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Consider a rigid body moving with a prescribed constant non-zero velocity
and rotating with a prescribed constant non-zero angular velocity in a three-
dimensional Navier-Stokes liquid. The asymptotic structure of a steady-state
solution to the corresponding equations of motion is analyzed. In particular,
an asymptotic expansion of the corresponding velocity field is obtained.
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1 Introduction

The aim of this this paper is to establish an asymptotic expansion of a solution to the
steady-state three-dimensional Navier-Stokes equations written in a frame attached to
a rigid body moving with non-zero translational velocity ¢ € R? and non-zero angular
velocity w € R3. More specifically, we consider a body, with a connected boundary,
moving in a Navier-Stokes liquid that fills the whole exterior of the body. If we denote
by v the Eulerian velocity field of the liquid, and by p the corresponding pressure, the
steady-state equations of motion written in a frame attached to the body read

—pAv+Vp4+v-Vo—§¢-Vo—wAz-Vot+wAv=f in (),

dive =0 in €,

V= Uy on 0f), (1.1)
lim wv(z) =0,

|z|—00
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where 2 C R? is an exterior domain, p the (constant) kinematic viscosity coefficient,
f an external force acting on the liquid, and v, the velocity distribution on the liquid-
structure boundary. We shall assume that £ and w are not orthogonal to each other. In
this case, due to a simple transformation, see for example [16], we may take, without
loss of generality, £ and w to be directed along the same axis, which we take to be
e3. Moreover, for simplicity we choose to consider only the so-called no-slip boundary
condition, and do not take into account any external force in the liquid. In an appropriate
non-dimensional form, the equations of motion then read

—Av—l—Vp—Ragv—i-Rv-Vv—’T(eg/\x-Vv—e3/\v) =0 in Q,

dive =0 in £,

v=-e3+T es\x on 99, (1.2)
lim v(z) =0,

|z|—o00

where R > 0 is a dimensionless constant, and 7 > 0 the magnitude of the dimensionless
angular velocity. Finally, we assume, again without loss of generality, that the origin of
the frame of reference coincides with the body’s center of mass. We then have 0 € R3\ Q
and ng\ﬁiﬂde’ =0.

The above system is the classical steady-state Navier-Stokes problem with the addi-
tional term T(eg Ax - Vv — e3 /\v), which stems from the rotating frame of reference.
Due to the unbounded coefficient e3 Ax, this term can not be treated at a perturbation
to the Oseen operator.

The main result of this paper is an asymptotic expansion as |x| — oo of a so-called
Leray solution v to (1.2), that is, of a solution with a bounded Dirichlet integral, also
sometimes referred to as a D-solution. An asymptotic expansion of v is a decomposition

v(z) =T(z) - a+ R(x) (1.3)

where I' and « is an explicitly known function and constant, respectively, and R some
remainder term decaying faster than I' as |z| — co. In the case of a translating but
non-rotating body (w = 0, £ # 0), such an expansion was established for the first time
by FINN, who showed in [9], see also [10], that any solution to (1.1) with v in the class
O(|x]_l/ 2+5) for all € > 0 satisfies (1.3) with the Oseen fundamental solution in the role

of I, the force F exerted by the liquid on the body as «, and R(x) = O(\x|_3/2+6) for all
0 > 0. BABENKO later proved in [1] that the same holds true for Leray solutions; FINN
had left this as an open question. The proof provided by BABENKO, however, was not
complete, and it was not until [11] that a full proof was available, see also [8]. In the case
of a non-translating and non-rotating body (w = 0, £ = 0), an asymptotic expansion
was available only much later, and only for solutions corresponding to “small“ data.
This result is due to KOROLEV&SVERAK [17], who showed that a Leray solution to (1.1)
satisfies (1.3), but with the leading term I'(x) - o replaced by a so-called Landau solution
depending only on F, and R(x) = O(|a:|_2+6). The result of KOROLEV&SVERAK was
extended to the rotating body case (w # 0, £ = 0) in two papers by FARWIG& HISHIDA [7]
and FARWIG& GALDI&KYED [5], respectively. It is shown herein that the leading term



in this case is again the Landau solution, but depending now only on the projection of
F on the axis of rotation. In [7] the remainder term is estimated in a summability sense,
whereas [5] establishes a point-wise estimate.

