On optimal initial value conditions for local
strong solutions of the Navier-Stokes equations
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Abstract

Consider a smooth bounded domain 2 C R2, and the Navier-Stokes
system in [0,00) x 2 with initial value uo € LZ(£2) and external force
f=divF, F € L*(0,00; L*(2)) N L7?(0, 00; LY*(£2)) where 2 < s < o0,
3 < q < oo, % + % = 1, are so-called Serrin exponents. It is an important
question what is the optimal (weakest possible) initial value condition
in order to obtain a unique strong solution v € L*(0,T"; LY({2)) in some
initial interval [0,7), 0 < T" < oco. Up to now several sufficient condi-
tions on uo are known which need not be necessary. Our main result, see
Theorem 1.2, shows that the condition [;* lle™ " uol|5 dt < co, A denotes
the Stokes operator, is sufficient and necessary for the existence of such
a strong solution u. In particular, if [° lle™ " uol|5 dt = oo, ug € L2(£2),
then any weak solution u in the usual sense does not satisfy Serrin’s con-
dition w € L°(0,T; LI(£2)) for each 0 < T < oo0.
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1 Introduction

Let £2 C R? be a bounded domain with boundary 82 of class C?!, and let 0 < T < oo.
Then we consider in [0,7) x {2 the Stokes and the Navier-Stokes system. Mainly we
are interested in the notions of weak and strong solutions as follows.

Definition 1.1 Let ug € LZ(£2) be the initial value and let f = div F with F =
(Fij)? j=1 € L*(0,T; L?(£2)) be the external force.
(1) A vector field

we L=(0,T; Ly (2)) N L*(0,T; Wy * (£2)) (1.1)
is called a weak solution (in the sense of Leray-Hopf) of the Navier-Stokes system

ur — Au+u-Vu+Vp=f, divu=0,

(1.2)
ulae =0, u(0) = uo,
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with data uo, f, if the relation
—(u, wt)_Q,T + (Vu, vw)Q,T — (uu, vw)n,T = (uo, w(0)), — (F, VU))Q,T (1.3)
holds for each test function w € C§°([0,7"); C5 (§2)), and if the energy inequality

t

t
1 1
SIu®IE + [IVuldar < Sl ~ [(FTuadr (1.4)
0 0

is satisfied for 0 < ¢ < T. A weak solution u of (1.2) is called a strong solution if there
are exponents 2 < s < 00, 3 < ¢ < oo with % + % = 1 such that additionally Serrin’s
condition

we L*(0,T; L(12)) (1.5)

is satisfied.
(2) A vector field u satisfying (1.1) is called a weak solution of the (linear) Stokes
system
ur — Au+Vp=f, divu =0,

1.6
uloo =0, u(0) = uo, (1.6)
with data uo, f, if
—(uswe) o p + (Vu, V), 1 = (uo, w(0)) , — (F, Vw) g, (1.7)
holds for each w € C5°([0,T); C5% (£2)) and the energy equality

t t
1 1
SIu@IE + [ IVulidr = Sl = [(FVupodr, 0<t<T,  (13)
0 0

is satisfied.

We may assume in the following, without loss of generality, that each weak solution
w:[0,T) — L2(£2) is weakly continuous (1.9)

in both cases (1.2) and (1.6), see [S, V. Theorem 1.3.1]. Therefore u(0) = wo is
well-defined.

Let u be a weak solution of (1.2) or of (1.6). Then there exists a distribution
p in (0,T) x §2, the associated pressure, such that uy — Au+u-Vu+ Vp = f or
uy — Au + Vp = f holds, respectively, in the sense of distributions [S, V. 1.7].

Let u be a strong solution of (1.2) or a weak solution of (1.6), and assume that
912 is of class C* and that F' € C°°((0,T) x §2). Then, using (1.5) in the case (1.2),
we obtain the regularity properties

u € C®((0,T) x 2), peC=(0,T) x 2), (1.10)

see [S, V. Theorem 1.8.2].

