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Abstract

We present a uniqueness theorem for almost periodic-in-time solutions to the Navier-
Stokes equations in 3-dimensional unbounded domains. Thus far, uniqueness of
almost periodic-in-time solutions to the Navier-Stokes equations in unbounded do-
main, roughly speaking, is known only for a small almost periodic-in-time solution
in BC(R; L3) within the class of solutions which have sufficiently small L°°(L3)-
norm. In this paper, we show that a small almost periodic-in-time solution in
BCO(R; L3, N L52) is unique within the class of all almost periodic-in-time solutions
in BO(R; L3 N L%?2). The proof of the present uniqueness theorem is based on the
method of dual equations.
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1 Introduction

In this paper, we consider a viscous incompressible fluid in 3-dimensional unbounded

domains 2. The motion of such a fluid is governed by the Navier-Stokes equations:

ou—Au+u-Vu+Vp = f, teR, z€Q,
(N-S) divu = 0, teR, z€Q,
u|aQ = 0, t € R,

where u = (u!(z,t),u*(x,t),u3(z,t)) and p = p(z,t) denote the velocity vector and the
pressure, respectively, of the fluid at the point (x,t) € Q x R. Here f is a given external
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force. It is known that if f is almost periodic-in-time and small in some sense, then there
exists a small almost periodic-in-time solution to (N-S). In this paper, we consider the
uniqueness of almost periodic-in-time solutions to (N-S).

In case where the domain () is bounded, the problem of existence of time-periodic
solutions was considered by several authors [31, 40, 14, 34, 29, 28, 37|; some of these au-
thors even considered domains with boundaries moving periodically-in-time. Maremonti
[24] was the first to prove the existence of time-periodic regular solutions to (N-S) in
unbounded domains. He showed that if = R? and if f(¢) is time periodic and small in

some sense, then there exists a unique time-periodic solution u to (N-S) in the class
(1.1) {uw € O L3); sup [[u®)lls <7, sup [Vu(t)]l2 < oo},
t

where 7 is a small number. The same problem in R? is considered in [25]. Kozono-Nakao
[17] showed that if @ = R", R, n > 3, or Q C R", n > 4, is an exterior domain, and if f(t)
is time periodic and small in some sense, then there exists a unique time-periodic solution
u to (N-S) in the class {u € C(R;L2); sup, ||u(t)|, + sup, [|[Vu(®)|l, < v} 2 <7r < n,
% < q <n), where v is a small number depending on €, and g, see also [35]. Kubo [21]
proved the same result as [17] in the case where 2 C R"™, n > 3, is a perturbed half space
or an aperture domain. While he assumed a null flux condition in case of an aperture
domain, Crispo-Maremonti [4] proved existence of unique time-periodic solutions for given
time-periodic fluxes.

With respect to 3-dimensional exterior domains, we mention the results given by
Maremonti-Padula [26], Salvi [30], Yamazaki [39] and Galdi-Sohr [10]. Maremonti-Padula
[26] showed that for any  C R3, if f(¢) is time-periodic and can be expressed as f = V- F,
where f,F € C(R;L?), then there exists at least one time-periodic weak solution u
to (N-S) in the class Vu € L? (R;L?). Moreover, they showed under some symmetry
assumptions on {2 and on f that there exists a unique time-periodic solution u to (N-S)
in the class defined in (1.1). In the case where €2 is an exterior domain with a periodically
moving boundary, Salvi [30] proved the existence of weak time-periodic solutions and of a
strong periodic solution. In the case where 2 C R™, n > 3, is an exterior domain, R", or
R", Yamazaki [39] showed that if f =V - F, F € BUC(R; L"**) and sup, ||F ()]

is small, then there exists a unique mild solution u to (N-S) in the class

/2,00

{u e C(R; L™™); sup |w(t)]|Lroe < 7},

where v = () is sufficiently small. In particular, he shows that if f is time-periodic

or almost periodic-in-time, then the mild solution is time-periodic or almost periodic-in-



time. In the case of a 3-dimensional exterior domain, Galdi-Sohr [10] proved the existence
of a small periodic strong solution u in C(R; L"(2)), r > 3, satisfying the condition that

sup(1 + |z|)|u(z,t)| is small, under the assumption that f = div F' is periodic and small
t

z,

in some function spaces. Moreover, they proved the uniqueness of such solutions in
the larger class of all periodic weak solutions v with Vo € L?*(0,T; L?), satisfying the
energy inequality fOT |Vol||3dr < — fOT(F , Vv) dr and mild integrability conditions on the
corresponding pressure; here T is a period of f.

Another type of uniqueness theorem for time-periodic L2 -solution was proved by the
second author [36] without assuming the energy inequality. In the case of an exterior
domain ©Q C R?, the whole space R?, the halfspace R%, a perturbed halfspace, or an
aperture domain, it was shown in [36] that if u and v are time-periodic L3 -solutions in

L2

2 (R; L5?) for the same force f, and if one of them is small, then u = v.

On the other hand, thus far, uniqueness of almost periodic-in-time solutions in un-
bounded domains is only known for a small almost periodic-in-time L3 -solution within
the class of solutions which have sufficiently small L>°(L3 )-norm; i.e., if u and v are
L3 -solutions for the same force f, and if both of them are small, then u = v, see [39].
In the present paper, we establish a new uniqueness theorem for almost periodic-in-time
solutions. We show that if v and v are almost periodic-in-time solutions in

CR; L) N L. (R; L%?)

loc

for the same force f, and if one of them is small, then u = v.