This leaves open only the case of a translating and rotating body (w # 0, & # 0),
which is treated in this paper. As the main result, an asymptotic expansion in the sense
of summability of a solution v will be established. The leading term in this expansion
is identified as the Oseen fundamental solution multiplied by a constant vector. A
computation of the constant will be carried out, and it will be shown that it equals the
projection on the axis of rotation of the force exerted by the liquid on the body. The
main theorem reads:

Theorem 1.1. Let Q C R3 be a C?-smooth exterior domain, and R, T > 0. A solution
(v,p) € DV3(Q)> N LE(Q)P nW22(Q)% x W22 (Q) (1.4)

to (1.2) satisfies the asymptotic expansion (j = 1,2,3)

v(z) =TH () - (F-e3)es+R(z), (1.5)
ojv(z) = ijg(w) . (.7-' -e3 ) e3 +S5;j(x) (1.6)
with
Vg € (4/3,00): R LI(Q)3, (1.7)
Vg € (1,00): S; € LY(Q)3,
where
F = T(v,p) - ndS. (1.9)
o0

Here, I‘g denotes the fundamental solution to the Oseen equations, and T(v,p) the
Cauchy stress tensor of the liquid (see below for the explicit definition).

It is well-known that Fg is mot Li-summable in a neighborhood of infinity for small
q. More precisely, for ¢ € [1,2] one can show I'% ¢ L4(R3\ B,(0)) for any r > 0, see for
example [12, Chapter VIL.3]. Thus, in the sense of summability the remainder term R
in the expansion (1.5) decays strictly faster as || — oo than the leading term. Since for
q € [1,4/3] it is known that VI'y ¢ L9(R3\ B,(0)) for any r > 0, see again [12, Chapter
VIL.3], the remainder S; in (1.6) decays, again in the sense of summability, faster than
VIR as |z| — oo. Consequently, the decompositions (1.5) and (1.6) constitute valid
asymptotic expansions at spatial infinity.

Note that F, as defined in (1.9), equals the total force exerted by the liquid on the
body. Since we in (1.2) consider the no-slip boundary condition, there is no contribution
from momentum flux via the liquid-structure boundary to the total force.

As mentioned above, the no-slip boundary condition has been chosen for simplicity
only. For the same reason, no external forces acting on the liquid are considered. How-
ever, with minor modifications to the proof of Theorem 1.1, arbitrary, but sufficiently



smooth, boundary values can be included. Moreover, we can also introduce an external
force of compact support, that is, a non-homogeneous right-hand side of compact sup-
port in (1.2);. Of course, with more general boundary values and external forces, the
expression for F must be modified accordingly.

As a direct consequence of Theorem 1.1, we find that the kinetic energy of a Navier-
Stokes flow past a rotating and translating body is infinite, unless the component in
the direction of rotation of the force exerted by the liquid on the body vanishes. This
follows from the fact that no entry of I'% lies in L?(£2), which together with (1.5) and (1.7)
implies that the velocity field of the flow is square summable if and only if 7-e3 =0. A
similar result is known for a non-rotating body, and a rotating body in a linearized fluid,
see [19], but this is the first time such a property is established for the fully non-linear
Navier-Stokes flow past a rotating body.

Although a characterization of the remainder term in the expansion in terms of summa-
bility is favorable for deriving information on the energy of the flow, other applications
require a point-wise decay estimate. To prove a point-wise estimate, one needs to take
a slightly different approach than used here. This will be addressed in the forthcoming
paper [18].

Parallel to the non-linear Navier-Stokes equations, asymptotic expansions of solutions
to both the Stokes and Oseen linearizations have also been established. In the case of a
non-rotating body, such results date back to the early works of FINN, see for example [3].
In the rotating body case, we refer to [6] and [19] for the non-translating and translating
body case, respectively.

2 Notation and Preliminaries

Before proving the main theorem, we introduce some notation, recall well-known iden-
tities, and show two preliminary lemmas.

