � Ck�2 � "j�(x)j| {z }(����)� "�Ck�2��j�(x)j| {z }>0 < En;f .
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6.13 Corollary (\"{alternation theorem")Suppose that 0 < q � En;f ; 0 � " < En;f (q; " 2 Q) and 2 � k � n+ 2. Let � be de�ned by�fnqk := 8<: 1 if k = 214 Qb k�22 i=1 (2i� 12 ) �Qd k�22 ei=1 (2i� 32 ) � ~!f;n( q2 )k�2 if k > 2:If p 2 Pn is a (�fnqk) � "{best approximation of f 2 C[0; 1℄, then there exists an "{alternant oflength k for p� f in [0; 1℄ (Note that �fnqk is independent of p!). If " < En;f4 then the fator 14 anbe omitted.Proof: If k = 2, then the orollary follows from 6.11. Thus we may assume k > 2:Case 1: p 2 ~Kf;n. By onstrution ~!f;n is a modulus of uniform ontinuity for p�f on [0; 1℄. Sine"4 < En;f4 the orollary follows from 6.12 (By 6.10 we have ~!f;n( q2 ) � 14 ).Case 2: p =2 ~Kf;n. In this ase we have kpk > 52kfk and therefore(+) kf�pk > 32kfk � 32En;f . p annot be a (�fnqk) �"{best approximation of f (for every " < En;f :kp� fk � En;f + 14 (: : :) � " � En;f + "4 implies (by (+)) "4 > En;f2 .6.14 Remark1) 6.13 immediately implies that also ~�fn"k := (�fn"k) � " is an alternation modulus, i.e. ifp 2 Pn is a ~�fn"k{best approximation of f then there exists an "{alternant of length k forp� f in [0; 1℄. ~� does no longer depend on q but is not linear in ".2) For " = 0 the proof of 6.12 transforms into the lassial proof of the usual alternation theorem5.9.By 6.14.1 ~� ful�ls the demands for �2. Nevertheless we use � instead of ~� for the onstrution of themodulus of uniqueness � although it depends in addition to f; n; " also on an estimate 0 < q � En;f .The reason for this is that � is linear in " and so the whole modulus of uniqueness will be linear in" whih is an important property in view of 5.4. Furthermore the onstrution of �� from � in 6.4yields a modulus whih no longer depends on q (but is not linear). Thus we de�ne�2rq := 14 bn�� 12 Qi=1 (2i� 12 ) � dn�� 12 eQi=1 (2i� 32 ) � ~!f;n( r2 )n�� 1 � q = 14 ~Cn�� 1 � ~!f;n( r2 )n�� 1 � qfor r 2 Q�+; q 2 Q+.By 6.13 we have for all f 2 C[0; 1℄; n 2 IN; p 2 Pn and q 2 Q; r 2 Q�+ suh that q < En;f ; r � En;f :kf � pk � En;f +�2rq ! 9q{alternant of length n+ 1 for p� f .6.15 LemmaLet !f;n be a modulus of uniform ontinuity on [0; 1℄ for pb � f , where pb is the best approximationof f in Pn. Then for f 2 C[0; 1℄; n 2 IN; 0 < q � En;f :k(q) := bn2 !dn2 e!n+1 � !f;n( 3q2 )n � 1.Proof: The lemma follows easily from the fat that !f;n( 3q2 ) � 1n+1 , whih is proved similar to 6.10.50



Now we are ready to de�ne our modulus of uniqueness (using 6.3 and the fat that �1q = q):�lrq := min��2r�min � l4 ; ~�3(�4(~�2(3l4 ))q)��;�3��4(~�2(3l4 ))q�� :By 6.3 � is a modulus of uniqueness for p1; p2 2 ~Kf;n if 0 < r; l � En;f . By 6.9 and 6.10 we have�2r�min � l4 ; ~�3(�4(~�2( 3l4 ))q)�� � min � l4 ; ~�3(�4(~�2( 3l4 ))q)�� ~�3(�4(~�2( 3l4 ))q) = �3(�4(~�2( 3l4 ))q) sine ~�3q = q4 = �3q.Hene �lrq = �2r�min � l4 ; ~�3(�4(~�2( 3l4 ))q)��= 14 � ~Cn�� 1 � ~!f;n( r2 )n�� 1 �min � l4 ; ~k(l) � q�, where~k(l) := bn=2!dn=2e!n+ 1 � ~!f;n(3l2 )n:Furthermore min � l4 ; 14 ~k(l) � q� an be replaed by min �En;f4 ; 14~k(l) � q� sine the minimum with l4 isonly used in 6.3 to derivej(�1)i+j�p1(xi)+p2(xi)2 � f(xi)� � En;f j + 3l4 � En;f from j � �"� �j < l4 � En;f4 . But the formerfollows also from j � �"��j < En;f4 and l � En;f .Replaing 14~k(l) by 110~k(l) makes �lrq only smaller and therefore a fortiori yields a modulus ofuniqueness. Finally we identify r and l. Thus � is rede�ned as follows~�lq := 14 ~Cn�� 1 � ~!f;n( l2 )n�� 1 �min �En;f4 ; 110~k(l) � q�.Now suppose that 110q < En;f4 . Then (by 6.15) 110~k(l) � q < En;f4 and~�lq = 14 ~Cn�� 1 � ~!f;n( l2 )n�� 1 � 110~k(l) � q. In this ase we an omit the fator 14 by 6.13. In the followingwe show that the resulting funtional is in fat a modulus of uniqueness for arbitrary q > 0 andp1; p2 2 Pn:6.16 TheoremProof{theoreti analysis of the uniqueness proof from de La Vall�ee Poussin (19) yields:For f 2 C[0; 1℄; n 2 IN; l 2 Q�+ de�ne	fnl := 110(n+1) bn�� 12 Qi=1 (2i� 12 ) � dn�� 12 eQi=1 (2i� 32 ) � bn2 !dn2 e!~!f;n( l2 )n�� 1~!f;n( 3l2 )n. Then8l 2 Q�+; p1; p2 2 Pn; q 2 Q+�l � En;f ^ kf � p1k; kf � p2k � En;f + (	fnl) � q ! kp1 � p2k � q�for all f 2 C[0; 1℄; n 2 IN.Proof: Case 1: 110q < En;f4 : If p1; p2 2 ~Kf;n, then the theorem follows from the reasoning above.Thus suppose w.l.g. that p1 =2 ~Kf;n. Then kp1k � 52kfk and therefore kp1 � fk � 32kfk � 32En;f .Hene kp1 � fk � En;f + (	fnl) � q implies (	fnl) � q > En;f2 , whih ontradits that fat that(	fnl) � q � 110q < En;f4 . Thus p1 annot be a (	fnl) � q{best approximation of f .Case 2: 110q � En;f4 , i.e. En;f � 25q.kf � p1k; kf � p2k � En;f + (	fnl) � q � En;f + 110q! kp1 � p2k � kp1 � fk+ kf � p2k � 2En;f + 15q � 45q + 15q = q.51



6.17 CorollaryLet 	fnl be de�ned as in 6.16 and l 2 Q suh that 0 < l � En;f .1) 	fnl is a onstant of strong uniity, i.e.8f 2 C[0; 1℄; n 2 IN; p 2 Pn�kf � pk � kf � pbk + (	fnl) � kp � pbk�, where pb is the bestapproximation of f in Pn.2) �l(f; n) := 2	fnl is a pointwise Lipshitz onstant for the Chebyhe� projetion P :8f; f0 2 C[0; 1℄; n 2 IN�kP(f; n)� P(f0; n)k � �l(f0; n) � kf � f0k�.3) ~	fnq := min � q4 ;	fn( q4 � q� is a modulus of uniqueness: 8p1; p2 2 Pn; q 2 Q�+�kf � p1k; kf �p2k � En;f + ~	fnq ! kp1 � p2k � q�.4) 12 ~	fnq ( ~	 as in 3)) is a modulus of pointwise ontinuity of P .Note that ~	 is a onstrutive operation in f; n; q and does not depend on any estimate 0 < l � En;f .Proof: 1) and 2) follow immediately from 6.16 and 5.4.2,5.4.3.3) follows from 6.16. and the proof of 6.4.4) follows from 3) and 5.4.1.6.18 Remark1) The extration of the funtionals 	1;�2; ~�2;�3; ~�3;�4 and the proofs of 6.16 and 6.17 an bearried out in WE�PA! +(A): Hene, by 4.1, these results are even provable in WE�HA!plus the "-weakening of (A) and thus in WE � HA! alone (sine the "-weakening of (A) isprovable in WE �HA! :2) The modulus ~!f;n in 	; ~	 may also be replaed for p1; p2 2 Pn by a modulus of uniformontinuity !f;p1;p2 of p1+p22 � f , if~Cf;k�2 �!f;p1;p2(En;f2 )k�2 � ~Cf;j�2 �!f;p1;p2(En;f2 )j�2 for 2 � j � k � n+2, thus in partiularif !f;p1;p2(En;f2 ) � 1n . The moduli whih result under this replaement may be numeriallymuh better than 	; ~	 for onrete p1; p2 but are no longer a{priori{estimates.Let A be a subset of C[0; 1℄ and assume that !A;n is a uniform modulus of ontinuity for all p� fwhere f 2 A and p 2 ~Kf;n: Assume furthermore that 0 < lA � inff2AEn;f . Then the moduli 	A( ~	A)obtained from 	 (~	) by replaing ~!f;n by !A;n and l by lA are ommon moduli of uniqueness forall f 2 A.In partiular if K � C[0; 1℄ is ompat (w.r.t. k � k1). Then there exists (lassially) a ommonmodulus of ontinuity !K and a onstant MK 2 Q�+ suh that kfk �MK for all f 2 K.De�ne !K;n(q) := min �!n;MK ( q2 ; !K( q2 )�, where !n;MK := q5n2MK . As in the ase of ~!f;n it followsthat !K;n is a ommon modulus of ontinuity for all p� f with f 2 K and p 2 ~Kf;n: Put togetherwe have shown the following theorem:
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6.19 TheoremLet K � C[0; 1℄ be ompat (w.r.t. k � k1) with a ommon modulus of ontinuity !K for all f 2 Kand MK 2 Q�+ suh that 8f 2 K(kfk � MK) and de�ne !K;n as above. Let 	K denote the resultobtained from 	 by replaing ~!f;n by !K;n and l by lK 2 Q�+ suh that 0 < lK � inff2KEn;f . Then1) 8p1; p2 2 Pn; q 2 Q+�kf � p1k; kf � p2k � En;f + (	Knlk) � q ! kp1 � p2k � q�.2) 	KnlK (resp. �K := 2	K ) is a ommon onstant of strong uniity (Lipshitz onstant) for allf 2 K.3) ~	Knq := min � q4 ;	Kn( q4 ) � q� (resp. 12 ~	Knq) is a ommon modulus of uniqueness (pointwiseontinuity for the Chebyhe� projetion) for all f 2 K.Note that ~	K is also de�ned if inff2KEn;f = 0!.Corretion and remark to Kohlenbah(A): Replae the ondition `(� = 0 ^ � arbitrary) or(� = 1 ^ � = 0)' on AC�;� � qf in 2.7, 3.8, 4.9.2 and 4.17 by `(� = 0 ^ � � 1) or (� = 1 ^ � = 0)'.This ondition, whih is needed only for the elimination of extensionality (for WE � PA! insteadof E�PA! full AC � qf is allowed), is not a real restrition sine 3.8, 4.9.2 and 4.17 only deal withpurely analytial sentenes.ReferenesAhieser, N.I.Vorlesungen �uber Approximationstheorie. Akademie{Verlag, Berlin (1967) (Translation fromrussian edition 1947).Beeson, M.J.Foundations of onstrutive mathematis. Springer{Verlag, Berlin Heidelberg New{York Tokyo(1985).Borel, E.Leons sur les Fontions de Variables R�eelles. Gauthier{Villars, Paris (1905).Bridges, D.S.On the foundation of best approximation theory. J. Approximation Theory 28, pp. 273{292(1980).Bridges, D.S.A onstrutive development of Chebyshev approximation theory.J. Approximation Theory 30, pp. 99{120 (1980 A).Bridges, D.S.Lipshitz onstants and moduli of ontinuity for the Chebyshev projetion.Pro. Amer. Math. So. 85, pp. 557{561 (1982).Bridges, D.S.Reent progess in onstrutive approximation theory. In: Troelstra, A.S./van Dalen, D. (eds.)The L.E.J. Brouwer Centenary Symposium. North{Holland, Amsterdam (1982 A).53
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