Our proof is based on an idea given by Lions-Masmoudi [23]. They proved the unique-
ness of L"-solutions to the initial-boundary value problem of (N-S) by using the backward
initial-boundary value problem of dual equations. Of course, in the initial-boundary value
problem of (N-S), the initial condition u(0) = v(0) plays an important role in proving
u(t) = v(t) for t > 0. In our problem, however, we cannot assume u(0) = v(0). To over-
come this crucial difficulty, we construct a sequence of weak solutions of dual equations

having a property similar to that of almost periodic functions.

2 Preliminaries and Results
Throughout this paper we impose the following assumption on the domain.

Assumption 1 Q C R? is an exterior domain, the half-space R, the whole space

R3, a perturbed half-space, or an aperture domain with 0Q € C*°.



For the definitions of perturbed half-spaces and aperture domains, see Kubo-Shibata
[22] and Farwig-Sohr [6, 7].

Before stating our results, we introduce some notation and function spaces. Let
Co, () = Cg% denote the set of all C™-real vector functions ¢ = (¢',---,¢") with
compact support in € such that div ¢ = 0. Similarly Cg’, is defined. Then L7 is the
closure of C§°, with respect to the L™-norm || - [|,. The symbol (-, -) denotes the L*- inner
product and the duality pairing between L" and L"', where 1/ 4+ 1/r" = 1. Concerning
Sobolev spaces we use the notations W*?(Q) and Wf’p(Q), EeN, 1<p,q<oo. Note
that very often we will simply write L" and W*? instead of L"(Q) and W*P(Q), respec-
tively. Let LP9(Q2), 1 < p,q < 0o, denote the Lorentz spaces and || - ||, , denote the norm
of LP9(Q); for the definition and properties of LP9(€2), see e.g. [1]. We note that LP> is
equivalent to the weak-LP space (L) and LP? is equivalent to LP. Finally,
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(R; L%%) = {g € Lioe(®; L*) 5 sup [lgllz2ser02) < 00}
denotes the space of uniformly locally integrable L?-function on R with values in L52((Q).

For a Banach space B, let B* be the dual space of B. Let X be a Banach space of
functions on € such that L2 N X is dense in X; if g € L2 N X* and x-< g,¢ >x= (g, )
for all ¢ € L2 N X, then we denote x«< -,- >x by (-, -) for simplicity.

In this paper, we denote by C various constants. In particular, C' = C(x,--- , %)
denotes a constant depending only on the quantities appearing in the parentheses.

Let us recall the Helmholtz decomposition: L"(Q2) = L, & G, (1 < r < o0), where
G, ={Vp e L";p € L} ()}, see Fujiwara-Morimoto [9], Miyakawa [27], Simader-Sohr
[32], Borchers-Miyakawa [2], and Farwig-Sohr [6, 8]; P. denotes the projection operator
from L" onto L] along G,. The Stokes operator A, on L. is defined by A, = —F,A with

domain D(A,) = W N W, " N L. Tt is known that
(L7)* (the dual space of L) = L', A* (the adjoint operator of A,) = A,

where 1/r + 1/r" = 1. It is shown by Giga [11], Giga-Sohr [12], Borchers-Miyakawa [2]
and Farwig-Sohr [6, 8] that —A, generates a uniformly bounded holomorphic semigroup
{e=t4r: ¢ > 0} of class Cp in L". Moreover, it is found that

(2.1) ullwer < Cll(1+ A)ull, for all u € D(A,)

with a constant C' = C(r,n,2); see e.g. [13, Lemma 2.8].



In this paper, WOIZ; denotes the closure of D(A,) with respect to the norm ||¢||j1.» =
V||, where Vo = (0¢"/02); j=1,... n- Its dual space (Wolg)* is equipped with the norm
161l 5i722) = sup { el 6 ey}

Since P,u = Pyu for all w € L"N LY (1 < r,q < oo0) and since A,u = A,u for all
u € D(A,) N D(A4,), for simplicity, we shall abbreviate P,u, P,u as Pu for u € L™ N L4
and A,u, Aqu as Au for u € D(A,) N D(A,), respectively. Finally LZ> denotes the space
PL%#>®(Q).

Following Kozono-Ogawa [18], we define mild L**-solutions to (N-S).

Definition 1. Let f € L}, .(R; D(A,)* + D(A,)*) for some 1 < p,q < co. A function

loc

v € C(R; L>*) is called a mild L>*°-solution to (N-S) on R if v satisfies

t
(22) (v(t)¥) = (7" u(s),0) + / (v Ve, v)(T)+ < f(7),e” "V > ) dr
Jor all Y € CF5, and all t,s € R with t > s.
Next, we introduce the definition of almost periodic functions, cf. [5].

Definition 2. Let B be a Banach space and f € C(R;B). Then f is called an almost
periodic functions in B if for all € > 0 there exists L = L(e) > 0 with the following
property: For all a € R, there exists T € |a,a + L] such that

Sup [fE+T)— f(t)lls <e

Now our main result reads as follows:

Theorem 1. Let Q2 satisfy Assumption 1. Then, there exists an absolute constant o > 0
such that if u and v are almost periodic-in-time mild L>*-solutions to (N-S) for the same

external force f, if

(2.3) u,v € Lo (R; L%*(Q)),
and

(2.4) Slip l|lul|3,00 < 0,
then u = v.



Remark 1. We emphasize that the constant § in (2.4) is independent of 2. This
constant will be determined in Section 3. We also note that our results are applicable to
stationary solutions in L3 .

Remark 2. When © C R3, n > 3, is an exterior domain with 9Q € C*, Yamazaki
[39] constructed small mild solutions in BC(R; L?»*°) for small external forces f in some
function space. Moreover, he showed that these solutions are almost periodic in L™ (£2)
if f is almost periodic in some space. If n = 3 and if f is sufficiently small and, e.g.,
f € BC(R; L*>*), then standard arguments easily prove that Yamazaki’s small solution
belongs to L®(R; L%?). Indeed, there exists a number €(2) > 0 such that for a € L>*
with [Ja||l30 < € there exists a small local-in-time solution v € BC([0,T]; L>*) with
t/3v € L=(0,T; L°) and v(0) = a by the same way as in [39]. Here the local existence
time 7" can be chosen by T = C/ sup, || f||3,c and we also have supy< < t"/?||v]lo < C(eo).
Hence, by using the uniqueness of small mild solutions in BC([0, T]; L**) to the initial
boundary value problem of (N-S) with initial data v(0) = u(t), we see that Yamazaki’s
solution with sup, ||ul[3.0c < €o satisfies sup,, g o<s<iir [u(s)|le < Cleo, sup, || fllz,00) for
all t € R, which implies u € L>°(R; L?) and consequently u € L®(R; L%?).

Remark 3. Kozono-Nakao [17] constructed time-periodic solutions v € BC(R; L?)
for small time-periodic external forces when 2 = R" R}, n > 3, or Q C R", n > 4, is an
exterior domain [17]. In case where € is a perturbed half space or an aperture domain,
time-periodic solutions in BC(R; L) were constructed by Kubo [21]. It is straightforward
to see that their existence theorems of solutions in BC'(R; L) hold for small external forces
f without time-periodicity. In the same way as in [39], we observe that if the external force
f is small and almost periodic in some Banach space, the small solutions v € BC(R; L?)
given in [17, 21] are almost periodic in L?. Moreover, in case n = 3, if u € C(R; L3) is
almost periodic in L? and if f € BC(R; L?)), then v € L?, (R; L5?(Q2)), i.e., condition

(2.3) in Theorem 1 is automatically satisfied, see Appendix.

Before coming to the main lemma of the proof, Lemma 2.3 below, let us recall several
properties of almost periodic functions and of the Stokes semigroup. It is straightforward

to see that Definition 1 on almost periodic functions is equivalent to the following one:

Proposition 2.1. f € C(R; B) is almost periodic in B if and only if for all € > 0
there exists | = l(e) > 0 with the following property: For all k € 7, there exists Ty, €
[—(k + 1)1, —Kl] such that

Sup [[f(t + Tak) = f(B)]l5 < e



Proposition 2.2. (i) If a Banach space By is continuously embedded in a Banach space
By and if f is almost periodic in By, then f is almost periodic in By. Moreover, | f||%, is
almost periodic in R.

(i) If f is almost periodic in a Banach space B, then f € BC(R; B).

The proof of (i) is easy. For the proof of (ii), see [5, Theorem 6.1].

Proposition 2.3. Assume that u,v are almost periodic in L>* and F is almost periodic
in L%5(Q).
(i) For all € > 0, there exists | = l(e,u,v, F') > 0 with the following property: For all
k € Z, there exists Ty, = Te (€, kyu, v, F) € [—(k + 1)I, —kl| such that
Sup [ut + Te) — u(t)]s00 <€,

(2.5) sup [[o(t + Ter) — v(t)]l3.00 < €,
teR

sup || F'(t + Tex) — F(t)][6/5 < €.
teR

(i) w = u — v is almost periodic in L>>.
For the proof, see [5, Theorems 6.9 and 6.7].

Lemma 2.1 ([15],[38],[12],[13],[2].[3],[39],[22],[20]). Forallt > 0 and a € LP, the following
inequalities are satisfied:

(2.6) He’tAquJ < C’t_%(%_%)HaHpm for1l<p<q< oo,
(2.7) Ve Hall, < Ct27267Dal|, for1<p<g<3,

where C' = C(p, q).
For all ¢ € Wy?7 it holds that

(2.8) IVe 46l < |Vells, >0,
and for ¢ € L?
(2.9) 2 / Ve 6|2 dr = |1

For the proof of (2.8), (2.9) see e.g. [36, Proposition 2.1].

Lemma 2.2 ([19]). Let1 < p,q < co with 1/r := 1/p+1/q < 1. Then, for all f € LP*>(Q)
and g € L?(Q), it holds that

(2.10) 1S - gllr2 < Cllfllpocliglla2,
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where C' = C(p, q).
For u € Wy*(Q) it holds that

(2.11) [ulle2 < Cl[Vull2,

where C' is an absolute constant.

Finally, we come to the key lemma of the proof of uniqueness. If v and v are solutions

to the Navier-Stokes equations, then w := u — v satisfies
ow —Aw+w-Vu+v-Vw+ Vp =0, teR, ze€Q,
(U) divw =0, teR, €,
wlgn = 0.

Hence, if 2 is a bounded domain and if u,v belong to the Leray-Hopf class, under the
hypotheses of Theorem 1, the usual energy method and the Poincaré inequality yield
lw(®)]|2 < e =9|lw(s)||2 for t > s. Consequently, in the case of bounded domains,
Theorem 1 is obvious. In the case where €2 is an unbounded domain, u and v do not belong
to the energy class in general and the Poincaré inequality does not hold in general. Hence,
since we cannot use the energy method, we will use the argument of Lions-Masmoudi [23].

We recall the dual equations of the above system (U).

3
—6t¢—A¢—ZuiVW—v-V@/)—I—V7r = F, t<0, x€Q,

D i=1

() V- = 0, t<0, ze€

Ylag = 0.

In the following key lemma we construct a sequence of weak solutions of (D) having a

property similar to that of almost periodic functions.

Lemma 2.3. Let u and v be almost periodic in L>*° and L>*, respectively. Assume that
F is almost periodic-in-time in L5°(2) N L2(Q) and sup ||ull300 < 8. Then, for all € €
t

(0, 4], there exists a constant I = l(€) > 1 with the following property: For allk =1,2,---,
there exist Ty, € [—(k+ 1)I, —kl] and generalized weak solutions 1y, € L*(3T ., 0; Wolf) of
(D) in the sense

(2.12)
/ { = (g(t + T), Vit + Ta)) + (9(0), V(1)) } dt

/ /T 0.0+ (Y9, Viba) — g,Zuw (9.0 Va) — (g, F) b drat
Tere v t+Te



for all g € L2 (R; D(Ay) N (Wy2)*) with 49 € L2 (R; L2 N (W, 2)*). Moreover,

loc loc

1 0
(2.13) Vel dr < C(1 + sup || F(1)][55),
|T€k’ 3Tk t
1 0 2 2 2
1) g [ IVl Ta) = TUa(Ol dr < Csup PO + 1)

where C'is an absolute constant. Finally, (2.5) holds for those Ty, and for u,v, F.

We note that this lemma does not require the divergence-free condition on u. We shall

prove Lemma 2.3 in the next section.

3 Proof of Lemma 2.3

Let € € (0,6], k € N be fixed and | = I(e, u,v, F) and Ty, € [—(k+1)l, —kl] be numbers as
in Proposition 2.3 such that (2.5) holds. Without loss of generality, we may choose [ > 1.
By using the time-space mollifier py(t) * px(|x|)* for u, v and F, it is straightforward to

construct sequences {uy}, {va}, {Fr} such that

vy € BC®(R; Wh* N L), div vy = 0 in €,

uy € BC®(R; L>® N L*>*®), F\ € BC®(R; L> N L%°)

uy, vy — u,v in L3711, 0; L2 + L*) and F\ — F in L*(3Ty, 0; L%°) as A — 0+,
(3.1) Sup [[ur(®)[]3,00 < Sup [u(?)]3,00 <, sup [EX(®)]l6/5 < Sup 150 ls/5

sup [lux(t + Ter) — ua(t) 3,00 < € sup [[ua(t + Ter) — va(t)[l300 < €

teR teR

sup || Fa(t + Tee) — Fa(t)]leys < €.
teR

Then, for any A > 0 and a € L2(Q), the backward initial-boundary value problem

3
0+ (A=A =Y UV — vy -V +Vr = Fy, t<0, €9,
D i=1
(D) Ve = 0, t<0, z€Q,
Ylizo = a, Ylon = 0
has a unique solution ¢y, € C((—o0,0]; L2) N C((—00,0); D(As)) N C*((—o0,0); L2) with
t|/2V € L2.((—o00,0]; L?). Indeed, by the usual iteration argument we observe that

the integral equation

0 3
UA(t) = etta — / AP (Mpy = D Ul VY — vy - Vipy — By)(r)dr, <0,

t i=1
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has a unique solution in C([-T,,0]; L2) with [¢t|'/?Vy € L®(~T,,0; L?), where T, =
C'min(s, Supt(uuxlloimmnmp) is independent of a. Hence v, can be extended to a solution on
(—00,0). Since uy, vy € C*(R; L), by the above integral equation, for all & > 0 we have

(A — Zuf\vwi — oy Vi — F)) € CP((—o0, —a); L?) for some 3 > 0. Consequently,
i—1

Wy satisfies (D), in the strong sense and ¢, € C((—o0,0]; L2) N C((—o0,0); D(A2)) N
C'((=00,0); L2).
The usual energy calculation and Lemma 2.2 yield
ld 2 2 2 2
—5 g [l + Allallz + [Veallz < Mljualls ol VO] + M Elsssl Va2

1
< (M5 + §)HV¢AH§ + THFAHg/En

where M is an absolute constant. Let § < ﬁ. Then

1d

(3.3) s

1
19113 + Allgall + Z1Vealls < ClIFGs.

Hence

0
()13 §62”||¢A(0)II§+0/ 1F(7)[lG/s d7 for £ < 0.
t

Let S be the map from L2(Q) to C'((—oo,0]; L2(£2)) defined by
S(t.a) =¢a(t), t<0,

where ¢ is the unique solution to (D), with ¢5(0) = a. Then,

I1S(Tek @) |5 < s

0
g +C [ IF@I
k

€

In the same way as above, we easily have

IS(Tew, @) = S(Ter, b)II3 < €7+ [|a — 0]]3.

Since T, < 0, the above estimate implies that S(T.,-) : L2 — L2% is a contraction
operator. Hence, there exists a.x € L2 such that S(T.x, ack) = acr.
Let ¢a(t) :== S(t, ac). Since ¢or(Te) = d2(0) = acy, by inequality (3.3) we have

0 0
(3.4) /IW@@MSO/|W%ﬂr

Tek Tek
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For any function g on Q x (—o00,0) let dg(t) := g(t + T.x) — g(t). Then do, satisfies

( 3

—0idgr + (A — A)doy = > (dua(t))' VAL (t + T

i=1

3
= ulVde, — (dv(t)) - Vou(t + Tu) — vy - Vdgy + Vdr = dFy, t<0,
=1

V- d(,75)\ = 0, t < 0, dgﬁ)\|t:0 = O, dqﬁ)\bg = 0.

\

Since by (3.1) sup, |[[ua]|3.00 < ¢ and sup, ||duy|3.00 + sup; ||dvy 3.0 < 2€, the usual energy

estimate yields

1d
- 5%”65%”3 + Adoall3 + [[Vdenll3

(3.5) <2Me|| Va2 | Vor(- + Tu)l|2 + M| Vdpall3 + M| dFx||es5]| V|2
1
SBMPE V(- + Ta) 5 + (M6 + ) Vx| + 2M7 || dEAIG s

Then, since sup; [|[dF3[5 /5 < € and since dg,(0) = 0, for ¢ < 0 we have

0 0
(36)  [ldéa(t)]2 + / |Vde |2 dr <16A1% / IVor(r + T [3dr + C(—1).
Since
(3.7) IVOA(T + T3 = |[Vou(T) + Vdor(7)|15 < 2|V éa(7)]]5 + 2| Vdor(T)]]3

and since 32M2e? < 32M?6? < 1, by (3.6) we have

1 0 0
38) @+ [ IVaeslEar <3208 [ |VorolEdr + 0 (-t
t t

Hence from (3.4) and (3.8) we obtain
0 0
(3.9) / |Vdén |2 dr < 062/ |FI12 5 dr + C& (T
Tex, Tex,
The above estimate, (3.4) and (3.7) yields
Tex 0 0
| Ivawdr= [ IVost+ TwlBdr <€ [P+ CEITl
2T, Tek Tex,
and consequently

0 0
(3.10) / IVer (0|2 dr < C / |F|12,5 dr + O[T,
2 k

Tek

€
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Repeating the previous step once again, we finally obtain

0 0
(3.11) / ||v¢u||%dfsc(/ ||F||§/5d7+eQ|Tek|).
3 k Tek

Te

Hence, there exist a null sequence {);} and a function ¢, € L*(3T,0; WOIUZ) such that
(3.12) $x, — Yex weakly in L?(3Ty, 0; LS) and weakly in L*(3T., 0; Wy'7)

Then (3.9), with T, replaced by 2T, on the left side, and (3.11) yield (2.14) and (2.13),
respectively.
By (D),, we have, for g € C([3Tw,0]; D(Az)) with £g € C([3T,0]; L?),

(3.13)
/ { t + Tek (b)\j (t -+ Tek)) ¢)\ } dt = / / det
Tek Tep Jt+Tek

+ / / {(59,%) +(Vg, Vo) — (9. ZUAJW);J_) +uy, - Vo) — (9. FAj)} drdt.
Ter Jt+Tex 7
Let g € C([3Tw,0]; D(A3) N (Wolf) ) and Lg € C([3T.,0]; L* N (Wolf)*) Since

0
/ (U - Vo, W)|dr < C\U||pa@r, 0.2+ 29IVl 231y 0.2 [IW | L4 (374 0250029,
3

3Tk
letting j — oo, by (3.1) and (3.12) we have (2.12). Then, it is straightforward to see that
(2.12) holds for g € L*(3T, 0; D(As) N (Wy2)*) with £g € L*(3T., 0; L2N (W, :2)*). This

proves Lemma 2.3. O

4 Proof of Theorem 1

The proof is based on the idea given by Lions-Masmoudi [23] whereby the uniqueness
problem is reduced to the solvability of the dual equation. In order to prove Theorem 1,

we establish the following two lemmata.

Lemma 4.1. Let w be an almost periodic function in L3*°(Q2). Assume that for any
almost periodic function F in L*(Q) N L5°(Q) and any number ¢ > 0 there erists a

sequence {Te 22, such that

(4.1) T — —00 as k — oo,
(4.2) lim sup —— / / (1)) drdt < Ce,
k—o00 |Tek| Tep Jt+Tep

where C' is independent of k and €. Then w =0 in Q x R.

12



Proof of Lemma 4.1. With F' = w - 1p(o,) for an arbitrary number 7 > 0, we have

. 1 0 t
Ce > thUPﬁ/ / ||w(T)||%2(B(O,r)ﬂQ)d7—dt
k—o0 ’ ek’ Ter Jt+Tep

> ! / /Wn I drdt
> limsup w(7) |52 ., T
PRI ’TekP /2 T L2(B(0,r)NQ2)
1

Tek/2

. d
11131801;11) 2T - |w(r )“L2 B(0,r)nQ) 4T -

Hence, since T, — —o0 as k — oo and since € € (0, d] is arbitrary,

T/2
(43) llm lnf |T| / Hw )||L2(B(07“ ﬁQ dT — 0

—>002

Then, by a contradiction argument, we can prove that

(44) Hw(t)HLz(B(O’T)m) =0 forallr >0, t eR, ie., w=0.
Indeed, assume that (4.4) is not true, then J;ZOH

a > 0, some r > 0 and some ¢, € R. Proposition 2.2 implies that ||w(7 )HL2

||w(7')||%2(3(07r)m9) dr > 2a for some
B0)nQ) 18
almost periodic. Hence, G(t) := t+1 l|w(T )H%Q( Bomno AT 1s almost periodic. Therefore,
we find L = L(a) > 1 such that for all @ € R there exists 1T, € [a — L, a] satisfying

sup, [|G(t + Ta) — G(t)| 22(B(0.r)n0) < @ and consequently,
t0+Ta+1
| e s = Glta +T2) > Glia) —a > .
2(/'O“l’ a

Hence

to+a+1
/ (732 50mne &7 >
to+a—L

Letting L* = L+ 1, a = —ty — 1 — kL*, we see that there exists L* > 0 such that

/(k By Hw(T)H%%B(o,T)mQ) dr > « for all k € Z.
(k1)L

For T' < 0 with |T'| >> 1, choose m € N such that —(m + 1)L* < T/2 < —mL*. Then

1 /_(m+1)L* ) (m—1)a

T/2
o [ s 47 2 g [ p—

2mL* (B(Or) — 2(m+ 1)L+
This contradicts (4.3) and hence we conclude that (4.4) is true. O
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Lemma 4.2. Let Q,u,v satisfy the hypotheses of Theorem 1, F be an arbitrary almost
periodic function in L*(Q) N LS>(Q) and let Ty, = Tup(u,v, F) € [—(k + 1), —kl], k € N,
be the negative numbers given in Lemma 2.3. Then w = u — v satisfies (4.2) for all
e € (0,9].

Proof of Lemma 4.2. Looking at the system (U) in Section 2, for ¢ > 3T let
(4.5) w(t) = wo(t) + wy(t),
(46) wo(t) = 6_(t_3T€k)Aw(3Tek)

(4.7) (wi(t),¢) = /3T {(w- Ve " u) + (v- Ve "G w) b dr for ¢ € CFS,.

We note that (4.7) holds for all ¢ € L%, and from (2.8) we conclude that |(w;(t),®)| <

C(u,v)(t — 3T.4)"?|| V|2, since w @ u,v @ w € L*(3Tw4,0; L?) by Lemma 2.2. Hence,
wy € L>®(3T, 0; (Wolg)*) Let t > T, (> 3T.) and let us write, using the notation F for

integral means,

72 75” (w(r), F(7)) drdt
(4.8) :]g)k ]gTEk(wo(T),F(T))deth ][0 ]{t (wnr), F(r) drde

Tek +T€k
:IIO —|— [1

By Lemma 2.1, we have

t t
[ twm Fapar| < [ et E T o () o dr
t+Tek t+Tek

< CIT** sup [[w(7) s 00 5P [ F(7)l5/5-
Hence
0 t
(4.9) |Io|=‘][][ (wO(T),F(T))det‘§C’|T€k|_1/4sup||w(T)||37msup||F(T)||6/5
Tex t+Tek T T

converges to 0 as k — oo since T, — —o0.

In order to estimate [, we consider an approximation of w;. Let
Y = L*(3T., 0; L%%(Q))
and let

t
(4.10) Wy a(t) == —/ e AP (w - Vg + v - Vw,) dr,
3

Tek

14



where {u,}, {w,} C BC(R x Q) NY are approximation sequences such that

Uy —u MY, wy —w inY asa— 0+, Vu,, Vw, €Y,

4.11
U sup ua®llsoe < Cu lut)lsoes Nl < Clluly, wally < Cllully.

where the constant C' is independent of a. These sequences u,,w, are constructed by

using the operator (p,(t)*)e~*A. Then,
d T2 2
(4.12) e +Aw o = —P(w-Vu,+v-Vuw,) in L7(3T4,0;L;),
wl,a(STek) - 0,

and the well-known L?*-maximal regularity (see e.g. [33, Chap. IV, Theorem 1.6.3]) yields

d
wy o € L*(3T,,,0; D(Ay)), ZWia € L*(3T.,0; L2),
0

° oy d
/ {15 wrall; + [ Awr a3} dr < 0/ 1P(w - Vg +v - Vwy)|3dr < oo.
3

Tek d 3T€k

(4.13)

For all ¢ € Cy(2) and 3T, < t < 0, it holds that
|(wi(t) — wia(t), @) = [(wit) — wia(t), PO)]
t
= ’ / (w- Ve DAPG u —uy) 4 (v- Ve CDAPG w —w,) dr
3Tk

t
< C/ (lwllsocllu = uallo2 + ollscllw = walls2) Ve~ "7 Pl dr

3Tek
< Cllll2((sup flwlls oo)llu = wally + (sup f[vls.cc)[w = wally),

since by (2.9) [°_ |[Ve=D4Pg|3dr < ||P¢||3. Thus we have

t
00

(4.14) sup |lwy —wiall2 =0 as o — 0+.
3T <t<0

We shall substitute w; , as test function ¢ in equation (2.12). To this end, we need to
show that

. d .
(4.15) Wi € L*(3Tw, 0; (Wyit)"), Wi € L*(3T.,, 0, L2 0 (Wy2)") .

Since for ¢ € D(A,)

[(P(w - Vg +v - Vwa)(t), )] < [(w-Vo,ua)l +[(v- Vo, wa)l

(4.16)
< C([lwt)llo.2 sup; [tallz.c0 + lwa(t)]ls25up; [[0]]3,00) V2 4

15



we observe that (4.12) and an energy estimate yield

0
sup  [lwan (B)]3 42 / IVwn a2 dr
3T, <t<0 3T,

0
< Cllul (sup fulf o + sup ol ) + [ [Vwial3dr
t t 3T
which implies
0
(4.17) | IVl ar < Clull (sup Julf o + 10 015 ).
ek

Since [(Awy . )| < ||Vwiall2l|Vo]2 for ¢ € D(As), from (4.16) we obtain
d
dt
Since wy »(3Tw) = 0, by (4.18) we see that wy, € C([3Tw,0]; (Wolaz)*) Therefore, from
(4.13), (4.18) we obtain the assertion (4.15). Moreover, we easily conclude that even

(4.18) Wio = —Aw o — P(w-Vuy, +v-Vuw,) € L*(3T,, 0; (Wolf)*)

{w1,a}aso is bounded in L*(3T, 0; Wy2)(C Y),
d .
(4.19) {Ewm}”o is bounded in L*(3T., 0; (Wy:2)"),
{w,a}aso is bounded in BC([3Ty, 0); (Wyi2)®).
Then (4.14) yields that

wy o — w; weakly in L?(3T,, 0; Wolg) and weakly in Y,

(4.20) e
w1 (t) — wi(t) weakly —* in (W, ;)" for all t € [3T, 0].

Moreover, from (4.19) and (4.20), we obtain as in Lemma 2.3 for U € L (3T, 0; L>>)
and v, € L3 (3T, 0; Wy)

/t ((wl,a - wl) . V'Lpek(TL U(T)) dr — 0 as a — +0,

+T ek

t
| / (w10 = w1) - V() U(7)) dr|
t+Tek
< (lwvally + lwsly ) 1$erll 21y 01712y 9P 1U]]3,00 < € < 00

for all ¢ € [T.t, 0], where C'is a constant independent of o. Hence Lebesgue’s Dominated

Convergence Theorem yields

0 gt
(4.21) /T /HT (w10 — w1) - Vo (7),U(7)) drdt — 0 as a — —+0.
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Substituting w, , into equation (2.12) for g, by (4.12) we have

0 t
/ / (F, w1 o) drdt
Tep Jt+Tek

0 t
— [ ] { st A b) = (@i Foiu) = (0 Vs, wra) fdrde
ek 1+ Tk
/(maummmm+ﬂm—mmwwMMﬁ
/ / (W Vhe, o — 1) + (0 — w1 ,4) * Ve, 1) + (V- Vibeg, wo — wl,a)} drdt
Teg J t+Tek

/T (w10t + Tu), Yer(t + Ter)) — (w1,a(t), Yer(t)) dt .

Letting a — 0+, from (4.11), (4.20)-(4.21) we obtain

(4.22)

/ / (F,wy)drdt

ek t+T€k

:/ / {(wo 'V?/)ek,u) + (U‘V¢ek,w0)}d7dt
Tep Jt+Tex

+A¢m@+ﬂmmw+ﬂm—@mmmw»ﬁ

0 t 0 t
< / / ‘(w() : V¢6ka U)| drdt + / / |(U : Vﬂ)ek, w0)| drdt
Tepe Jt+Tey Tep Jt+Tep

+’/ wy(t+ Tog), Vet + To) — Ver(t) dt’+‘/T wi (t + Te) — wi(t), Yei(t)) di

=Ji + Jo+ J3 4+ Jy.

Since by (2.6) ||wo(7)|l62 = [|e” T 3T 4w (3T ) |l62 < C(T — 3Tu) Y4 |w(3Tk) ||3.00, We
get from (2.13) that

0 0
< [ T loal V) lllu(r)ls e dr
Ter J 2Tk

0
<C|T| Sl;p ”u(t)H?),oo / (7 — 3Tek)_1/4||w(3Tek)||3,OO||V¢61€(7—)H2 dr

2Ty,

1 0 1/2
<CITa swp s swp ol (7 [ IV0(r) B )
t t | Gk‘ 2Tek

<C|Tu|™* Sup l|u][3,00 Sup |w]]3,00(1 + sup ||F(75)||2/5)1/2 :
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Hence, we have

1
( ) kljgo |Tek|2
Similarly, we have
(4.24) lim —J, =0
: im = 0.
k—oo |Tek|2

By the definition (4.7) of w; and (2.8), we have
t+T€k
Js <] / / Ve T DA (g0 4 To) = Yarl0)), () ]
ek ek

+| / /tjek Ve TEDAG (14 T) = (), w(r)) drt]

Tex

ek
SC(supllwllg,oo/ ||u||6,2d7+sup||v||3m/ ||w||6,2dr>
t 3T, ¢

ek 3T

X/ |V (Yer(t + Ter) — e (t)) |2 dt

Tex
so that by (2.14)
1

T2 T s <C(SUP ||w||3oo||u||L§loc(R 6.2y + Sl:p ||U||3c>o||w||Lﬁloc RL6’2))
0
4.25
(4:25) <y ), IV T) ()
6k| T.r
<(Cl.
Similarly,
0
Ji— ‘/T (wn -+ Tog) — (1) (1)) |
- t+T5k
<[ [ i vt oty uir)y ds
ek 5k
[ @) Ve o) u(e) e
3Tk
+ a similar term with (w,u) replaced by (v, w)
0 t
- / { / (w(r + L) - Ve " (1), ulr + Tar)) dr
2Tek
/ / Ve D44 (1), (T))dT} dt' + similar terms.
2Tk, Tek
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Hence

0t
Jy S/ / |lw @ u(t +Ty) —w ®u(7‘)||2||Ve_(t_T)Awek(t)||2 drdt
ek 2 ek
(4.26)

+ /0 /QTEk (w(r) - Ve~ D% (t), u(r)) drdt| + similar terms
= P+ P; k—l— 3sidr€nilar terms.

Since, using (2.5),

(4.27) JJw@u(r + Te) — w @ u(7)||2 < Ce(||w(T + Tex) |62 + ||u(T)|l62) forall k € N,

by (2.13) we have
0

(4.28) P < Ce|T€k|/ 1V aber () [|2dt < Ce|To)?.
Tek

Next we estimate P.

2kl
Py < / / [(w @ u(r), Ve " g (1)) | drdt

k+1)l

0 3k+2
/ / (w®u(r), Ve =4y (1))| drdt

ekj 2k (]+1
0 3k+2

4.2
(4:29) / / |(w @ u(r) —w@u(t — T), Ve (-4 t))| drdt
Tex, j=2k (g+1)1
0 3k+2
/ / —T.;), Ve =4 (1))| drdt
ek —Qk ]+1
=P+ Py

By (2.13) and (4.27) we have, since [ > 1 and |T| > K,

P21 <C€/
sk] 2k

<Ce( / IVt dt) L (wl 2z, gzon) + iz, gizos)
ek

SCElTEkF .

0 3k+2

/( . ([lw(r)ll6.2 + [[u(T = Tej) e 2) [ Ver () |2 dTdt
(4.30)

Concerning P, 5 we find, since w ® u € L*(—1,1; L*(2)), a sequence {g,}>2; such that
I

(4.31) gn € C([-1,1); C3()), / lu®w — go|l3dr < 1/n”.
-1
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Then,

0 3k+2
Py < / / (w@u(t —T¢;) — gu(T7 — 1), Ve*(t*T)Awek(t))} drdt

Tex ] =2k (]+1

(4.32)
<,
Tek j=2k

=: Kl -+ KQ.

0 3k:+2

/ . |(gn (T — Toy), Ve T g (1)) | drdt
- ]

Since —1 < 7 —Ty; <l for 7 € [—(j + 1), —jl],

—jl l l1/2
/ lw ® w(r — Ty) = galr = Toj)lladr < / o @u(r) — golr)dr < €2
-1

—(j+1)1

Hence, by (2.13) we have

3k+2
12 (k + 2)11/2 C| T
(4.33) Ky < C|T| Z — < O[Tl = 11/2p,
j=2k

By integration by parts, we have

0 3k:+2
Ky < / / IV g (T — Tj) 2y lle” e ()12 drdt
Tex =2k ]"l‘l)l
0 3k+2

<C sup. ||Vgn ||12/11/ / 7)7V8 ek ()| drdt

7l S ek] 2k ]"Fl)l
(4.34) 2kl »

<C sup [Vgn(s)lizn / | ¥l () g

—lsssl Tepo J —(3k+3)L

<C sup [[Va(s)izi (K / e (®) s dt

—1<s<

ek

<C sup ||v.gn( )||12/11|Tek|15/8-

—1<s<

Therefore, from (4.33) and (4.34) we obtain limsup,_,., Poo/|Twk|? < C/(1*/*n) for all
n € N, which yields

: Py
4.35 lim su == = 0.
4:39) 0P TP
By combining (4.30) and (4.35) with (4.29) we find that lim sup,,_, ‘T 7o < C€ by anal-

ogy, the ”similar terms” in (4.26) can be estimated in the same way. Summarizing the
last estimate and (4.28), (4.26) we get

1
4.36 lim su < (Ce.
( ) kﬂoop |T5k|2

20



Finally, from (4.22), (4.23), (4.24), (4.25) and (4.36), we obtain for I;, see (4.8),

limsup |/;| = lim sup ’ ][ ][ (wy (1), F(1)) drdt| < Ce.
k—oo k—o0 Tex t+Tek
This and (4.9) yields the assertion (4.2), which proves Lemma 4.2. O

Obviously, Lemmata 4.1 and 4.2 complete the proof of Theorem 1.

5 Appendix

In this appendix, we will show that if a mild solution u € C'(R; L2) on R is almost periodic

in L3, then u always satisfies (2.3). It suffices to prove the following theorem.

Theorem 2. Let Q satisfy Assumption 1. If a mild solution u € C(R; L3) on R to (N-S)
is almost-periodic in L2 and if f € L™ (R; L?), then u belongs to L=(R; L2).

We prove Theorem 2 by using an argument similar to that in [16, Theorems 2.3,

2.10]. First, we recall the local existence theorem for the initial-boundary value problem
of (N-S).
Proposition 5.1. Let Q) satisfy Assumption 1. Then, there exist numbers oy = §o(€2) > 0,
Co = Co(R2) > 0 and C, = C1(Q2) with the following property. If vg € L2 and go € L3N LY
satisfy |[vo — golls < 0o and if f € L®(Ry; L3), then there exists a mild L3-solution v on
[0,T*] to (N-S) with initial data v(0) = vy such that

sup t3|u(t)||o < C4,
0<t<T*

where

= C) min{\lgo\|9_3, \Ifl\Zio(R+;Ls>}-

Proof of Theorem 2. Let 69 > 0 be the number given in Proposition 5.1. Since u is almost
periodic in L3, there exists L = L(dy) > 0 with the following property: For all a € R, we
can find a number T'(a) € [a,a + L] such that

(5.1) sup [u(t) = u(t = T(a))lls < do/2.

Since u € C([—L,0]; L) and L N LY is dense in L3, there exists a function g €
L>(—L,0; L3 N LY) such that

(5.2) sup JJu(t) — g(t)||ls < do/2.

—L<t<0
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Hence, by (5.1) and (5.2), for all a € R, it holds that
lu(a) = g(a = T(a))lls < [lua) = u(a = T(a)s + [[u(a = T(a)) = gla = T(a))|ls < do,
since a — T'(a) € [—L,0]. Letting
T = Comin{|\gll;2 1 gupo: 1115 mps) b

= (u(a),g(a—T(a))) we observe that for all a € R
there exists a mild L*-solution v on [0, 7%] to (N-S) with the initial data v(0) = u(a) and
the external force f(-+ a) such that

and using Proposition 5.1 with (vg, go)

sup tY3||u(t)|le < Ci.
o<t<T™
Then, by using the uniqueness theorem of mild solutions in C'([0,7); L), see [23], we
conclude that
sup tY3||u(t +a)llo < Cy

o<t<T™

for all @ € R. Since ¢ and hence also T* are independent of @ € R, the assertion
u € L*®(R; L?) is proved. O
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