The existence of at least one weak solution u of (1.2) or (1.6) is well-known, see
[Le], [Ho], [S, V. 1.3]. The existence of a strong solution u of the nonlinear system (1.2)
could be shown up to now at least in a sufficiently small interval [0,7), 0 < T < o0,
and under additional smoothness conditions on the data wug, f. The first sufficient
existence condition in this context seems to be due to [KL], yielding a solution class of
so-called local strong solutions. Since then there have been developed several sufficient
initial value conditions for the existence of local strong solutions, getting weaker step
by step and enlarging the corresponding solution class, see [FK]|, [G1], [He], [Ka],



[KY], [Mi], [S], [Sol], and the recent results in [A2]. Here we are mainly interested in
conditions on initial values.

Our result in this context yields a condition on ug which is sufficient and also
necessary, and therefore determines the largest possible class of strong solutions defined
by Serrin’s condition (1.5).

In this paper, A = A» means the Stokes operator in L2(£2). More general, Ag,
1 < g < oo, means the Stokes operator in LI({2) = Cgﬁ,(ﬁ)lulq where C§,(§2) =
{veC§(N):dive =0}, and e~ ™, t > 0, is the semigroup generated by A, in
LI(2). Further, with © = (z1,z2,23) € 2, D; = 9/02,, 1 = 1,2,3, V = (D1, D2, D3),
and for F = (Fi)? _,, u = (u1,uz,u5) let divF = (X2, DiFy)’_,
(u-V)u = (u1D1 + u2D2 + usDs)u, so that u - Vu = div(uu), uvu = (uiu,)i ;=1 if
divu =V -u = 0; finally us = %u.

Our main results read as follows, see [FS2] concerning results for f = 0.

u-Vu =

Theorem 1.2 Let 2 C R® be a bounded domain with boundary 982 of class C**,
letO<T§oo,2<s<oo,3<q<oowith§+§:1, and let ug € LZ(0),

f=divF, F € L?(0,T; L*(22)) N L*?(0,T; LY*(R2)). Then there exists a constant
e« = €+(£2,q) > 0 with the following property: If

2/s

T 1/s T

/He*“‘uOHS al  + /||F(t)\|§ | <., (1.11)
q 2

0 0

then the Navier-Stokes system (1.2) has a unique strong solution u € L*(0,T; L(12))
with data uo, f.

Theorem 1.3 Let 2 be as in Theorem 1.2, let 2 < s < 00, 3 < q < 0o with %—i—% =
1, and let uo € L2(R2), f = div F with F € L*(0,00; L*(£2)) N L*?(0, 00; LY?(£2)).
(1) The condition

oo

—tA
e uo

0

it < oo (1.12)
q

is sufficient and necessary for the existence of a wunique strong solution u €
L*(0,T; LY(12)) of the Navier-Stokes system (1.2), with data wo, f, in some inter-
val [0,T), 0 < T < co.

(2) Let u be a weak solution of the system (1.2) in [0, 00) X 2 with data uo, f, and

let
oo
/H —A|I®
e U
0

dt = oo. (1.13)

q

Then Serrin’s condition u € L°(0,T;L(£2)) does not hold for each 0 < T < oo.
Moreover, the system (1.2) does not have a strong solution with data uo, f and Serrin
exponents s, q in any interval [0,7), 0 < T < oo.

By Theorem 1.3, (2), (1.13) is a sufficient condition for the non-existence of a strong
solution u € L*(0,T; LI(£2)) of (1.2) with data uo, f in each interval [0,7),0 < T < oc.
Moreover, if uo € L2(£2) and f0°° He_tAUOHZ dt = oo holds for all Serrin exponents
2<s<o00,3<q< o0, %-I—% =1, and if f = div F' with F' € C§°([0, 00); C>=(£2)),
then the system has no strong solution v € L°(0,T; LY(£2)) with data uo, f for each
q, s and all T.



Since ¢ > 2 we have to explain that HeftAuOHq with ug € L2(£2) is well-defined at

least for ¢ > 0. For this purpose we use the estimates (2.1), (2.2), see Section 2, with
-3

0<a< %, 20 + % = 5 and constants ¢,d > 0 not depending on ¢, and obtain that

A% € LI(12) and that

et A A=

[le™ A uoll,
et~ e HA_"‘UO ‘q

[Age™ A Ao,

1.14
e [uo] (9

IA
IA

for t > 0. Therefore, the condition (1.12) simply means that the (even continuous)
function ¢ He_tAUOHZ is integrable in (0, c0). Further we see,

—tA
€ uo

To
(1.12) holds if and only if / ‘

" dt < 0o (1.15)
0 q

for each given Tp > 0.

We explain some further notations. The expression (-, ), = (-, ) denotes the pair-
ing of functions on (2, and (-,), , means the corresponding pairing on (0,7') x £2.
For 1 < ¢ < co and k € N we need the usual Lebesgue and Sobolev spaces L(f2)
with norm [ pagy = -, and W*9(2) with norm [-lyeaqg = Il respec-

tively. Let L*(0,T5L%(£2)), 1 < ¢,s < oo, with norm ||| .« 7. ra(0y) = lI'llger =

1/s
(fOT 1115 dt) denote the classical Bochner spaces. Finally, we use the smooth
function spaces CG°(£2) and C§,(2) = {v e C5°(£2) : divv =0}, and the spaces
L3(2) = O () 1", Wo (@) = T () 171, Wgid () = Oy ().

2 Proof of Theorems 1.2 and 1.3

To prepare the proof we first explain some well-known properties of Stokes operators
and Stokes equations. Let {2 be as in these theorems, let [0,7), 0 < T' < oo, be a time
interval and let 1 < ¢ < oco.

Then P, : LI(£2) — LZ(f2) denotes the Helmholtz projection, and the Stokes
operator A, = —P,A : D(A,) — L%(£2) is defined with domain D(A,) = W*7(£2) N
Wy %(£2) N LL(£2) and range R(A,) = L1(£2). Note that P,v = Pyv for v € L(£2) N
L7(£2) and Agv = Ayv for v € D(Aq) N D(A5), 1 <7 < co. Therefore, we sometimes
write Aq = A if there is no misunderstanding, simplifying the notation. However, we
always write P = P, and A = Ay if ¢ = 2. Let Ay : D(AY) — Li(2), -1 < a <1,
denote the fractional powers of A,. It holds D(A4) C D(A7) C Li(£2), R(AY) =
L1(£) if 0 < a < 1. Note that (A3)™' = A, and (A4,)" = A, where é + % =1

Important properties are the embedding estimate

3 3
[v]l, < c||A?,1)H7, veD(AT), 1<y <gq, 2a+ 7= 0<a<l, (2.1)
and the estimate
’Ag‘e_mqv ‘ <ct e’ [vll,, ve€Li(2),0<a<1, t>0 (2.2)
q

with constants ¢ = ¢(§2,q) > 0, § = §(£2,q) > 0, see [Al], [FS1], [Gal, [GiS], [Sol],
1
[Va]. Further note that D(A2) = W, ?(£2) N L%(£2) and that the norms

1
~ |Vull,, ve D(AZ), (2.3)

q

1
2
HAqv

are equivalent. In particular, if ¢ = 2, then

HA%UH = Voll,, wveD(A?). (2.4)
2



Let g = div G with G = (Gy;)} j=1 € L(£2). Then an approximation argument, see

_1
[S, III. Lemma 2.6.1], [FGS, p. 431], shows that A, 2 P, divG € LZ({2) is well-defined
by the identity

[NIE

_1 _ ’
<Aq 2Pq diVG7 50> = <G7 VAq/ >7 ¥ € Lg )

+ % =1, and that

Q=

1
HAq FP,divG

<clall, (2.5)

q

holds with ¢ = ¢(£2,q) > 0.
Let 1 < ¢ < 00,1 < s < oo. Then for given f € L°(0,T; LL(£2)), there exists a
unique solution v € C°([0,T); LL(£2)) of the instationary Stokes equation

ve+ Aqu = f, v(0) =0, (2.6)

satisfying v, € L°(0,T; LL($2)), Aqu € L°(0,T; LL(£2)), and the maximal regularity
estimate

0tllg 7 + 14a0llg s < €l fllg,s0r (2.7)

with constant ¢ = ¢(£2,q,s) > 0, see [GiS, Theorem 2.7]. This solution has the
representation

o(t) = /e*“*”f‘qf(T) dr, 0<t<T. (2.8)
0

Using (2.2) we obtain with 0 < « < 1 that

t

4500, < [ (6= I, dr 0 <<, (2.9)
0
with ¢ = ¢(£2, ¢) > 0, and the Hardy-Littlewood estimate implies with 1 < v < s < 00,
l—a+{ =2, that

147l or < clfllgqr (2.10)

where ