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Abstract

We study the spectrum of a linear Oseen—type operator which arises from equations
of motion of a viscous incompressible fluid in the exterior of a rotating compact body.
Considering the operator in the function space LZ(2),1 < g < oo, we prove that the
essential spectrum consists of an infinite set of overlapping parabolic regions in the
left half-plane of the complex plane. The full spectrum coincides with the essential
and continuous spectrum if = R3. Our approach is based on the Fourier transform
in R? and the transfer of the results to the exterior domain €.
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1 Introduction and main results

Suppose that B is a compact body in R? which is rotating about the x;-axis with a
constant angular velocity w > 0. Denote by €(¢) the exterior of B at time ¢ and assume
that Q(t) is a domain with boundary of class C''!. Put w := wej, where e; is the unit
vector oriented in the direction of the z;—axis.

The flow of a viscous incompressible fluid in the exterior of the body B can be described
by the Navier-Stokes equation in the space-time region {(x,t) € R®*xT; t € Z, x € Q(t)}
where 7 is a time interval. The disadvantage of this description is the variability of the
spatial domain €(¢). This is why many authors use a time—dependent transformation of
spatial coordinates which in fact also represents the rotation about the z;—axis such that
the body B is fixed and its exterior is just Q := £(0) in the new coordinate system. The
system of equations after the transformation has the form

ou—vAu — (wxx) - Vut+wxu+ (u-V)u+ Vp f in Qx7Z,

(1.1)
V-u =0 in Qx7Z.

Among a series of results on qualitative properties of the system (1.1) and related lin-
ear problems, let us mention T. Hishida [17], [18], [19], G. P. Galdi [13], [14], R. Farwig,
T. Hishida, D. Miiller [6], R. Farwig [4], [5], M. Geissert, H. Heck, M. Hieber [15], R. Far-
wig, J. Neustupa [10], [11], R. Farwig, S. Necasovd, J. Neustupa [9], R. Farwig, M. Krbec,
S. Necasové [7], [8].



If u(x,t) tends to the constant velocity vye; for |x| — oo, it is advantageous to write
u = v + e and to deal with a new system for the unknown function v:

v —vAv— (wx ) - Vo+wxv+y0iv+(v-V)o+Vp = f in QxZ, 1.2)
1.2
Vv =0 in Qx7Z.

The analysis of this system is based on properties of the steady linear Oseen problem

vVAv+ (wxx) - Vo—wxv—yhv—Vp = f in Q,
Vv =0 in Q, (1.3)
v =20 on 0f).

This problem can be written in the form of one operator equation A¥v = f, where AY is
the Oseen—type operator

Alv = FrAv+ Bf(wxx)- Vv —w x v —791v] (1.4)

with domain
D(A;)) = {'U S W2’q(Q)3 N VVol’q(Q)3 NLL(Q); (wxx) Ve Lq(Q)3} (1.5)

in the function space LZ(f2), 1 < ¢ < oo; this function space as well as the Helmholtz
projection P, in L?(Q)* will be defined below. We shall further treat the domain D(A)
as a Banach space with the norm

lvlpag) = llvllzg + l(w x ®) - Vollg. (1.6)

The information on the spectrum of the linear operator A% plays a fundamental role
in studies of (1.3) and (1.2). The cases ¢ = 2 and v = 0 or 7 # 0 were treated in our
papers [10], [11], and the case 1 < ¢ < oo, 7 = 0 was studied in our paper [9] (together
with S. Necasova). In this paper, we consider the case 1 < ¢ < co and v # 0. We
assume, without loss of generality, that v > 0.

We shall use the usual function spaces and norms:
e The norm in L?(Q)? is denoted by [|.[l; = |- lls: -

. VVO1 () is the subspace of the Sobolev space W14(Q) consisting of functions vanishing
on Of in the sense of traces.

e The norm in W*4(Q)3, k € N, is denoted by || [[xq = || - lk.q: 2-

e C§5(Q) denotes the linear space of all divergence-free vector fields from C§°(2)°.

e L{(€) is the closure of C§% () in L%(Q)? and coincides with the space of all divergence—

free (in the sense of distributions) vector fields w € L7(2)3 such that u - m = 0 on 99
in the sense of traces ([12], pp. 111-115); here m is the outer normal vector on 9.

e P, denotes the projection of L(Q)3 onto L (), associated with the Helmholtz decom-
position

LI(Q)* = L) @ {Vp e LY pe WEI(Q)}.



Let us recall definitions and basic properties from spectral theory of linear operators.

Assume that X is a Banach space with the norm || .|, X* is its dual and T is a closed
linear operator in X. We denote by D(T") the domain and by R(7') the range of T" and
we assume that D(T) is dense in X. This guarantees that the adjoint operator T* exists.

nul (7') and def (T") denote the nullity and the deficiency of the operator T', respectively.
If R(T) is closed then nul (T') = def (T*) and def (T') = nul (T™) (see e.g. T. Kato [20,
p. 234)).

nul’(T') and def’(T) := nul’(T*) denote the approximate nullity and the approxi-
mate deficiency of T, respectively. We recall that nul’(7T") is the maximum integer m
(m = +o0 being permitted) with the property that to each € > 0 there exists an m—
dimensional linear manifold M, in D(T') such that ||Tv| < € for all v € M, ||v]| = 1.
Note that nul (T") < nul’(7) and def (T') < def’(T") and the equalities hold if R(T') is
closed. On the other hand, if R(T") is not closed then nul’(T") = def’(T') = oco. The
identity nul’(T") = oo is equivalent to the existence of a non—compact sequence {u,,}
on the unit sphere in X such that Tu,, — 0 for n — oo, see [20, p. 233].

We say that 7' is a Fredholm operator if its range R(T) is closed in X and both the
numbers nul (T") and def (T") are finite.

The operator 7' is called semi-Fredholm if the range R(T') is closed in X and at least
one of the numbers nul (T") and def (T") is finite. Consequently, 7" is semi-Fredholm if
and only if at least one of the numbers nul’(7") and def’(7T) is finite.

We denote by p(T') the resolvent set of T', by o(T') = C\ p(T) the spectrum of 7" and
by 0ess(T') the essential spectrum of T. Recall that p(T') is the set of all A € C such
that R(T — M) = X and the operator ' — Al has a bounded inverse in X. Thus,
nul (T— M) = nul’ (T — \I) = def (T —AI) = def’(T'—=XI) = 0 for X € p(T). Moreover,
Oess(T) = {\ € C; T — A is not semi—Fredholm}. Both o(T') and oess(T) are closed
subsets of C and oess(T) C o(T).

Let us also mention that o(T") = 0,(T) U 0c(T') U 6x(T") where the sets o,(T"), 0c(T)
and o,(T) are called the point spectrum, the continuous spectrum and the residual
spectrum of T, respectively. They are mutually disjoint and they are defined in this
way:

o 0p(T) :={X € C; nul (T — XI) >0},

o 0.(T) is the set of A € C such that nul (7" — AI) = 0, R(T — AI) is dense in X,
but R(T'— M) # X. In this case, R(T — AI) is not closed in X, which implies
that def (T'— AI) = def’ (T — M) = nul’ (T — X\I) = cc.

o 0y(T) is the set of A € C such that nul (T" — AI) = 0 and the range R(T — \I) is
not dense in X.

Obviously, 0.(T") C 0ess(T'). There are no generally valid relations between o,(T'), 0y (T')
on one hand and oes(7") on the other hand. However, any point on the boundary of
o(T) belongs to oess(T") unless it is an isolated point of o(7T'), see [20, p. 244].

The so-called approximate point spectrum o,,(7") of T' consists of all points A € C such
that there exists a sequence {u,} in D(T') such that ||u,| =1 and (T'— AI)u,, — 0 as
n — oo. Obviously, nul’(T"— AI) > 0 for A € 0,,(T'), which implies that A € o(T'), and
0p(T) C 0ap(T). Finally, if X € o.(T) then nul’(T" — M) = oo, which also implies that
there exists a sequence {w,} with the properties required in the definition of g,,(T').



Hence A € 0,p,(T"). We have thus shown that o,(T") U 0o(T) C 0up(T) C o(T) and
Oap(T) U 0(T') = o(T). We note that the approximate spectrum has been introduced
for the sake of completeness, but will not be used in this paper.

The main theorems of this paper concern the concrete operator A% in the space LI(Q):

Theorem 1.1. Let 1 < ¢ < oo and Q =R3. Then
(i) 0(AY) = 0c(AY) = 0ess(AY) = AY, where

AY = A=a+if+ikweC; o,BER, k€Z, a< —vF/y*}.

(it) If ¢ =2 then A% is a normal operator in LE(R?) (= L2(R?)).

Theorem 1.2. Let 1 < ¢ < 0o and Q C R? be an exterior domain with boundary of class
CY1. Then the spectrum of AY lies in the left complex half plane {A € C;Re )\ <0} and
consists of the essential spectrum O'eSS(A#) =AY and possibly a set I' of isolated eigenvalues
A € C\AY with Re A < 0 and finite algebraic multiplicity, which can cluster only at points

of 0ess(AY). The set I' of such isolated eigenvalues is independent of q € (1, 00).

The set A% is a union of infinitely many equally shifted filled parabolas in the left half-
plane of C, see Fig. 1. Theorem 1.1 is proved in Section 3. The proof of Theorem 1.2 is
given in Section 4.

Co : a=—vf3*/y?

Fig. 1: The shape of set A in
the complex domain C

The question whether the identities of Theorem 1.1 (i) also hold in the case when € is
an exterior domain in R? is open. The reason consists in the application of the Fourier
transform, which is a useful tool in R? but cannot be used in a general exterior domain €.



2 Preliminary results

The domain D(AY) of the operator A% is dense in Lg(f2), because Cg%,(Q) C D(AY) and
C5%(Q) is dense in L (). Hence the adjoint operator (A%)* exists as a linear operator

in LZI(Q), where ¢ = q/(¢ —1). The next lemma brings more information on both the
operators A% and (A%)".

Lemma 2.1. The operator A% is closed in Lg(S2) and generates a Co—semigroup in L& (S).
Its adjoint operator is

(Ag;)*v = PyrvAv+ FPyl—(w xx) - Vv +w x v + 701v] (2.1)

with domain

!

D((A2)) = {v e W ( QP nW T (P NLL(Q): (wxa)-Vve LY Q7). (22)

g
It is a closed operator in LZI(Q) and generates a Co—semigroup in Lg/(Q).

Proof. The fact that AY is a generator of a Cp-semigroup in Lg () follows from [23,
Theorem 1.1]. Tt also implies that A% is a closed operator in Lg(€2) and that R(AY —(I) =
LL(Q) for all ¢ > 0 sufficiently large. Let us denote by T'¥ the operator on the right hand
side of (2.1) with the domain given by (2.2):

/

D(T¥) = {v e W27(Q)> "W, 7 (2)* N LL(Q); (w x &) - Vv € LT ()%},

g

By analogy with A%, the operator 7. is closed in LZ(Q) and R(TyY —¢I) = L (Q) if
¢ > 0 is sufficiently large. It is easy to verify that the operators A% and 1}” are adjoint to
each other in the sense of T. Kato [20, p. 167]; hence T}* C (A%)*. In order to show that
V= (Aﬁ)*, we need to verify that 70* is the maximal operator adjoint to A%. Suppose
that v € D((AY)*) and put f = (¢I — (AY)")v. Since f € R(1} — (¢I), there exists
w € D(T}’) such that f = (7} — (I)w. Hence ((AY)* — (I)v = (1}° — (I)w. Multiplying
both sides of this identity by u € D(AY) and integrating in {2, we arrive at

/ - (AY Cludw—/'w —(¢Hu dex.

Since this holds for all u € D(AY), we get v = w € D(T}"); thus (A%)* = T}°. As for AY

we conclude that (A%)* generates a Co—semigroup in LgI(Q) and is closed. O

Lemma 2.2. There exist constants ¢y > 0 and c3 > 0 such that if v € D(AY) and
f € LL(Q) satisfy the equation AZv = f then

[vll2.q + [[(w x @) - Volly < erllfllq+ e vy (2.3)

Proof. If Q = R? then (2.3) follows from [4, Theorem 1.1] and an interpolation argument.
Now consider an exterior domain © C R? of class C1'!. Let v € D(AY) and f € L3()
satisfy the equation A¥v = f. Then there exists a pressure function p such that

Vp = vAv+ (wxx)-Vv—wxv—vydv—f € LIQ)>



For simplicity, we assume that in the following all pressure functions have a vanishing mean
on Qr = QNBR(0), i.e., fQRp dz = 0, where R > 0 is chosen such that R3\ Br_1(0) C €.
Let n € C§°(R3) denote a cut-off function with values in [0, 1] such that

0 for|z|<R-1,
n(x) =
1 for |z| > R.

Then (nv,np) can be considered as a solution of the whole space problem
vAu+ (wxz) - Vu—-—wxu—yu—-Vp = f;, V-u = g in R
where
fi=nf+20Vn Vo +vvAn+ ((wx @) - Vn)v —y(@in)v —pVn, g1 =v- V.

Note that f; coincides with nf up to perturbation terms with support in supp (V) C Q.
Similarly, supp g1 C Qg. By [4, Theorem 1.1] there exists a solution (u,p) satisfying the
estimate

HV2u||q +[(wxx) - Vu—w xull, +[|VD]l; < ¢ (Hf”q + H””l,q;QR + ”qu;QR)'

Moreover, by the uniqueness assertion in [4, Theorem 1.1], (nv,np) satisfies the same
estimate so that we get the inequality

IV2(0) g + (@ x @) - V(10)llq + 1V (10) g
< c(lfllg + llvllg + 1vll1g 2n + 1Pllgr) - (2.4)

Next we consider ((1 —n)v, (1 —n)p) as a solution of the Stokes problem
vAu—-Vp=f,, divu=ygy in Qp, u=0 ondQp,

where go = —v - V7 and
fo=0Q-n[f-(wxz) Vo+wxv+y0v] —2vVn-Vvo—vvAn+pVn.

Hence classical a priori estimates for the Stokes system in the bounded domain Qp and
the precise form of f, imply that

V(1 = mo)llgin + IVA = m)pllgson < e (Ifllg + [vlhgor + IPlgoq) - (25)
Summing (2.4) and (2.5) and using an interpolation estimate for Vv we obtain the estimate
HVQqu + [(w x @) - Vollg + [|Vpllg < ¢ (Hf”q + lvllg + Hqu;QR) (2.6)

with a constant ¢ > 0 independent of f, v, p.

Now we will prove (2.3) by contradiction, using (2.6). Suppose that for every n € N
there exist v, € D(AY) and p, with Vp, € L4(£2)3 such that

L= [[V2oullg + [(w x @) - Voullg + [[Vally = 0 ([ F2llq + [lvnllg) (2.7)



where f, = AYv,. Then we find a subsequence of (vy,pn), again denoted by (vn, p,), and
v € D(AY) and p with Vp € L?(Q)? such that in the weak sense

Vv, = V¥, (wxz) Vv, (wxzx) Vv, Vp,—Vp inLI(Q) (2.8)

and in the strong sense
fn—0, v,—0 inLYQ), p,—p in LYQpR), / pde =0 (2.9)
Qr

as n — oo, and
vVAv+ (wxx) - Vo—wxv—y0iv—Vp=0, divv=0 in{Q, v=0 ond.

By (2.8), (2.9) we conclude that v = 0 and Vp = 0 in . Since the limit function p was
chosen with fQRp dx = 0, we have p = 0 in Q. Using now (2.6) with v, p,, f, instead
of v, p, f, we observe that the left hand side equals one, while the right hand side tends
to zero as n — oo. This is the contradiction to the assumption that (2.3) was wrong.

O
Let us further denote by Dg(A%) the subspace of D(A%) which contains only functions
that have a compact support in €.

Lemma 2.3. DO(A‘;/J) is a core of operator AY, i.e., the graph of the restriction of the

operator AY to Do(AY) is dense in the graph of AS in the norm of L3(Q) x LI ().
Proof. Let v € D(AY) and f = AYv. We will show that [v, A%v] can be approximated
by a sequence of elements [v", A¥v"| where v" € Dy(A%), n € N.

Let n € C§°(R?) be radially symmetric, with values in [0, 1], such that

(@) 1 for |z| <1,
€T =
7 0 for 2 <|x|.

Denote K1 := {x € R% 1 < || < 2} and, more generally, for r > 0, let K, := {x €
R3; r < |x| < 2r}. Due to M. E. Bogovskij [2], there exists a bounded linear operator B :
LY(K;) — Wol’q(Kl)?’ such that div®Bf = f for all f € LI(K;) satisfying le fdx = 0.
The operator B is bounded from W, (K1) to W (K1)? as well.

Let n € N be so large that R3 \ B, (0) C Q. Put v"(z) := n(xz/n)v(z) — V" (x) with
the correction term V" (x) being equal to U"(x/n), where

u" =
2 0 for y e R?\ K.

{ B[Vn(y) - v(ny)] for y € Ky,

The function v" is divergence—free, it coincides with v in Q N B,,(0) and its support is a
subset of the closure of 2N By, (0). Due to the continuity of the operator 9B from LI(K;)
to Wol’q(Kl)?’ and from Wol’q(Kl) to W02’q(K1)3, the function U™ satisfies the estimates

IVU"llg: e, < C|[Vn-v(n)] SCHU(”')H(;;KI = On Y v|gx,

q; K1



2r1n
IVU" g < CV(Vn-v(n)|, x, < Cllo@)]|, g +C Vo),
= Cn7 vk, +Cn' 7| Vogk, -
This means that
_ " C
HVVan;Kn =N H_3/q||VU ||q;K1 < g“'v|q;Kna
" _ n C C
HVQV ||q;Kn =n 2+3/qHV2U ||q;K1 < EHUHQ;K?L_‘_EHVUH‘]?Kn'

Using also the fact that V" (x) = 0 for || = n, we derive that

HVan;Kn < C”vaan;Kn < CH"’Hq;Kn-

All generic constants C' are independent of n. Thus, [[V"||2, — 0 as n — oco. The same
result also holds on the || . ||z ,norm of the difference n(x/n)v(x) — v(x). Consequently,

v — v in W>1(Q)?  for n — oo. (2.10)
Furthermore, since (w x x) - Vn(x/n) = 0, we have
HA:)’U - Ai‘;v”Hq;Q < C (||'v — V2,0 + H(w xx) Vv— (wxx)- VU”Hq;Q)

< (vl

2,60+ ||[(wx @) - (1= n(x/n)) V’UHq;Q + |[(w x @) - VV"40)

< C (||'v — vy

2.4:0 + (W x @) - Voll.0um,0) + n[VV"g0)
— 0 for n— oo. (2.11)
We can now observe from (2.10) and (2.11) that
[v", ASv"] — [v, AJv] in LI(Q) x LL(Q)

as n — oo. The proof is completed. O

3 The case Q = R3

FQ=R3}1<g<ooandwc D(AY), then the terms vAwv, (w X z) - Vv — w x v and
v81v belong to L& (R?). Hence the projection P, in (1.4) can be omitted so that

AJv = vVAv+ (w x z) - Vv —w x v — y01v. (3.1)
By analogy, the adjoint operator — as an operator in Lg, (R3) — can be simplified to

(AY)'v = vAv— (wxx) - Vv +w xv+701v. (3.2)
The next lemma provides an information on solutions of the resolvent equation

Adv—v = f (3.3)

for f € LE(R3). Recall the definition of the set A% from Theorem 1.1.
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Lemma 3.1. Suppose that A € C \ A%. There exists a constant c3 = c3(\,q) > 0 such
that if f € LE(R?) and v € D(AY) satisfy the resolvent equation (3.3) then

lolly < esllfllg- (3.4)

Proof. The linear space Do(AY) is a core of A% — Al due to Lemma 2.3. Thus, it is
sufficient to prove (3.4) only for v € Do(AY).

Equation (3.3) can be written in the form
VAv+ (wxx) - Vo —wXxv—v0v— v = f. (3.5)

Due to the geometry of the problem, it is reasonable to use the cylindrical coordinates
(z1,7, ) in R? with the axis being the z1—axis; then r? = 3 + x3. The term (w x ) - Vo
in (3.5), which equals w(—z3 dyv + 2 93v), can be simplified to

(wxx) Vv = wi,v. (3.6)

We shall denote by F the Fourier transform, by F_1 its inverse, by ~ Fourier images
of functions, by & = (§1,&2,&3) their Cartesian Fourier variables, and we put s = [£].
Applying F to (3.5), we obtain

()\+i7§1+V52)57w8¢ﬁ+w xv = —f. (3.7)
Here 0,v denotes the angular derivative
0v 0v
982 0&3

when using cylindrical coordinates (&1, p,¢) in the space of the Fourier variables. The
equation dive = 0 (following from the fact that v € D(AY)) leads to the condition
i€ -v = 0. Now v can be considered to be a solution of the first order ordinary differential
equation (3.7) with respect to the angular variable ¢. Writing v in the form

ﬁ(p, ¢> 61) = O(¢) '{I’(pv ¢7 51)

where

0pv = (e1 x§)-Vv = =3 + &

1 0 0
o(t) = 0 cost —sint |,
0 sint cost

one verifies that w0V = O(¢) wdpw + w X [O(¢p)w]. Hence (3.7) is equivalent to the
equation

—wlpw + (A +ivé +vsH)w = —0(¢)" f, (3.8)
or using the definition

a(€) = A+ inér +vs, s =€,
to the inhomogeneous ordinary first order linear differential equation with respect to ¢

wdy — a(§)w = O(¢)" f .



Its solution w satisfies

~ _ 1 [ -~
B, 0+2m) =T (E1p.9) + [T O+ )T FiErpt 4 )t
0

Since w is 2m—periodic in the variable ¢, we have

R 127 Crta(e)e -
w(&,p,0) = W/o wo(t‘ﬂﬁ) F&p,t+0)dt (3.9)

and consequently

R 1 2 —ta()/w R
(&, p,0) = u)/0 W O)" f(&1,p,t+ ¢) dt. (3.10)
Returning to the Cartesian variables & = ({1, £2,&3) in (3.10), we obtain
2m R
5 = [ voen o0 Fowe) d
2m
= [T woven 0w Fir00) )e) di (3.11)
0
where ta(£)
Y& = —

efQﬂa(f)/w -1
In order to complete the proof, we shall need the next lemma.

Lemma 3.2. If A ¢ AY then there exists a positive constant cy depending only on v, w
and on the position of A in C~ A% such that

VEER? : o 2rOFhatnse g > ¢ (3.12)

Proof. The modulus of e=27%&)/“ _ 1 is bounded below by a positive constant de-
pending only on A, v and w (i.e. independent of &) if the distance dy (&, k) of the complex
number —27a(§)/w from 27ik (for k € Z) is bounded below by another positive constant,
independent of € and k. Let A = a + i3 and p? = &2 + 5% so that
2 47T2 . . 2 2 . 2
dy(& k) = el la+i8+iv& + vE +vp’ +ikw|

42 42
= w—g(a+1/§%+1/,02)2+%(ﬁ+’7§1+k‘w)2.

Assume that mingegs d3(€,k) = 0 for some fixed k € Z; the minimum exists because
lim¢| oo d3(€, k) = co. Then & = —(6 + kw) /v and

o = —wﬂ—%(mkw)? < —%(ﬂww)z,

but this inequality contradicts with A = o+ i3 ¢ A%. Hence

Da(k) = min dy(€.F) > 0

10



for every k € Z. Moreover, the sequence { D, (k) } ez does not converge to zero as k — +00
or k — —o0, because this would imply the existence of £€(k) € R3 such that dy (S(k), k) —
0 as k — 400 or k — —oo. Consequently § + v&1(k) + kw — 0, |&1(k)] — oo and
o+ véi(k)? +vp(k)? — oo, which is in contradiction with dy(&(k), k) — 0. Thus Lemma
3.2 is proved. O

Continuation of the proof of Lemma 3.1. Lemma 3.2 implies that, for fixed A €
C ~\ A%, the modulus of W(A,€,t) is bounded uniformly with respect to ¢ € (0,27) and
¢ € R3. Further, if i € {2; 3} and j € {1; 2; 3}, then

DU g —teta@/ (e 2w 1) 4 97 e-(rital€)/s

& w [e=2mal®)/ — 1]

and |§;] |00 /0¢;| can be estimated as follows:

ov
3

2w t ot/ 4 (27 — ) —(2r+0a()/w

&l w [e—2mal&)/w — 1]2

< C()\) |:82 i efusz t/w + $2 2r+1t efz/s2 (27T+t)/w:| )
o w w

We observe that the right hand side is less than or equal to a constant independent of &
and t. We can similarly estimate |¢;| |0¥/0¢;| and all other terms of the form

ot +r2+K3 s

DT DLz e | M e 8 € {0,1}.

1] [€a]"2 €3]

Applying the inverse Fourier transform to (3.11), we arrive at the formula

1 2

v(@) = — [ 0T F[R(r &1 FIFOW) )| (=) at

w Jo

Using Lizorkin’s multiplier theorem (see e.g. [12, p. 375]) and the estimates of ¥ and its
derivatives discussed above, we derive the inequality

|a[wrnen Firow @) |, < eslifly. e .21, (3.13)

where ¢5 = ¢5(A,¢). Then (3.11) and (3.13) imply that there exists c3 > 0, independent
of f and v, such that v satisfies the estimate (3.4). O

Lemma 3.3. Suppose that A € C~\ A%. Then A € p(AY).

Proof. The estimates (2.3 and (3.4) in Lemmas 2.2 and 3.1 imply that the range of
AY — A is closed in LL(R3) and that the operator is injective. By similar arguments the
same result does hold for its adjoint, (A%)* — AI, on the dual space L% (R3) of LL(R3).
Since (A%)* — A is injective, we conclude that R(AZ — M) = LZ(R3). This proves that
A € p(AY). O

Lemma 3.4. Let 1 < ¢ < oco. Then o,(AY) = 0.
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Proof. Let A =a+if € AY, a <0, € R, and let v € D(AY) satisfy the equation

AZ¥v — Av = 0. Applying the Fourier transform we arrive at the identity
wIg — (A +ivé1 +v|€)D—wxB = 0.

(We are using the same notation as in the proof of Lemma 3.1.) First we consider
the simpler case when 1 < ¢ < 2, in which @ is a function from L7 (R®)3. Denoting
w(p, ¢,&1) = O()T v(p, ¢, £1), we arrive, by analogy with (3.8), at the equation

W — (N +ivé +vsH)w = 0, s=|¢. (3.14)
Solving explicitly this ordinary differential equation, we obtain
Bp, 6 +2m,€1) = B(p, 6, &) e MG,

Since @ is 27-periodic in the variable ¢ we get the impossible condition a + vs?> = 0 for
a.a. £ € R3 unless @ = 0. Hence ¥ = 0 a.e. in R3 and also v = 0 in LE(R3).

In the general case ¢ > 2 let us again fix A € AY, A = a+if +ikw where a < —vB%/~2,
k € Z. Consider v € D(AY) and w(p, ¢,&1) = O(¢)T %(p, ¢,£1) as above. Since the
coefficients of O(¢)? are either constant or cos¢ = & /p or sin¢ = £3/p, the function w

(the inverse Fourier transform of w) is defined by an application of 2D-Riesz transforms
to v. Hence w € LI(R3)3.

First we determine the support of tempered distributions w solving (3.14).

Assertion 3.1. Let @ € S(R3)? be a solution of (3.14). Then

suppw C D :={€ e R*:a+vs®> =0, f+ £ € wZ}.
Proof of Assertion 3.1. Given ¢ € C§°(R3 \. D)3 we solve the equation

—wO¥ —a(§)¥ = v (3.15)
where a(€) = A + 17 + vs?, s = |€]. Obviously, (3.15) yields the solution

¢
W) = e—a(€)¢/w(\110_ % / &7y (¢) d¢’>

0

when omitting the variables p, £ in ¥ and . Since W is 27-periodic in ¢, the initial
value W must satisfy the condition

2T
1e—2ﬂa(§)/w/ ea(£)¢’/w¢(¢/) de'.
0

—2na(€)/w _
(e 1)‘1’0 w

This equation is uniquely solvable for the unknown ¥ if
ona(€)/w ¢ 2miZ = \+iyé +vs? #kiw for alk€Z <= € ¢ D.

For € ¢ D we get the unique solution of (3.15)

1 2m :
o [ O +0)dd,

1
; 1—827m 0

¥(p) =

12



cf. (3.10) with w replaced by —w. Since supp1p C R3\.D, we obtain that ¥ € C§°(R3\.D)3.
Now we use (3.14) to get that for all ¢ € C§°(R3 \ D)?

(W, ) = (W, —woy¥ — a(§)P) = (Wosw — (A +1iv&1 + vsHw , ) =0.
This identity proves that suppw C D. O

Continuation of the proof of Lemma 3.4. The set D can be written as the union of
finitely many disjoint sets of type

Dyp:={6cR a+vs*=0, B+~ =wk}, keZ;

each non—void set Dy, defines a circle in R? parallel to the &¢3-plane with center (fgk), 0,0)

where fgk) = (wk — (3)/7. At least the set Dy is non—void since A € A%. Using a suitable
partition of unity with respect to the variable & we may write w € S'(R?®)3, a solution
of (3.14), as a finite linear combination of tempered distributions wy with supp wy C Dy.
Since w € LI(R3)3, also wy, € LY(R3)3 for each k. Moreover, since by elliptic regularity
theory, w € C*™(R3)3, also wy € C®(R?)3. We shall further need the assertion:

Assertion 3.2. Let h € S'(R3) N C®(R3) satisfy supph C {0} x RZ. Then h is a
polynomaial with respect to the variable x1.

Proof of Assertion 3.2. Given h € §'(R3) we find N € N and a constant ¢ > 0 such
that

(Bl < el 0¥ 2 el

0<|u|<N

for all test functions 1 € S(R3); here 1 € N3 denotes multi-indices and |[|-||oo the supremum
norm for functions on R3. Let n € C§°(R) be a cut-off function such that (&) = 1 for &
in a neighborhood of 0, and let 7.(&1) = n(&1/€) for € > 0. Note that |07 0el|cc < cme™™

for all m € N. Since supp h C {0} x R? we get that (h,v) = (h,n.¢) for all € > 0. Hence,
with a constant ¢ > 0 independent of € € (0,1),

A1V > 1ol

0<|ul<N

(&R 0)] = (b, & )] < ce

Consequently, £¥*1h = 0. Now we conclude that N *'h = 0 and that h € C®(R3) is a
polynomial with respect to the variable x; of order at most V. O

Completion of the proof of Lemma 3.4. To complete the proof of Lemma 3.4, let
v € D(AY) satisfy the equation AYv — Av = 0. By the above arguments it suffices to
show that each wj in the partition of w vanishes. Here wj, € LI(R3)3 N C*°(R3)? has

the property suppwy C Dy, i.e. suppwyg C {ﬁgk)} x R? with §§k) = (wk — B)/7v. Then

. i £(F) . . . . .
the function z +— e®& awy(x), which satisfies the assumptions of Assertion 3.2, is a
polynomial with respect to the variable x;. Since this function is contained in L4(R?)3, it
must vanish identically. Now we proved that w = 0 and also v = 0. O

Lemma 3.5. Let 1 < q < oo. Then o;(AY) = 0.
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Proof. Lemma 3.4 and duality arguments yield the assertion. O

Lemma 3.6. Let 1 < q < o0o. Then

0(AY) = 0c(A7) = 0ess(AY) = AY.

Proof. Lemmas 3.3-3.5 imply that o(AY) = 0.(A4Y) C A%. Thus, we need to show the
opposite inclusion, i.e. A% C oc(AY).

Suppose at first that A € (A%)°, the interior of A%. It means that there exist o, 8 € R
and k € Z such that A = a +i3 + ikw and a < —v(3%/42. The number a can be written
in the form o« = a1 + ay where o1 = —VﬂQ/ny and ag < 0. Assume that k& # 0. The
procedure in the case £ = 0 would be analogous.

We shall explicitly define a sequence of functions {v"} in D(AY) such that [lv"|, =1
and (A4 — A)v" ||y — 0 as n — oo. It will imply that nul’ (A% — AI) > 0.

Let us denote by v, v;" and v the cylindrical components of v". Put

U?(l’l,?"? 90) = 07
V(21,7 @) = K UM (1) V(1) F¢,
n — 1 n _ 1 n n dvn(T) ikp
Wpanng) = = O roenne)] = ok U [V0) + 1 =]
Here the function U™ has the form
iax ﬁ

U(x1) :== n(z1) Y (z1), where Y(z;)=¢

and where 7] is an infinitely differentiable function on (—o0, +00) such that 0 < np <1,

n() 0 for 11 <-n-—n
X =
A 1 for —n? < x; <n?.

2 and n+n? <,

The identity a; = —v3%/y? guarantees that the characteristic equation v¢? — v¢ — (a1 +
i) = 0, corresponding to the equation (3.16) below, has the root (; = ia. Thus, the
function Y is a bounded non—trivial solution of the ordinary differential equation

vY"(z1) —vyY'(z1) — (1 +iB) Y(x1) = 0 (3.16)
in the interval (—oo, +00). The function V" is supposed to have the form

Vi(r) = gi(r) e, b= —%,

v
where 75 is an infinitely differentiable function on [0, +00) such that 0 <73 <1 and

") 0 for 0<r<n and 3n+n?<r,
r) =
2 1 for 2n<r<2n+n?

Both the functions n}" and 13 can be chosen so that their derivatives are of the order 1/n.
The definition of V™ guarantees that it satisfies
d2

e Vi(r) —aV*(r) =0 (3.17)
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for 2n < 7 < 2n + n?. Finally, the constant r, is chosen so that [|v"|, = 1.
One can easily check that v™ satisfies the condition of incompressibility

1 1
Vo' = ol + - O (rvy) + - dpvy = 0.
The support of v” is a subset of

= {m:[xl,r,go]E]R?’; lz1] <n+n? n<r<3n+4n? 0<¢<2m}. (3.18)

Considering the norm of v", we observe that for large n the decisive contribution comes
from the integral of [v}|?, namely of its part |(=1/ik) Ky U™ r (dV™/dr) e*?|?, on the region

{m—xl,r@]eR lz1| < n?, 2n <7 < 2n+n?, 0<¢<2m}.

The integrals of all other parts on other regions are of a lower order in n. Calculating the
integral of |(—1/ik) K, U™ r (dV"/dr)e*?|? on the domain S, we obtain

2n+n? 2 n q
/ / / = U™(x1) TdV (r) 27 dedrdr;
—n2Jon d?"
2n+n? n q
= ﬂ n q g+1 | AV (r)
— oo /_n2|U (21)]? das /% . U ar

Kn o o b1
k|2 q+2

((zn +n?)TH2 (2n)q+2).

Here we have used the equalities n]'(x1) = ny(r) = 1, hence |U™(z1)| = |V"(r)| = 1 for
(x1,7,¢) € S§. Thus, there exist ng € N and positive constants ¢g and ¢; (independent of
n) such that

C6 C7

VneN, n>nyg : — <k _
€, m=no n2t6/q = " = 246/q

(3.19)
We can naturally use the form (3.1) of the operator A%. Moreover, if we identify v
with the triplet of its cylindrical coordinates: v £ [v1, vy, v,]T then we can verify that

AJv = VAV +wiyv — YOV,

see [11]. Hence
0

(A2 = A" = (VA +wd, — 701 — AI) bon U™ (1) V(1) €%
1 n
—— Rk U™(21) [V"(r) +r dv(r)

elk‘(p
lk

Calculating now the norm of (A% —AI)v" in Lg (R?), we observe that the contributions com-
ing from R\ S7 tend to zero as n — oo because they represent g-roots of integrals of func-
tions bounded by Cx&r? on S™~ 5. Due to (3.19), this contribution is of the order n~1/9.
Concerning the integral on Sif, the decisive part again comes from (vA+wd,—v01 —AI)v];
namely from (VA + wd, — 91 — AI) applied to the term (—1/ik) k5, U™ r (dV"/dr) elk®
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because of the factor r inside this term. Note that A = ay + as + i3 + ikw and due to
(3.16) and (3.17), we have

En rrn dV”(r) i
(VA+¢U5¢*’)/81*)\I) <1I§U (l’l)rdre]ﬂp>

= TTZ (Vaf + v + ;& + %83, +wdy, —v0 — /\I> <U”(az1)r(ﬂ/(;(r)eik‘f’>
= %Un(ﬂﬁl) (V(f;—i-:jr—aﬂ> [r dv(jr(r)}eikso

+ T—; <I/Y”($1) — Y (x1) — [oq +if] Y(ggl)) {r dv(:r(r)}eikso
= I;:{U"(m) r % |:I/ dzg;(r) — a9 V"(r)} + U™(x1) 2v dQ‘d/:Q(T)

A AV gy 2 )

dr dr ik dr
= Vhn (_3b2 + 9 _ kQIb) ei(aa:l-l-br) eikcp
ik T r

where in the last step we used the simple forms of the functions U" and V" on S, i.e.
Un(x1) = %1 and V"(r) = . Hence

|:/n2 /2n+n2/27r
—n2 J2n 0

n? 2n+n? 1/q
C(v, k,b) kn [/ / rdr dxl}
—n2 J2n

= C(v,k,b) Ky {2n2 [(2n + n?)? — (2n)2] }1/q.

q 1/q
r dedr dazl]
ik

(VA + wdy, — 01 — )\I) (Hn U(x1)r dVdr(r) eik‘p>

IA

The last term tends to zero as n — oo due to (3.19). In this way, we are led to the
convergence ||(A% — AI)v"|[; — 0 as n — oo.

We have proved that nul’(A% — AI) > 0. Hence nul (A% — AI) # nul’(AY — AI). Tt
means that the range R(A2 — AI) is not closed in L (R?). Consequently, nul’ (A% —XI) =
def’(A“WJ —AI) = +o00 and A € Oess(AY). Since gess(AY) is closed, AY is a subset of gess(AY).
Due to Lemmas 3.4 and 3.5, we have the inclusion A% C o.(AY). O

If ¢ = 2 then LL(R3) = L2(R3) is a Hilbert space and it is natural to ask whether the
operator A% is normal. The answer is given by the next lemma.

Lemma 3.7. Let ¢ =2. Then AY is a normal operator in L2(R3).

Proof. Using the cylindrical coordinates (1,7, ¢) as in the proof of Lemma 3.1, we can
express the operators A2 and (AY)* in accordance with (3.1), (3.2) and (3.6) as

AJv = VAV +wIpv —w X v —y01v,
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(AY)"v = VAU —wiyv +w X v + 0V,
where D(AY) = D((AY)*). We need to show that AY(AY)* = (AY)* A%, ie.,

a) D(AL(42)) = D((42)"42),

b) AY(A2)*u = (A2)*A%u for all u € D((A%)*AY).

Let us begin with part a). Suppose that u € D(AY(A%)*), i.e. u € D((AY)") and
(AY)*u € D(AY). In order to show that w € D((AY)*AY), we treat the scalar product
(A%u, A%v)2 of AYu and A%w in L2(R3) for v € D(AY) as follows:

(A%u, A%v)y = ((A2)"u, A2v), +2 (WO,u — w X u —yd1u, Av),
= ((A9)"u, A%v), + 2 (Wi, u — w X u — yOu, VAV),

+2 (wlpu — w X u — YU, WIV —w X vV — 781'0)2. (3.20)
Let us first assume that v has a compact support. Then (O,u, Av)y = —(Au,d,v)2 and
(—w X u —y0i1u, VA'U)2 = (Z/Au, w X v —1—7811))2.
Substituting these identities into (3.20), we obtain
(AYu, AJv)s = ((Ai;’)*u, A$U)2 =2 (vAu, W,V —w X v — 7811))2
+2 (w@wu —wXU—701U, WO,V — W XV — 'yal'v)Q
= ((A9)u, A%v), + 2 ((A)*u, —wd,v + w X v +7I1v),
= ((AY)"u, (A2)"v), = (A2(A9) u, v),. (3.21)

In fact, (3.21) holds for all v € D(AY) because by Lemma 2.3 the set Do(AY) = {v €
D(A%); v has a compact support in R3} is a core of AY. Now, (3.21) shows that for fixed
u, (A%u, AYv)y can be extended to a continuous linear functional of v € L2(R3). Thus,
u € D((AY)"A%).

We have proved the inclusion D(A%(AY)*) C D((A%)*AY). The opposite inclusion can
be proved in the same way.

Concerning part b), (3.21) implies that

((A9)" AJw, v), = (A5(49)"u, v),

for all v € D(AY) and even for all v € L2(R3) due to the density of D(AY) in L2(R3).
Hence the operators A% and (AY)* commute. O

Theorem 1.2 resumes the results of Lemmas 3.3-3.7.

4 The case of an exterior domain {2

In this section, we assume that  C R? is an exterior domain, different from R3, with
boundary of class C:!.

Lemma 4.1. A% C Uess(Ai‘;).
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Proof. We prove in almost the same way as in the proof of Lemma 3.6 that if A € (A%)°
then nul’ (Aﬁ — AlI) > 0. Unfortunately, since an analogue to Lemma 3.4 is not available,
we cannot deduce directly from this inequality that A € oess(AY) as in the proof of Lemma
3.6. However, we will use that supp v™ C S™, see (3.18). Thus, there exists ng € N so large
that v" belongs to the domain of A% (as an operator in L§(Q)) for n > ng. We observe
that any subsequence {S*»} of {S™} has the intersection property N, S*» = (). It implies
that the sequence {v"},>y, is not compact in Lg(f2). Consequently, nul’ (A2 — A\I) = oco.
We can prove in the same way that nul’((A‘;)* — M) = co. Hence def’ (A% — \I) = oo,
and the operator AY — Al is not semi-Fredholm. Thus, A € Uess(Aﬁ‘y’). The inclusion
Ay C aess(AgJ) now follows from the closedness of UQSS(A;’). O

Lemma 4.2. 0es(AY) C AY.

Proof. Let A\ € 0ess(AY). Then nul’(AY — AI) = co. This information enables us to
construct, by mathematical induction, a sequence {u"} in D(AY) satisfying [lu"[|; = 1,
(A% — AD)u"||g — 0 as n — oo and

dist(u"™; Lno1) = 1 (4.1)
for all n € N, where £,,_; denotes the linear hull of the functions !, ..., u"~!: Suppose
that we have already constructed w!, ..., u¥ satisfying ||(A2 — A)u?||; < 1/j for j =

1,...,k and (4.1) for all n = 1,...,k. To ex+1 = 1/(k + 1) there exists an infinite
dimensional linear manifold M1 in D(AY) such that [[(AY — AM)ull; < exqq for all
u € Mj11. Then due to Lemma IV.2.3 in [20], we find u**! € My such that [|[u**||, =1
and dist (u*™; £;) = 1. The sequence {u"} satisfies

1

[(AY = ADu"||y < = for all n € N. (4.2)
n

Denote f" := (A% — Al)u". Lemma 2.2 yields the estimates

[u"l[2,q + [[(w x @) - V||,

IN

ct[[F"Mlg + (c2 + e [A]) lu"(lq
c1+ (CQ + 1 ’/\D = cg (4.3)

A

with a constant cg > 0 independent of n € N. Furthermore, there exists Vp" € L4(Q2)3
such that

vAU" 4+ (w x x) - Vu" — w x u" — 010" — " — Vp" = f° (4.4)
in  and that by (4.3)
1977y < es. (45)

The sequence {u"} is bounded in the space D(AY). Hence there exists a subsequence
again denoted by {w"} which is weakly convergent in D(A%). This subsequence naturally
preserves the property (4.2).

Put o™ := (u"1—u") /5, where §, = ||u"t—u"||,. Then {v"} is a sequence in the unit
sphere in L (€2). It converges weakly to zero in D(A%) because (u"*! —u") — 0 in L(Q)
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as n — oo and by (4.1) 6, > 1. Hence {v"} converges strongly to 0 in W4(2 N Bg(0))3
for each R > 0. Note that the function v™ satisfies the equation

1
VAY" + (w x ) - V" —w x v" —y01v" — " — 5 v(p"tt —p")

n

(fn+1 o fn) (46)

1
o
in Q. This equation, together with the information on the weak convergence of {v"} to
zero in D(AY), implies that the sequence {V(p"* — p™)} weakly converges to zero in
L4(Q)3. Thus, the functions p”, which are given uniquely up to an additive constant, can
be chosen so that p"*1 — p™ — 0 strongly in L4(Q N Br(0)) for each R > 0.

The sequence {v"} does not contain any subsequence, convergent in L& (). Indeed,
assume that {v*2} is a convergent subsequence of {v"} in L& (). This subsequence has
the same weak limit as {v"}, hence v** — 0 in LZ(Q) as n — co. Then even v¥» — 0 in
L% (Q) as n — oo. However, this is impossible because |[vf ||, = 1.

Suppose that R > 0 is so large that the domain {x € R?; |z| > R} is a subset of Q.
Let 1 be an infinitely differentiable cut—off function in 2, with values in [0, 1], such that

0 for |x| <R,
n(x) =
1 for R+1 < |z|.

Put Kr := {® € R} R < |z| < R+ 1} and let B : Wy (Kg) — Wy%(Kg)® be the
Bogovskij operator, see the proof of Lemma 2.3. Then V" := iB(Vn : 'v”) belongs to
W02 “9(Kg)3. If we extend it by zero to Q \ Kg, it can be considered as an element of
VVO2 9(Q)3. Due to the continuity of the operator B and the strong convergence of {v"} to
0 in Wh(QnN BR+1(0))3, we get that V" — 0 in WOQ’q(Q)?’.

Now we define w"(z) := n(x) v"(x) — V"(z). The function w" belongs to D(A%) and,
due to (4.6), satisfies the equation

1
VAW" + (w x ) - V" —w x w" — yow" — Aw" — 5 V™t —p")]

n

1
= g(fnﬂ —f") - ?Vn(p”“ —p")+v(An)v" + 20 Vn - Vo —vAV" + \V"
+(wxax) (Vnev")—(wxx) - VV'+wx V' —y(0m)v" +yh V™.  (4.7)

The right hand side converges strongly to zero in L9(Q)% as n — oo; this follows from
the strong convergence of {v"} to zero in W4(Q2N Bry1(0))3, the strong convergence of
{p"*1 — p"} to zero in LI(Q N Bry1(0)), from the information on the support of V) and
An and from the strong convergence of {V™} to zero in W24(Q2)3. Hence

[(AY = ADw" [y — 0 as n — oo. (4.8)

Moreover, given € > 0, there exists ng € N such that if n € N, n > ng, then

1/q 1/q
o, < (/ |nv"vn|qdm) +(/ |v"|Qd:c) < etl
x| <R+1 R+1<|z|
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[[w™ [l

Y

1/q 1/q 1/q
</ lv™ |9 dm) > </ ]v”|qdw> - (/ lv™|9 d:c)
R+1<|z| Q lz|<R+1

> 1—e€.

Let us now normalize the sequence {w"} by dividing each of the functions w™ by its norm
in LE(2). In order to preserve a simple notation, we denote the normalized functions again
by w". If we finally put w"(z) = 0 for x € R? \ Q, we obtain a non-compact sequence
in the unit sphere in L (R3), satisfying (4.8) with ||. ||, being the norm in L% (R?). Let us
denote, for a while, by (A%)gs the operator A%, considered in LE(R3). The existence of
the sequence {w"} with the above properties implies that nul’ (4%)gs — AI) = oc. Hence
A& p((A“VJ)Rs), which, due to Theorem 1.1, yields A € A%. O

Lemma 4.3. Let A € C~\ AY. Then either A € op(AY) for all 1 < g < o0 or A € p(AY)
for all 1 < g < oo. Moreover, A € p(A%) when Re A > 0.

Proof. Assume that 1 < ¢ < oo and that A € C \ A% is an eigenvalue of (AY)q,, with
nonzero eigenfunction v € D((A‘:;)Q,q)), where (A%)q,q denotes the operator A% on Lg ().
Let p with Vp € L9(Q2)3 be a corresponding pressure function. Using the cut—off function
7, the set Kr and Bogovskij’s operator B : W&’Q(KR) — Wg’q(KR)?’ from the proof of
Lemma 4.2, we get that wy := nv — V (where V = B(Vn-v) in K, V =0 in R3 \ Kg)
solves the equation, cf. (4.7),

vAw; + (w x ) - Vwy —w X wy — yo1w1 — dwy — V(np)
=f =-Vnp+v(An)v+2vVn - Vo —vAV + \V

+(wxz) - (Vnov)—(wxz) - VV4+wxV —~y0in)v+y01V (4.9)

in R3.

First assume that ¢ > 3. Due to the boundedness of the operator 8 from W02 “(KR)
to Wg”q(KR)3 (see e.g. [12, p. 130]), the restriction of the vector field V' to K belongs to
Wg’q(KR)?’. From this, we deduce that f € Wh4(Kpg). Hence, by Sobolev’s embedding
theorem, f € L%(KRg)3 for 1 < s < oo. Since f is supported in Kg, we have that
f € L*(R*)3 for 1 < s < oo. Now we may apply Theorem 1.1 (with s instead of q)
to the whole space problem (4.9) and conclude that wy € D((A%)gs ) € W*(R?) and
V(np) € L*(R?)* because A € C . A2 belongs to the resolvent set of (A%)gs ;. Similarly,
we derive that we := (1 — n)v + V, the solution of a problem analogous to (4.9) in
the bounded domain Qg1 := QN Bry1(0), satisfies wo € W25(Qp,1). Consequently,
v=w +ws € D((A‘;’)QS) and A is an eigenvalue of (AY)qs.

If 1 < g < 3 then we obtain the same result for 1 < s < 3¢/(3 — ¢). However, repeating
finitely many times the same argument, we can extend the result to all 1 < s < co.

Finally, when s = 2, a variational argument implies that Re A < 0 for all A\ € o(AY),

“
cf. [11, Theorem 1.1]. O

Now Theorem 1.2 is completely proved.

Remark 4.1. If ¢ = 2 then the interesting question occurs whether A% is a normal
operator in L2(£). We have proved in our previous papers [10] and [11] that
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a) if v = 0 and the domain €2 is axially symmetric with respect to the x;—axis then AY
s normal,

b) if v # 0 or the domain  is not axially symmetric then A% is not normal.
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