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ABSTRACT. We give explicit bounds on the computation of approximate com-
mon fixed points of one-parameter strongly continuous semigroups of nonex-
pansive mappings on a subset C' of a general Banach space. Moreover, we
provide the first explicit and highly uniform rate of convergence for an itera-
tive procedure to compute such points for convex C. Our results are obtained
by a logical analysis of the proof (proof mining) of a theorem by T. Suzuki.

1. INTRODUCTION AND PRELIMINARIES

In this paper we give a quantitative analysis of a theorem due to Suzuki [18] which
states that in order to compute a common fixed point of a one-parameter strongly
continuous semigroup of nonexpansive mappings it is sufficient to compute a fixed
point of a single nonexpansive mapping which is derived from this semigroup. As a
corollary to this we get an explicit and highly uniform rate of asymptotic regularity
for the semigroup. Such semigroups play a central role in the study of abstract
Cauchy problems (see e.g. [3, 4, 16, 2] for the classical theory).

Suzuki’s proof which we analyze here is not effective and is based on a number-
theoretic density result. This makes our extraction of explicit bounds highly non-
trivial and so our paper is also a significant new contribution to the so-called ‘Proof
Mining’ program (going back to pioneering ideas of Georg Kreisel in the 50’s) which
uses tools from logic (applied proof theory) to extract new quantitative constructive
information by logical analysis of prima facie noneffective proofs. The information
is ‘hidden’ behind an implicit use of quantifiers in the proof, and its extraction is
guaranteed by certain logical metatheorems if the statement proved is of a certain
logical form (for instance here a V3 statement) and proved within a suitable deduc-
tive framework ([10, 6, 9]). The resulting quantitative form of the given theorem
then comes again with an ordinary proof in analysis (as in this paper) which makes
no reference to any tools from logic. Within the past 15 years, proof mining has
been applied by the first author and his collaborators to various fields of mathemat-
ics, including approximation theory, ergodic theory, fixed point theory, nonlinear
analysis, and (recently) PDE theory (see e.g. [8, 9, 11, 13]).

In this section we recall some basic definitions, introduce certain preliminary con-
cepts and state our main result.
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By N we denote the set of natural numbers {1,2,...}, by Z the set of integers and
by ZT,Q*, Rt the sets of non-negative integers, rationals and reals respectively.

Definition 1. Given a Banach space E and a subset C C E, a mappingT : C — E
is monexpansive if

Vo,y € C (|[Tz — Tyl < [lz —yl) -
Definition 2. A family {T(t) : t > 0} of self-mappings T(t) : C — C for a subset
C of a Banach space E is called a one-parameter strongly continuous semigroup

of nonexpansive mappings (or nonexpansive semigroup for short) if the following
conditions hold:

(1) for all t >0, T(t) is a nonexpansive mapping on C,

(2) T(s) o T'(t) =T(s +1t),

(3) for each x € C, the mapping t — T(t)x from [0,00) into C is continuous.
Our main result will be a quantitative version of the following theorem by Suzuki
in [18] :

Theorem 1. (Theorem 1 in [18]) Let {T'(t) : t > 0} be a nonexpansive semigroup
on a subset C C E for some Banach space E. Let F(T(t)) denote the set of fized
points of T(t). Let o, 8 € RT satisfying a/B € RT\ QT. Then for all A € (0,1) we
have:

() F(T(1) = FIT(a) + (1 = NT(8)),

>0
where

M (o) + (L= NT(B)
is a mapping from C into E defined by
AT () + (1 =NT(B)z =M (v)z+ (1 —NT(B)=

forx e C.

The inclusion

is trivial.
We will extract a bound from (the proof of) the nontrivial inclusion

() F(T(t)) 2 F(\T(a) + (1 = \T(8))

>0
in the following sense: notice that the above inclusion states

Vge C (AT () + (1 = NT(B))g = q—Vt=0T(t)g = q)
which can be written as
Ve CVmeNVt>03dkeN
(1T (@) + (1 = NT(B))g — all <27% = || T(t)g — gll <27™).

The above statement is of the form V3. Therefore, as guaranteed by general logical
metatheorems due to the first author (see Chapter 17 in [9] and also [10, 6]), it is
possible to extract a computable bound ¥ > 0 depending on bounds on the input

data so that
VbeNVqe Cp, VM e NVt € [0, M] Vm € N
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(I(T(@) + (1 = NT(B))g — qll < T(M.m,b,...) = [IT(t)g — ql| <27™),

where, given b € N, Cp, := {¢ € C : ||¢q|| < b}. For this, however, we need (in
order to apply the logical metatheorems) to strengthen the concept of ‘strongly
continuous semigroup of nonexpansive mappings’ by imposing an equicontinuity
condition (witnessed by a modulus w):

Definition 3. We say that a nonezpansive semigroup {T'(t) : t > 0} on a subset
C of a Banach space E is uniformly equicontinuous if the mapping t — T (t)q is
uniformly continuous on each compact interval [0, K] for oll K € N and given a
b € N it has a common modulus of continuity for all ¢ € Cy. Namely if there exists
a function w : N X N x N — N so that

Vb e NVqge C, Vme NVK e NVt t' € [0, K]

(Jt — '] < 270t || T(t)g — T(¢)q] <27™).