We denote by L9(2), 1 < g < oo, the usual Lebesgue space with norm |-||,. For
m € N, we use W™4(Q) to denote the inhomogeneous Sobolev spaces with norm |||/,
We also introduce the homogeneous Sobolev space

D™U(Q) = {v € Lipo(2) | [v],,4 < 00},

(V] g = ( 3 /]R |8av(:c)|qdm)é.

la|=m
Moreover, we introduce for 1 < ¢ < 2 the space
Xy(R?) := {(w,q) € D*I(R?)? x DM(R?) | [|(w, q)|x, < o0},
1w, )llx, = [IV?wllq + | O5wlly + IVl o +llwl 2o +1Vallg + llall 20,
which one may identify as a canonical domain for the Oseen operator.
For functions u : R? x R — R we let divu(z,t) := divy u(z,t), Au(x,t) == Agu(x,t)

etc., that is, unless otherwise indicated, differential operators act in the spatial variable
x only.



We put By, := {z € R3 | |z| < m} and B™ := R3\ B,y,.

We use the Landau symbol O(R(m)) to characterize the class of functions u for which
there is a constant C' > 0 such that |u(x)| < C|R(z)| for large |z|.

Constants in capital letters in the proofs and theorems are global, while constants in
small letters are local to the proof in which they appear.

For a fluid velocity field v : R? — R? and pressure p : R? — R, we let

T(v,p) :=Vv+ Vo' —pI

denote the Cauchy stress tensor of the (Newtonian) fluid corresponding to the non-
dimensional form (1.2) of the Navier-Stokes equations. We let

IR :R3\ {0} — R>*3, [Fg(q:)]ij = (02 — 9;0;) 0% (),

1 R(|x|+z3)/2 1—e 7
dR(z) := 47r7€/0 dr

T

denote the three-dimensional Oseen fundamental solution tensor, see [12, Chapter VII.3]
for a closed-form expression. Finally, we denote by

11
IR\ {0} - R, I'p(z)=-——
LR{0) 5 R, Tu(@)= g
the fundamental solution to the Laplace equation.
The summability properties of Fg will play a fundamental role in form of the following

lemma:

Lemma 2.1. Let H € C*®(R3)3*3 satisfy

Vg€ (1,00) : H € W29(R3)3*3, (2.1)
Then! (i =1,2,3)
Ui(z) = [Fg «divH| (z) := /RB [11703(3/)]U OpHji(x — y) dy (2.2)
is well-defined with
Vg € (4/3,00) : U € LI(R?)3, (2.3)
Vg € (1,00) : VU € LY(R?)**. (2.4)

Proof. Tt is well-known, see for example [12, Chapter VII.3], that Fg enjoys the summa-
bility properties

Vg e (2,00): IS € LYR?\ B,)** for any r > 0, (2.5)
Vg € [1,3) : I3 e L (R3)33, (2.6)
Vg € (4/3,00) : VIR € LY(R?\ B,)>***3 for any r > 0, (2.7)
Vg €[1,3/2) : VI € L (R3)3>3%3, (2.8)
Vg e (1,00) : VIR € LY(R3\ B,)*3*3%3 for any r > 0. (2.9)

'Following the summation convention, we implicitly sum over repeated indices.



By (2.5), (2.6), and Young’s inequality, it is clear that the convolution in (2.2) is well-
defined. Taking into account (2.7) and (2.8), we further see that U = VIS «H € LI(R3)3
for all ¢ € (4/3,00). Thus we deduce (2.3). To prove (2.4), we split

OUi(x) = /R A W)],, deHyele — y)dy
=/B o) [Fg(y)}ij O Hjp(x —y)dy

/o [TEW)],; Hirlx —y) ni(y) dS(y)

= [, adtBw),, Bl - ) dy = 1(a) + J(a) + K(a).
R3\ By

We again employ Young’s inequality and deduce from (2.8) that I € L4(R3)? for all
q € (1,00). Minkowski’s inequality yields for any ¢ € (1, 00)

1
q
o< [ ([ 8wl -l as) " ast) = I8 es, 1Al < .
1

Finally, by (2.9) and Young’s inequality, we have K € L4(R?)3 for all ¢ € (1,00). We
conclude (2.4). O

Next, we consider the linearization of (1.2) and establish a very strong L?-estimate for
solutions corresponding to a special class of data. For this purpose, let E3 € skewsy3(R)
denote the skew-symmetric adjoint of e3, and put

cos(Tt) —sin(7t) 0O
Q(t) := exp(TEst) = | sin(7t) cos(Tt) 0]. (2.10)
0 0 1

We then have the following lemma:

Lemma 2.2. Let R, T >0 and 1 < q < co. For any f € L4(R3)?> N C>(R3)3 satisfying

21 /T
/0 QW f(Q) z)dt=0 (2.11)

there exists a solution (w,q) € W24(R3)3 x DM4(R3) to

(2.12)

—Aw—l—Vq—R@gw—T(eg/\x~Vw—eg/\w) =f inR3,
divw =0 in R?

that satisfies

lwll2.q + 1Vallg < Cillflg; (2.13)

where C1 = C1(R,T). Moreover, if, for some 1 < r,s < oo, (w,q) € L"(R?)3 N
Wflzo’j(R?’)?’ X VV&)CS(R?’) is another solution, then necessarily w = w and ¢ = q + ¢ for
some constant c € R.



Proof. The uniqueness statement of the lemma follows directly from [15, Lemma 4.1].
We therefore only need to show the existence of a solution (w, q) to (2.12) that satisfies
(2.13).

Consider first 1 < ¢ < 2. By [4, Theorem 1.1 and Corollary 1.2], see also [14, Theorem
1.1], there exists for any f € LY(R3)? a solution (w,q) € X,(R?) to (2.12) that satisfies

IV2wllg + I Vallg < cull fllg- (2.14)

If f is smooth, standard regularity theory for elliptic systems implies that also w and
q are smooth. We shall now show that when f € LI(R3)3 N C>°(R3)? further satisfies
(2.11), additional summability of w can be established. For this purpose, put

2
0,2%

u:R3x[ T

] — R3, u(zx, t) = Q(t)w(Q(t)Tx),

p:R3 x [O, 277_1 - R, p(x,t):= q(Q(t)Ta:),
F:R3x [0, 2;} —R3,  F(z,t) = Q) f(Q() z).

As one may easily verify, (u,p) satisfies

2
6tu—Au+Vp—7283u:F inR3X|:0,77_T:|,

2
divu = 0 in R? x |0, == |.
1V u 1n |: T:|

(2.15)

Note that u, p, and F' are smooth and 2%r—periodic in t. We can therefore expand these
fields in their Fourier-series with respect to t. More precisely, we have

u(zx,t) = Zuk(m) TR p(a,t) = Zpk(az) el Tkt

- . Fe (2.16)
F(z,t) = ZFk(x) Tkt
kEZ
with
T [T » T /T .
ug(x) == o ; u(x,t)e Tkt dt, pr(x) = o i p(z,t)e Tkt dt,
2 /T '
Fk(m) = % ; F((L‘,t) efz'Tkt dt.

Inserting the Fourier series from (2.16) into (2.15), we find that each Fourier coefficient
satisfies

iTkuy, — Aug, + Vp, — Rosuy, = Fi,  in R3,
{ k Kk Pk UL k (2.17)

divug =0 in R3.



Clearly, (ug,pr) enjoys the same summability properties as (w,q), that is, we have
(ug, i) € X4 (R3). We now use that f satisfies (2.11), which implies that Fy = 0.
Consequently, (ug,po) is a solution to the homogeneous whole space Oseen problem. It
follows that ug = 0. Now consider k # 0. Using Minkowski’s integral inequality, we
obtain

2 T /T 2 q 1 2
IV ukllg < o~ Vou(z, t)[ dz | dt < [[Vowllq = el fllg,
m™Jo R3

and similarly ||Vpgllq < e1]/f]lq- Consequently, we can deduce directly from (2.17) that

I Tk[[[urllq < [[Auklly + [1Verlly + RIIOsurllq + || Frllg

(2.18)
< c2[|fllq + Rl Ozukllg-
A simple interpolation argument yields
1surlly < es(ellunly + =11V %ul) (2.19)

for all e > 0. We choose ¢ = |Tk|/(2Rc3) in (2.19), and apply the resulting estimate in
(2.18) to obtain

1 R2
gl < C4mc\<1 n W) 1flla (k£0), (2.20)

with ¢4 independent of k. We can now estimate ||w||,. First, observe that

T 271—/7— qil q_l
ol = (o [ [ [ tetiras] " ar)

Since 1 < ¢ < 2, Minkowski’s integral inequality yields

T 27 /T g q—1
lwllg < /R (27r /0 !u<x,t>\q1dt> da.

Employing the Hausdorff-Young inequality for Fourier series, see for example [2, Propo-
sition 4.2.7], we then find that

Jwllg < / D lun(@)|” =Y llugll4.
R ez keZ
We now recall (2.20) and the fact that up = 0, and finally obtain
1 R2 q 1/q
luly < eo 3 e (145 ) 1718) < el (221)
s |T k| T

with ¢5 = ¢5(R,T). By (2.14) and (2.21), we conclude (2.13) in the case 1 < ¢ < 2.



In the case ¢ = 2, the existence of a solution (w, q) € D*2(R3)3NDV2(R?)3NLS(R3)3 x
DY2(R3) N LS(R?®) was shown in [13, Lemma 4.14] and [16, Theorem 2]. With this
solution, we repeat the arguments above and obtain (2.13) also in the case ¢ = 2.

Consider now 2 < g < co. In this case, we can not utilize the inequalities of Hausdorff-
Young and Minkowski as above. Instead, we shall use a duality argument. Assume for
the moment that f € C§°(R?)3 and satisfies (2.11). The existence of a solution (w,q) €
D%4(R3)3 x D14(R3) satisfying (2.14) follows by [4, Theorem 1.1]. Since f € C§°(R?)3,
[4, Corollary 1.2] even yields (w,q) € X,.(R3) for all 1 < r < 2. Moreover, by standard
regularity theory for elliptic systems, w and ¢ are smooth. Now let ¢ € CgO(R?’)?’ and
put

21 /T
) =o— 1 [ Q@ e

_go

Then ¢ satisfies (2.11). Observe that ¢’ € (1,2), where ¢’ denotes the Holder conjugate
of q. Consequently, by arguments as above, there exists a solution (¢,1) € W27 (R%)3 x
D9 (R3) to the adjoint problem

— AP —Vn+RIY+T(es Az Vi —esAYp) = @ in R,
divey =0 in R?
satisfying
[¥ll2,¢ + IVnllg < coll@llg < crllelly-
In view of the good summability properties of both (w,q) and (¢, 7n), we compute

‘ w-@dx‘
R3

R—o00

= | nm/ w- [ =AY = Vn+RIY+ T (esAw- Vo — eg Ayp) | da]
Br (2.22)

R—o00

:‘ lim/ [—Aw+Vq—R83w—T(eg/\:E-Vw—eg/\w)]-wd:r|
Br

:*@J”Nﬂﬁwwwwﬁwwmmw

Note that in order derive the second equality above, it is used that

/BRw.(63/\33~V1/))dx:/aBRw.¢[(eg/\x).n]dS—/ b (o5 Ao - Vo) da

Br
= —/ - (eg/\x-Vw)dx,
Br
where the boundary integral vanishes due to n = z/|z| on d Bg. We can now reintroduce

u, p, F and the Fourier coefficients ug, pg, Fj from the first part of the proof. Recall
that (2.11) implies Fy = 0 and thus ug = 0. Consequently,

/ng(:z:). [T /027r/TQ(t)<P(Q(t)Tx) dt] dz = /Rs uo(z) - p(x) dz = 0. (2.23)

2



Combining (2.22) and (2.23), we find

\/ w-pdz| < erll fllallelly-
]RB

Since ¢ € C§°(R3)? was arbitrary, we conclude |w||l; < ¢7||f|lg, Which, combined with
the fact that (w, q) satisfies (2.14), implies (2.13). By a standard density argument, we
finally extend this assertion to all f € LI(R3)3 N C°°(R3)3 that satisfies (2.11). O

Remark 2.3. The assertions in Lemma 2.2 remain true also for non-smooth f € L?(R3)3.
In this case, the integral in (2.11) should be understood as a Bochner integral in the
space LI(R3)3. Such an interpretation is valid since the mapping ¢ — Q(t)f(Q(t)Tx)
belongs to the space C' ([0, 27 /T]; L9(R3)?). The estimate (2.13) can then be established
for a general f € L9(R?)? by a density argument. In this paper, however, we only need
Lemma 2.2 in a context of smooth data f.

3 Proof of Main Theorem

We are now in a position to prove the main theorem.

Proof of Theorem 1.1. In the first step of the proof, we will reduce (1.2) to a whole space
problem. For this purpose, choose p > 0 so large that R?\ Q C B,. Let ¢, € C>®(R3)
be a “cut-off* function with 1, = 0 in B, and 1, = 1 in R3\ By,. Since (v,p) solves
(1.2), standard regularity theory for elliptic systems implies that (v, p) € C*°(Q2\B,)3 x
C>*(Q\ B,). We can therefore define

w:RY =5 R w(z) i=y,(x)v(z) — B[V, v](z),
q : R3 — Ra q(x) = ¢p($)p(3«"),
where B denotes the so-called “Bogovskii operator”, that is, an operator

B : C§°(Ba,) — C5°(Bay)?

(3.1)

with the property that div®B(f) = f whenever fBg,, f(z)dx = 0. We refer to [12,
Theorem II1.3.2] for details on this operator. Observe that

V¢p~vdx—/ v-ndx—/ v-ndS
8Ba, a0

= / (es+T esAzx)-ndS (3.2)
oN

Ba,

= / div(es +7 es Az)dz = 0,
R3\Q

whence (w, q) is a smooth solution in the class (1.4) to the whole space problem

—Aw—l—Vq—R@gw—T(eg/\x-Vw—egAw) =g—Rw-Vw inR3
divw =0 in R?

10



with g € C§°(R3)? and supp g C Bg,. In addition, from [15, Theorem 4.4] we obtain
vr e (1,2): (w,q) € X,(R). (3.3)

In the next step, we proceed as in the proof of Lemma 2.2 and transform the whole
space problem above into an equivalent time dependent Oseen problem. As in the proof
of Lemma 2.2, we put

w: R { 2;} SR unt) = QU)w(Q(t) ),
p:R3 [0 ;] SR, pla,t) = q(Q(t) z), (3.4)
w057 5 B Gl = (@),

Then (u, p) satisfies

Ou—Au+Vp—Ru=G —Ru-Vu inR3 x [072775]7

21
divu =0 in R x [0, =|.
1V Uu mn [ 7_:|

(3.5)

Since u, p, and G are smooth and 2%—periodic in ¢, we can expand these fields in their
Fourier-series with respect to t:

= Zuk(x) eiTktv p(x,t) = Zpk(w) eiTkt>

kez kEZ

; (3.6)
— Z Gk(a:) eszt’
keZ
with
T 2/ T i T 2w /T 71'
up(x) = or u(zx,t)e Tkt dt, pr(x) = o i p(z,t)e Tkt dt,
2w /T ‘

Gi(zx) := % ) G(a,t) e Tk dt.

Note that Gy, € C5°(R?)3 and that (ug,pg) enjoys the same summability properties as
(w, q), that is, (ug, px) € X,-(R3) for all r € (1,2). Inserting the Fourier series from (3.6)
into (3.5), we find that each Fourier coefficient satisfies

iTkuy — Auy, + Vpg, — Rosu, = Gy — div H, in R3, 37
divuy, =0 in R?, '
where
T 2T )
Hi(z) =R~ u(z, t) @ u(z, t) e TF de. (3.8)
™ Jo

11



Observe that Hy has the same summability properties as w ® w. Recalling (3.3) and the
fact that w is smooth, we thus deduce that Hy € C*°(R3)3*3 and satisfies (2.1).

We now focus on the Fourier coefficient ug. By (3.7), (uo,po) satisfies the classical
whole space Oseen problem with non-homogeneous data Gg — div Hy. Consequently,

up(z) = T8 * [Go — div Ho| (). (3.9)

We shall briefly prove this assertion. As in the proof of Lemma 2.1, it follows from the
summability properties (2.5) and (2.6) in combination with Young’s inequality that the
convolution above is well-defined as an element in L"(R3)3 for all r € (2,00). Consider
now [ € (1,2). Let {h,}>2; C Cg°(R?)? be a sequence with lim, o0 hyy = Go — div Hy
in L*(R3) for all s € (1,00). Then, by well-known theory for the Oseen problem, (I'% x
hn, V'L * hy,) € X;(R3) and satisfies the whole space Oseen problem with respect to
data hy,, see for example [12, Theorem VIL4.1]. Moreover, {(T'R * hy, VI % hy,) 32, is

n—

a Cauchy sequence in X;(R?), and thus converges to some element (g, po) € X;(IR?).
Clearly, (@, po) satisfies the whole space Oseen problem with respect to data Go—div Hp.
Hence, by classical uniqueness results for the Oseen problem, (g, po) = (uo, po). On the
other hand we have, by Young’s inequality,

IS * b = TS * [Go = div Hol|| 2t < || — [Go — div Ho] [[s[ITS |-

with r € (2,3) and s € (1,2). Letting n — oo, we conclude (3.9). We now employ
Lemma 2.1 and find, by (2.3), that

Vg € (4/3,00) : TE xdiv Hy € LI(R?)3. (3.10)

Since Gy € C$°(R?)3, it is well known, see for example [12, Chapter VIL3], that
IR + Go(z) = TR (2) ( 3G0<y>dy) +O(VIR@) as [o] = oo,
R
from which we infer, by the summability property (2.7) of VI'S, that

Vg € (4/3,00) : TR %Gy —TE - </ Go(y) dy) € LI(R3)3. (3.11)
R3
We now wish to evaluate the integral in the identity above. We start by computing

/ngdUU:/B div [ — T(w,q) — Rw ® e3 —Tw @ (e3 Az) + T (e3 Az) ® w
! + Rw @ w] dz
:/813 [— T(v,p) —Rv®e3 —Tv® (egAz) + T(es Az) @ v
2p+Rv®U}~ndS
:_/BQ[_T(U’p)_RU@)@S—TU@(egAJ:)—i—T(eg/\J:)@U

—|—Rv®v} -ndS.
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Inserting the boundary values (1.2)3 for v on 9f2, an elementary calculation similar to
(3.2) shows that all but the first term in the last integral above vanish. Thus

/ gdz :/ T(v,p) -ndS = F.
R3 o0
We then find, by the definition of Gg, that

27r/T
Gl dy—/ w | ama@e Ty
R3 R3 4T

gt (3.12)
27T ; Q(ﬂ(/RS ()dy>dt (F-e3)es.
Combining now (3.9), (3.10), (3.11), and (3.12), we conclude
Vg € (4/3,00) : ug —T5 - (F-e3)ez € LI(R3)3. (3.13)

We now return to the expansion (1.5) of v. By standard regularity theory for elliptic
systems, v is continuous up to the boundary of Q. It is therefore enough to show (1.5)
for large |x|. For this purpose, we split v into two parts. More precisely, we put

= Zuk(m), m(x) = Zpk(x)

k40 k40

and observe that for |z| > 2p holds

v(z) = w(z) = u(z,0) Zuk x) + 3(z). (3.14)

kEZ

Thus, recalling (3.13), we see that (1.5) is established once we show that 3 € LI(R3)3
for all ¢ € (1,00). Since both (ug, po) and (w,q) belong to X,.(R?) for all r € (1,2), so
does (3, 7). Moreover, (3, ) satisfies

— N3+ Vr —RO33 — T (es Az - Vi — e3A3)
= (g —Rw - Vw) — (Go — diVHO) in R3,
divy =0 in R3

As one may easily verify, (g —Rw- Vw) — (GD —div HO) satisfies condition (2.11). Hence,
for any ¢ € (1,00) Lemma 2.2 yields

I3ll2,4 < e1ll(9 — Rw - Vw) — (Go — div H) |4

(3.15)
< e2(llgllg + lJw - Vwllg).

Due to (3.3), the right-hand side above is finite for all ¢ € (1,00). We thus conclude
3 € LI(R3)3 for all ¢ € (1,00), and thereby (1.5).
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It remains to show (1.6). By standard regularity theory, also d;v is continuous up
to the boundary. Again, it is therefore enough to establish (1.6) for large |z|. It is
well-known, see again [12, Chapter VII.3], that

9; [T * Gol (z) = 0;,TG () - ( Go(y) dy) +0(VI§(2)) as |z] — oo,

]R3

which, combined with the summability property (2.9) of V2I'R, implies

Vg € (1,00) : 9;[TF * Go] — O;IF - (/ Go(y) dy> € LY(R3)3. (3.16)
R3
From Lemma 2.1 we obtain
Vg € (1,00) : ;[T *div Hy| € LY(R?)?. (3.17)
Combining (3.9), (3.14), (3.16), and (3.17), we conclude that
dyv(a) = OB () - (F - e3) e +S() + 9j3(a),

with S € LI(R?)3 for all ¢ € (1,00). By (3.15), 9;3 € LI(R3)3 for all ¢ € (1,00). Thus,
(1.6) follows. O

References

[1] K. Babenko. On stationary solutions of the problem of flow past a body of a viscous
incompressible fluid. Math. USSR, Sb., 20:1-25, 1973. 2

[2] P. L. Butzer and R. Nessel. Fourier analysis and approzimation. Vol. 1: One-
dimensional theory. Academic Press. New York and London, 1971. 8

[3] I.-D. Chang and R. Finn. On the solutions of a class of equations occurring in
continuum mechanics, with application to the Stokes paradox. Arch. Ration. Mech.
Anal., 7:388-401, 1961. 4

[4] R. Farwig. An L%-analysis of viscous fluid flow past a rotating obstacle. Tohoku
Math. J. (2), 58(1):129-147, 2006. 7, 9

[5] R. Farwig, G. P. Galdi, and M. Kyed. Asymptotic Structure of a Leray Solution
to the Navier-Stokes Flow Around a Rotating Body. To appear in Pac. J. Math.,
2010. 2, 3

[6] R.Farwigand T. Hishida. Asymptotic profile of steady Stokes flow around a rotating
obstacle. Technische Universitdat Darmstadt, FB Mathematik, Preprint 2578, 2009.
4

[7] R. Farwig and T. Hishida. Leading term at infinity of steady Navier-Stokes flow
around a rotating obstacle. Technische Universitat Darmstadt, FB Mathematik,
Preprint 2591, 2009. 2, 3

14



[8]

[10]

[11]

[12]

[13]

R. Farwig and H. Sohr. Weighted estimates for the Oseen equations and the Navier-
Stokes equations in exterior domains. Heywood, J. G. (ed.) et al., Theory of the
Navier-Stokes equations. Proceedings of the third international conference on the
Navier-Stokes equations: theory and numerical methods, Oberwolfach, Germany,
June 5-11, 1994. Singapore: World Scientific. Ser. Adv. Math. Appl. Sci. 47, 11-30,
1998. 2

R. Finn. Estimates at infinity for stationary solutions of the Navier-Stokes equa-
tions. Bull. Math. Soc. Sci. Math. Phys. R.P.R., n. Ser., 3(51):387-418, 1960. 2

R. Finn. On the exterior stationary problem for the Navier-Stokes equations, and
associated perturbation problems. Arch. Ration. Mech. Anal., 19:363-406, 1965. 2

G. P. Galdi. On the asymptotic structure of D-solutions to steady Navier-Stokes
equations in exterior domains. Galdi, Giovanni Paolo (ed.), Mathematical problems
relating to the Navier-Stokes equation. River Edge, NJ: World Scientific Publishing
Co. Ser. Adv. Math. Appl. Sci. 11, 81-104, 1992. 2

G. P. Galdi. An introduction to the mathematical theory of the Navier-Stokes equa-
tions. Vol. I: Linearized steady problems. Springer Tracts in Natural Philosophy.
38. New York: Springer-Verlag, 1994. 3, 5, 10, 12, 14

G. P. Galdi. On the motion of a rigid body in a viscous liquid: A mathematical
analysis with applications. Friedlander, S. (ed.) et al., Handbook of mathematical
fluid dynamics. Vol. 1. Amsterdam: Elsevier. 653-791, 2002. 9

G. P. Galdi and M. Kyed. A simple proof of L%-estimates for the steady-state Oseen
and Stokes equations in a rotating frame. Part I: Strong solutions. Preprint, 2011.
7

G. P. Galdi and M. Kyed. Steady-State Navier-Stokes Flows Past a Rotating Body:
Leray Solutions are Physically Reasonable. Arch. Ration. Mech. Anal., 200(1):21—
58, 2011. 7, 11

G. P. Galdi and A. L. Silvestre. The steady motion of a Navier-Stokes liquid around
a rigid body. Arch. Ration. Mech. Anal., 184(3):371-400, 2007. 2, 9

A. Korolev and V. Sverdk. On the large-distance asymptotics of steady state so-
lutions of the Navier-Stokes equations in 3D exterior domains. Ann. Inst. Henri
Poincaré, Anal. Non Linéaire, 28(2):303-313, 2011. 2

M. Kyed. Asymptotic Profile of a Navier-Stokes Flow Past a Rotating Body. In
preparation. 4

M. Kyed. Asymptotic Profile of a Linearized Flow Past a Rotating Body. To appear
in Q. Appl. Math., 2011. 4

15



	Introduction
	Notation and Preliminaries
	Proof of Main Theorem