We call w a modulus of uniform equicontinuity for the mnonexpansive semigroup
{T(t):t>0}.

In the following we will assume uniform equicontinuity as defined above for the
nonexpansive semigroup {7'(t) : ¢ > 0}.

In fact, in the literature one may find easily examples where this is fulfilled. For
instance, in [15] the following nonexpansive semigroup is studied (referring to [14]
where it is attributed to G.F. Webb):

Let £ = C = Cjpqj and for f € Cjp1) and x € [0, 1] define:

t+ f(x) if f(z) >0,
[T(t)fl(x) == S t+ 1 f(x) if f(z) <0andt+ 3f(x)>0,
2t + f(z) if t + L f(2) <.

It is easy to see that the above semigroup is nonexpansive and that w(m) :=m+1
can be taken as a common modulus of uniform continuity for ¢ — T'(t)g on [0, c0)
(uniformly on the whole space E).

We also note that in the case of the original definition of a strongly continuous semi-
group, our bound will still apply replacing wg , by any modulus wg 4 of uniform
continuity (on [0, K]) of t — T'(t)q (see the corollary at the end of Section 3). It is
only the independence of the bound from ¢ which requires the extra equicontinuity
assumption.

We will achieve the above bound extraction by proof mining on the proof of Theo-
rem 1 in [18].

As Suzuki’s theorem makes an irrationality assumption on v we will need a quan-
titative version of this assumption in our quantitative analysis of his proof:

Definition 4. Let v € R*\ Q*. A function f,:N — N s.t.

1
e !

/
VpeN,p e Z* (|7—%|2

is called an effective irrationality measure for ~y.

Remark 1. Since vy > 0, (I) can easily be seen to imply the claim also for p’ € Z.
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Example: We may choose in Suzuki’s theorem « := /2, 8 := 2 so that v := a/3 €
(0,1)\ Q. It is easy to see that in this case we can take f(p) := 4p>.

We are now ready to state the main result of this paper:

Theorem 2. (Quantitative version of Theorem 1 in [18]). Let {T'(t) : t > 0} be a
one-parameter nonexpansive semigroup on C' C E for some Banach space E. Let
a,BE€RT with 0 < a < B. Let v:=a/Bf € RT\ QF with an effective irrationality
measure f. Let
S:C—FE, S:=Xa)+(1-NT(B)

with A € (0,1). Moreover, assume that {T(t) : t > 0} is uniformly equicontinuous
with a modulus of uniform equicontinuity w. Let A € N be such that 1/A < X\, 1—\.
Then

Yo e NVM € NVg € C, Ym € N
(I1Sq = qll < ¥(m, M, N, A, D,b, fy,w) = ¥t € [0, M] (||T(t)g — ql| <27™)),

where
277774

8( PRSI N 1) (1 4+ M)

and N € N so that 3 > 1/N, N> D > 8, k := D2wp»(GHlog:(I+MN)[+m)+1 ¢
and

\I/(va7N7AaD7baf"/aw) =

ok, f) = max{2f(i—j)+6 : 0<j<i<k+1}€eN.

Together with a well-known quantitative asymptotic regularity result for the Kras-
noselskii iteration {z,} of S (in the case where C' is convex and {z,} is bounded,
see [1]) we derive from this in the final section an explicit asymptotic regularity re-
sult for the computation of approximate common fixed points for each given initial
part [0, M] of the nonexpansive semigroup (see Corollary 1).

2. QUANTITATIVE LEMMAS

We will start by giving quantitative versions of several preliminary lemmas in [18].
We will then make use of our quantitative versions of the lemmas to extract our
quantitative version of Theorem 1 in [18], i.e. our Theorem 2. In the following, as
in [18], for z € R we denote with [z] € Z the largest integer not exceeding x € R.
Notice that for all t € R, z € Z we have

[t+2z]=[t]+ 2 (II)
Throughout this section, «, 8 will always be real numbers with 0 < o < 8 and
v:i=a/p.
Definition 5. Let 0 € [0, 1].
(1) Define a sequence {A,} of subsets of [0,1] by A, = {0} and
Anpr = J =t Iy =1}
teA,

for n € N and set

i) = | A
n=1
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(2) Define a sequence {Ay,} of subsets of [0, 5] by

Ay = {08},
n+1 U {|O[*t| |ﬂft|}
teA,

forn € N. Set
= U A
n=1

The following quantitative version of the relevant parts of Lemmas 2 and 3 in [18]
can be extracted by inspecting the proof in [18].

Lemma 1. (Quantitative version of (relevant part of) Lemmas 2 and 3 in [18])
Let {A,} be the sequence of subsets of [0,1] and {A,} be the sequence of subsets of
[0, 8] as defined above. Then

(i) Fort € R, ift — [t] € A,, then —t — [—t] € A,y in the case 0 <t — [t] < 1 and
—t — [~t] € A, in the case t — [t] = 0.

(ii) Fort € R, if t — [t] € A,, thent —~ — [t — 4] € Any1 for the case where
y<t—[t] andt—~ —[t —~] € A, 1o for the case t — [t] < 7.

(#i1) Define forl € N

={(ed+iy—led+iv])B:ee€{+1,—-1},i € Z,|i| <1}

and
= U A;.
i<n
Then for each I € N we have
B C Ajiyg

i.e. for each x € By there exists ann < 2l + 8 with x € A,,.

Proof. (i) Let t € R be with t — [t] € A,,. If t — [t] = 0, this is immediate as then
t € Z, thus
—t—[-t]=0=1t—[t].
If 0 <t—[t] <1, Lemma 1(iii) in [18] gives —[—t] = [t] + 1 and, therefore,
—t—[—t]=—t+[t]+1=]1—-(t—[t])]
By definition |1 — (t — [t])| € Apy1 and thus —t — [—t] € A, 4.

We will now show step (ii). Let t € R be with ¢t — [t] € A,. We distinguish two
cases: In the case where v < ¢t —[t], by Lemma 1(iv) from [18], we have [t —~] = [¢].
Thus

R Y e e 1 ~
From the assumption we get |y — (t — [t])| € Any1 and thus t — vy — [t — 7] € Apy1.
Now consider the other case where ¢ — [t] < 7. Then Lemma 1(v) in [18] gives:

[t—]+1=[t].
Therefore

yot+t—A)+l=y—t+[=|y—(t—[t)] €A
and so, in turn,

t—qy—lt—al=1—(y—t+[t—2]+1)] € Ansa.
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We will now show step (ii¢) : A simple induction on n shows that for all levels n :
Vi (t € A, & St € Ay).
Hence it suffices to prove that for [ € N
By :={(ef + iy — [ef +ir)),e € {+1,-1},i € Z,]i| <1}

/1: = U /’iz

i<n

and

we have for each [ € N
B C Ag s
i.e. for each z € Bl there exists an n < 2]/ 4+ 8 with z € fln

Case I : 6 # 1. We have [] = 0, therefore § — [f] = § € A;. Now we apply
step (47) | times which results in an increase by at most 2 in each step. Hence we
obtain

0—ly—[0—1 € A,y
Now we apply step (i) which increases the level at most by 1. Hence we have
—0+1y—[-0+17] € A5y
This, in particular, holds for [ = 1 and so
—0+y—[-0+9] € 4]
We now apply again step (i¢) [ + 1 times resulting in at most
~0 =y = [0 =] € A} 5 41) = Afyar-
At this point we have covered the case e = —1 for both positive and negative [ € Z.
We now apply step (7) which gives a shift by at most 1 and therefore obtain
0+1y—[0+1] € Az,
So we have now covered the e = 41 case for both positive and negative [ € Z.

Case IT : § = 1. Here § — [f] = 0 € Ay, therefore there is a shift by 1 on all the
above.

Combining Cases I and II, we obtain at most

O+1y—[0+1] € Ay, o
where [ € Z. (]
The proof of the following lemma was omitted in [18] because it originates from
well-known classical results. However, we give a proof here because we will later

make use of it so as to extract our quantitative version of this lemma that will be
needed for the proof of our Theorem 2.

Lemma 2. (Lemma 4 in [18] ) Consider the sequence {A,} of subsets of [0, 5] and
the set A(0) as defined above. Suppose that v € RY\ Q. Then

A(0) = [0, 5],
where A(0) denotes the closure of A(9).
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Proof. By Lemma 3 in [18]
AN\{B} ={(e0+ 1y —[e0+1y])p:ee {+1,-1},l € Z}.
Notice that it is always true, by the definition of the floor function ‘[-]’, that
VIeZ (ef + 1y —[ef +1v] €10,1)).

We will show that A(6) is dense in [0, 8]. It is enough to show that A(0) \ {5} is
dense in [0, 8]. For that we will first show that the set {ly — [ly] : | € Z} is dense

in [0,1]. * We argue as follows. Fix k& € N. Cut [0,1] into pieces of length =5

each. Then by the pigeonhole principle there must exist i, j € Z so that ¢ # j and
0<4,i<k+1
such that iy — [i7] and jv — [j7] belong to the same piece so that
liv = liv] = Gy = DI < 1/(k+1) <1/k.
Notice that because v ¢ Q and since i # j we have
iy =[] # 3y = i),
for iy — [iv] = jv — [j7] would give
_-d g
=7
which is a contradiction. W.l.o.g. assume that iy — [iy] > jvy — [j7]-
We now define
X =max{z € Z* : x(iy - [ir] — (jy = [i7]) < 1}
Now notice that for all p € N we have
p(iy = liv] = Gy = [7])) = (p + D) (@y = [iv] = Gy = [77))]
= liv = lin] = Gy = YD) < 1/k.
Therefore, for any m € [0, 1, ...,k — 1] we can find an 7 € [1, ..., X] so that
_ . . . m m+1
iy =[] = Gy = [7]) € [0 —— 1
Moreover notice that, because of
0 <m(iy = [in] = Gy = 7)) < 1,
we have
[y = [iv] = GGy = [ =0
and, therefore,
(iy = [iv] = Gy = [57)

= m(iy — [iv] = (G — [179]) — [m(iy = [iv] = Gy = [57])]

(by (I1) )
=m(iy — [i7] = (v = [57])) — m(=[ir] + [57]) — [m(i = j)7]
=m(i — j)y — [m(i = j)v].
IThis fact is classical. Our proof is inspired by a proof given at

‘http://math.stackexchange.com/questions/272545 /multiples-of-an-irrational-number-forming-
a-dense-subset’” but we replaced the use of Bolzano-Weierstrafl by the finitary pigeonhole
principle.
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Therefore

m m+1
i LAR Gl Ul IS

and, because k € N was arbitrary, we conclude that {ly — [ly] : | € Z} is dense in
[0,1]. Therefore, by (IT) for 6 € {0,1} the set
{e+1ly—[ef+1y] : l€Z,ec{+1,—1}}
is dense in [0, 1]. To show the density of the set
{eO+1y—[e0+1y] : l€Z,ec{+1,—1}}
in [0, 1] where 6 € (0,1) it is enough to show the density of
{0+ly—10+1y] : leZ}yCc{ed+1y—[ef+1y] : | €Z,ec{+1,—-1}}

in [0,1]. Fix k € N.
Case A : Let z € [§,1 — £]. Then 2/ :=  — 6 € [0, 1]. Hence there exists an i € Z
so that

m(i—j)y —[m(i— )] €]

[ — iy~ )] < 20
Then
iy—[i’y]+6<x'+9+%=x+%§ 1.
Notice that iy —[i7]+60 < 1, by Lemma 1(v) in [18], gives us [iy— (1 —6)] = [iy] -1
and by (IT) we have
[y = (A =0)] = [iv+6] - 1.
Therefore
0+iy—[0+iv]=0+iy—[iv]
By (!) we have (since z = 2’/ + 0)

o = Gy~ [in] + )| < 1

and so

o~ (0 +iv— 04Dl < 7.
Case B : Let x € [1,0). Then a2/ := 2 —6+1 € [0,1). Again there exists an i € Z
so that
o~ (i~ D] < 7.0).
Then

iv—[iv]+0 > 1.
Therefore, by Lemma 1(iv) in [18], we have [iy — (1 — )] = [iy]. Moreover, by (IT),
i — (1— )] = [iy+6] 1.
Therefore
0+iy—[0+iy] =0+iy— ([iv] +1) =iy —[in] +0 - 1.
By () (since z =2’ +6 —1)

o Gy~ [in] +6-1)| < 1
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and so

1
|z — (0 +ivy— [0 +1i7])] < T
By combining Cases A and B, we have that

Vo € [1/k1—1/k] Fi € Z (jz — (0 +iv— [0 +i])| < %)

and hence 5
Vo' € (0,1 i €Z (|o' — (0 + iy — [0 +1i7v])| < E)
Therefore
Vi el0,8]3x :=x/B€[0,1] I €Z

(170 +i—[0+i71)8] = '~ (6+iv—[0+in])8] = Bla’ — 6+ —[6+in)] < 2).

Hence for N> D > 3 we have
2D

V& € [0,8) 3i € Z (17— (6 +iy — [0 +i))B] < 7).

Since k € N was arbitrary, the claim follows. [
We will show a quantitative version of the above lemma.

Lemma 3. (Quantitative version of Lemma 4 in [18]) Define the sequence {Ay}
of subsets of [0,8] and the set A(f) as before. Let N > D > . Suppose that
v € RT\ QT is irrational and has an effective irrationality measure f.. Then

Wk € NVs € [0,8]35' € A3, (Is— ] < %) (%),
where

ok, f) =max{2f(1 —j)+6 : 0<j<i<k+1}.

Proof. First recall that, for i,j € Z with i # j and 0 < j,i < k+ 1, X was defined
as the maximal nonnegative integer s.t.

X(iy = [iv] = Gy = 7)) < L,
where we assumed w.l.o.g. that iy — [i7] — (v — [§7]) > 0.
Since «y is assumed to be irrational with an effective irrationality measure f,

vy — 17 1

|7—H. L }IZ L

i—j F(i=3l1)

(taking in (1)
p' = [iv] = [77]
and
pi=i—]
if i > j and —p’, —p otherwise using Remark 1).
From the proof of the previous lemma we have

VEeNVSf, Vs€[0,8] IneNIs €Ay Jj#i€Z:0<ji<k+1
(7_ [W]—[ﬂ]’ .1 2D>

= > — s — 4§ < =
iy N (i B

i.e.
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VkeNVSf, Vs€[0,8] IneNIs €Al Jj#i€Z:0<ji<k+1
qwu—j»—Wﬂ—wfm oo 2D>

= SP AU I

k
thus

VEeNVSf, Vs€[0,8] IneNIs €Ay Jj#i€Z:0<ji<k+1

i — 4 2D

N ryiad b >

(@ =3) = ([iv] = 7)) ’

and, therefore,

VkeNVS, Vse[0,8] ImeNTs € AZ Jj£i€Z:0<ji<k+1

- ] il 2D
(0= 3) = (o) = D1 = gy = /X > gy M= o1 < )
So

VkeNVf, Vse[0,8) IneNTs' € Af Jj#Aie€Z:0<ji<k+1

i j) — ] Flli=dD) oo 2D
(=) = (2] = D] 2 e oy = X < Tl Al =l < 50,

Having bounded X means having bounded m, (where X,m are as in the previous
lemma) and recall that in the previous lemma our conclusion that gave the density
of the set {ly—[lv] : 1 € Z} in [0, 1], thus (replacing k by 2D/k) also the density of
the set {(ef + 1y —[ef+17])B : e € {+1,—1}, [ € Z} in [0, 5] for a fixed 6 € [0, 1],

was

i = )y~ i — ) € [, A iy~ ] < e Z)

for arbitrary k € N. Note that the proof of the previous lemma shows that in order

to construct an | € Z such that for a given z € [0, B] one has |z — (0 + 1y — [0 +

Bl < 22 it sufﬁces to construct for a suitable &’ € [0,1] an | € Z such that

|2’ — (Iy—[1])| < %. Hence a bound on || for the latter problem gives also a bound
on [{| for the former problem.

We have

Hi=4l)

[m(i = j)| = mli — j| < X|i —j| < i =] i =gl = fy (i = 4])

and so
(i = 5)| < fy(li —J]) —
Recall now that by Lemma 1(iii)
Sili—jl+s 2 1(€0 +m(i — j)y —[ef +m(i —j)y])B : e € {+1,-1}}
Thus we may set

ok, f) =max{2f(i—j)+6 : 0<j<i<k+1}
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Lemma 4. (Lemma 6 in [18]) Let {T'(t) : t > 0} be a strongly continuous semigroup
of nonexpansive mappings on a subset C of a Banach space E. Assume that there
exist ¢ € C, A € (0,1) such that

AT(a)g+ (1 =NT(B)g=q

and let T € A(0), where A(0) is as defined previously, so that

IT(T)q — ql| = max{[|T(t)g — ql| : t € A(0)}.
Define a sequence {H,} of subsets of [0,5] by Hy = {7} and

Hass = | {la—t,16— 1)
teH,

Then

Vn €NVt e Hy (|T(r)q —qll = T(t)q — all)-
We show the following:

Lemma 5. (Quantitative version of Lemma 6 in [18]) Let {T'(t) : t > 0} be a
strongly continuous semigroup of nonexpansive mappings on a subset C of a Banach
space E. Let A € N be such that 1/A < A\, 1 —X. Let § > 0 and q € C be such that

AT () + (1 = N)T(B))g — all < 0.
Let T € A(0), where A(0) is defined as previously so that
IT(7)q — qll = max{[|T(t)g —ql| : t < A(@)}.
Define a sequence {H,} of subsets of [0, 5] as in the lemma above. Then

n—1
(#x) Vn e NVt € H, <||T(T)q —q|| <||T(t)g — q|l + 52 Ai> .

=1

Proof. Note that by Lemma 3 in [18], our assumption that 7 € A(#) gives us that
A0) = | Hn
n=1

We now proceed by induction. Let n = 1. Then by definition H; = {7}. Notice

that it is true that
0

IT(r)g = qll < |T(T)g — gl + 6> A" = | T(r)q — g
i=1
and so we see that for n =1, (xx) holds. Assume that () holds for some fixed n.
Let
|OL - tl? ‘5 - t‘ € HTL+1
with ¢ € H,,. We then have:

n—1

IT(r)g — qll < I T(t)g —qll +6 Y A

i=1

n—1
= |T(t)g — q — AT(a)g — (1 = NT(B)q + AT(a)g + (1 = NT(B)ql + 6 > A’
=1

n—1

<|Tt)g— (A\T(a)g + (1 = NT(B)g) + AT (a)g + (1 = NT(B)g —qll + 9 Z A
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n—1
< T(t)g — AT(@)g + (1= NT(B)g)l| +5+8 Y A’
i=1
n—1 )
= |T(t)q — AT(e)q — (1 = NT(B)q + AT(t)g — AT (t)q|| + 5 +6 Y A’
i=1
n—1 )
< A|T(t)g = T(@)g]| + (1 = N[ T(t)g = T(B)al| + 5 +6 Y A’
i=1
n—1 .
—AIT(t)g = T(@)all + (1 = NIT()g = T(5 — t + t)al| + 6+ 6 5 A
i=1
n—1 )
— MIT(H)g — T(@)qll + (1 = VIT(t)g — TOT(B — gl +5+5 3 A’
i=1
n—1 )
< AT (t)g = T(@)qll + (1 = Nlg = T(8 ~ t)al + 6+ A’
i=1
and similarly, by replacing, in | T(¢t)g — T'(«)q|| , t with ¢ — a + « in the case where
t > aor aby a—t+tin the case where t < «, (notice that we always have ¢t < f3)
again by Properties (2) and (1) of Definition 2 the above gives
n—1
< ATt = al)a — gl + (1= NIT(e - Bl)a —all +5+5 3 A"
i=1
Therefore (since by (J,~, H, = A(6) we have | T(|t — a|)g — ¢|| < |T(7)q — ql|)
n—1
IT(r)g — qll < M|T(r)g —qll + (1 = MIT(jt = B)g — gl + 5+ A’
i=1

i.e.
n—1

(1 =MIT(T)g =gl <A =MNIT(|t = BDg—qll ++6 Z A

i.e.
n—1

7= all < Tt = Ba = all + 75 G+ Y A%)
i=1

n—1

<|T(jt = Bla —all + A@E +8 ) A

i=1
=7t = Bla —all +33_ A",
and similarly: =
IT(T)g = qll < IT(Jt = al)g — gl + 5ZAi.
We have thus shown that for all s € Hy, 41 -

IT(r)q — qll < | T(s)g —qll +6 > _ A’

i=1
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and so that (xx) holds for n + 1.
This concludes the inductive proof of (xx) for all n.

3. PROOF OF THEOREM 2

We can now proceed to show Theorem 2 which is a quantitative version of Theorem
1 in [18]:

Proof. As explained in Section 1, we will obtain a quantitative version of
() F(T(t)) 2 F(\T(a) + (1 = NT(8))
>0

by proof mining on the proof of Theorem 1 in [18]. We will follow the same pattern
as in [18] but use our quantitative versions of the corresponding lemmas in [18] that
we have obtained in the previous section.

Recall that in general by assumption we have
Vb e NVqe C, VK € NVm € NVs,s' € [0, K]
(Is = '] < 27%20™ 5 | D(s)g = T(s)ql| < 27™).
Let be N, g€ Cy , A € (0,1) and assume that
(AT () + (1 = N)T(B))g — ql| < 0.

The map t — T'(t)q is by assumption continuous, hence the map h(t) := ||T(¢)g—q]|
is continuous. Because [0, 3] is compact, h attains its maximum on [0, 3] at a point
T €10,0], ie.

Ir € [0, 8]Vt € [0, 5] (IT(T)g — all = T (t)q —ql))-
Let v:=«a/B € (0,1) and 6 :=7/5 € [0,1], let A(#) be as in the previous lemmas.
Then, by definition, 7 = 08 € {08} = A; C A(6) C [0,0]. So
IT(7)q — gl = max{[|T(t)g —ql| : ¢ € A()}-
We set
K:=D
where N3 D > (3 i.e. here we have
vm € N Vs, s € [0, D]

(Is = '] < 279220 = | T(s)g = T(s")ql <27™) (%% %).
From now on we recall the assumption that 7 is irrational with an effective irra-
tionality measure f,.
Now recall (*) shown in Lemma 3:

. 2D
Vk € NVs € [0,8]3s" € A g,y (s — s'| < T) (%)

and notice that the premise of (x * x) is fulfilled for
2D
22 < 9—wpp(m)
S

i.e. for
k> D2awpo(m)+l
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We therefore set k := D2¢P»(m+1 in (x) and we get

Vm € NVs € [0,8]3s" € A* C0,8] (s — &'| < 27wpe(m)y,

B(D2°DbMITT gy
By (* * %) the above gives

Vm e NVs e [0,8] C[0,D] 3s' € A;(DQWD&(M)H%) (1T (s)g —T(s")q|l <27™).

By the triangle inequality :
1T(s")a — qll < | T(s)a — T(s")all + |7 (s)q — all,
therefore

¥m eNVs € [0,8] 3" € A7 o yomer , ) (IT(8)a = gl < | T(s)g — gl +27™).

wp b (m)+1 .
Thus by (#x) shown in Lemma 5 (putting A} 5, = E¢ (D272t fa)=1 A*) and
using that H,, = A} (since 7 = 00)

Vm eNVs e [0,6] 3¢’ € A;(DQWDyb(m)H )

(IT(r)a —all < T(s")g — all + 6A% ppm < IT(s)g — qll + 27 + 6A% p b m)-
Now, applying the above to both s = a, 8 € [0, 8], we have, for all m € N
2T ()q —qll < T(a)g — qll + [1T(B)q — qll +20A5 ppom +2-27"
=T(a)g =g+ AT(a)g+ (1 = N)T(B)qg — AT (e)qg — (1 = \)T(B)qll
+HT(B)g—g+AT(@)g+ (1= NT(8)g—=AT()g— (1=NT(B)ql|+20A% 1, ,, 27"
< AT (a)g+ (1 =NT(B)g — qll + (1 = N[ T(a)g — T(B)d]|
HAT(a)g + (1 = NT(B)a — all + M|T(B)g — T(a)qll + 2675 p y , + 27"
<20+ || T(e)g — T(B)ql| + 26A% p 4 + 2771
= |T(a)g — T()T(8 — a)qll + 26(A5 p pm +1) + 27"

< lla—T(8 — a)all +20(A} ppm +1) +277F
<|IT(r)q — gl +26(A% p g +1) +277H
Therefore

Vm € N (IT(r)g — gll < 26(A% o +1) +277)
and, because for all ¢ € [0, 5], by the definition of 7 € [0, 5], we have
IT(t)g — gl < |T(7)q — qll
and so
vm e NVt € [0, B](|T(t)g — all < 20(A% p g + 1) +277F1).
Now for all RT 5 ¢ > 3 there exist r € N, s € [0, 3] such that
t=rB+s.
Therefore
IT(t)g —qll = IT(rB + s)g —qll = IT(rB)T(s)q — qll = |T"(8)T(s)qg — ql|
=|T"(B)T(s)g —q+T"(B)g —T"(B)dl
< |[T"(B)T(s)q = T"(B)al + I T"(B)a — 4l
<1 T(s)g — gl + IT"(B)g — g
=1T(s)g —all +IT"(B)g — ¢+ T(B)g — T(B)qll
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<|IT(s)g — qll + |T(B)T" =1 (B)g — T(B)qll + IT(B)q — 4|
<|IT(s)g =gl + 1T (B)g — qll + T (B)q — 4l
=T(s)g—qll + 17" (B)a — g+ T(B)a — T(B)all + IT(B)q — qll
<||IT(s)g — gl + IT(B)T"*(B)q — T(B)qll + 2| T(8)q — 4l
<||IT(s)g — gl + IT"2(B)q — qll + 2| T(B)q — ql|
<.<
<|T(s)g—all +r|T(B)g — 4l
<|IT(r)g — qll(1 +7)
< (20(A% pym + 1)+ 271+ 1).
Let M € N so that t < M and N € N so that 8 > 1/N. We may then estimate:
M>t=rB+s>r/N +s>r/N
thus we have
r<MN.

Therefore
VM e NVt e [0,M] Ym e N

IT(t)a — all < (26(A3 p g +1) +27"FH (L +7)
< (20(A p oy +1)+27"FH (1 + MN)).
For a yet to be determined m € N, we set 4 > 0 to be so small so that
26(A% pym +1) <277
i.e.
(26(A% ppm + 1D +27" ) (1+ MN) <2-27"T 1+ MN) =4-27"(1+ MN).
Now let m € N be given. We have to achieve

4-27™(14+ MN) <27™,

ie.
logy(4-27™(1+ MN)) <logy(27™)
and thus
2 —m+logy(1+ MN) < —m,
ie.

m > 2 +logy(14+ MN) + m.
Hence we may choose

m = 3+ [logy(1 + MN)] + 1.

To fulfill B
5< 27
A'y,D,b,m +1
we choose § > 0 such that
2—771

0 < — .
8(AZ b3+ logy 1+ M N T V(L + MN)

Hence (renaming m as m) we have shown:
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VbeNVqge C, VM e NVt e [0, M]Vm e N

(AT (@) +(1-N)T(8))g—ql| < 2-m

¢(D2“"D,b(3+[1°g2(1+1V1N)]+m)+17f’y)_1

8(2 im1 At +1)(14 MN)
= |T(t)g —qll <27™).
O

Corollary to the proof: If the semigroup {7'(¢) : ¢t > 0} is just a strongly con-
tinuous semigroup of nonexpansive mappings without the equicontinuity condition,
then the bound holds with wp j being replaced by a modulus wp 4 of uniform con-
tinuity for ¢ € [0, D] — T'(t)q. Then, however, the bound no longer is independent
of q.

Remark 2. Note that the statement that a general continuous function h : [a,b] —
R attains its mazimum at some 7 € [0, 3] used in the proof above is noneffective
as even for computable h such a point T will in general not be computable (see
Theorem 1.10.3(6) in [17] where this principle is shown to be equivalent to the
noncomputational so-called weak Kénig’s lemma WKL). The reason why this does
not cause a problem in the quantitative analysis is that T is only used via 0 and that
the bound obtained in Lemma 3 is independent of 6 where the latter is obtained by
a majorization argument applied to 6 € [0, 1] (see [9] for a general logical discussion
of this point).

4. ASYMPTOTIC REGULARITY

Definition 6 ([12]). Let C be a convex subset of a Banach space E and let S :
C — C. The sequence

1
Tn41 = §xn + isxn

is called the Krasnoselskii iteration of S starting at xg.

If

|z — Sz,] "=0
forallzog € C, then S (or - more precisely - Sy /5 = %I—I—%S} is called asymptotically
regular ([5]).
A rate of convergence for the above convergence is called a rate of asymptotic reg-
ularity for S.

Considering the following classical result by Ishikawa [7], we will apply our main
result Theorem 2 to obtain Corollary 1.

Theorem 3 ([7]). Let (E,||-||) be a normed space , C C E convex and S : C — C
nonexpansive. If the Krasnoselskii iteration {x,}nen of S is bounded, then

|2n — Szl "= 0.

Corollary 1. Let {T'(t) : t > 0} be a one-parameter nonerpansive semigroup on a
convez subset C C E for some Banach space E. Let o, 8 € RT with 0 < a < 8 and
let v :=a/B € RT\ Q" with an effective irrationality measure f,. Let S : C — C
be defined as

S:=XT'(a)+ (1 —-NT(p)
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with A € (0,1). Let A € N be such that 1/A < \,1— X, N € N so that 8 > 1/N,
N > D > (. Moreover, assume that {T(t) : t > 0} is uniformly equicontinuous
with a modulus of uniform equicontinuity w. Then for the Krasnoselskii iteration
{Zn}nen of S, starting at xq, if {Tn}nen is bounded by b € N, we have

VM eNVte [0,M] VYm eNVn>® (|T({#)x, — x| <27™)
with a rate of asymptotic regqularity
227n+8d2 ‘?(kaf'y)*l Az (1 MN 2
(m, M. N, A, D,b, f,w,d) = sy FUOE M)

™

where d > 0 is such that
d > ||lzg — Szy||

for allm € N
ko= DQwDyb(3+[log2(1+Z\/IN)]+m)+1 eN

and

ok, f) :=max{2f(i —j)+6 : 0<j<i<k+1}eN.

Proof. By a well-known deep result due to Baillon and Bruck [1], for the nonex-
pansive mapping S : C' — C and for its Krasnoselskii iteration x,, we have

Ve > 0Vn > 0(e,d) (||zn — Szp| <e)

with a rate of asymptotic regularity (using that ||z, — Sz, || = 2||znt1 — zal])
4d>
O(e,d) .= —
(e, d) Te2

where d > 0 is such that

for all n € N.
In Theorem 2 we showed that

VoeNVge C, VM e NVm e N
(1S — gll < ®(m, M, N, A, D,b, f,,w) = vt € [0, M] (| T(t)g — gl <27™))
with

2—m
\IJ(m’MaNaAaD7baf’y7w) =

3 1 MN
¢(D2WD,1,(\5+[052(1+ )]+m)+1’f’y)71

8> o] A+ 1)(14+ MN)
Thus, by the above it directly follows that (having substituted ¢ with W)

VM eNVte[0,M]VYm e NVn>® (|T(t)x, —zn] <27™)

with a rate of asymptotic regularity

®(m,M,N,A,D,b, fy,w,d) :=60(¥(m,M,N,A\,D,b, fy,w),d)
- 4d?
W(\I/(m,M,N,A,D,b,fW,W))2.
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We emphasize that the rate above is very uniform as it depends on the semigroup
only via the modulus w.
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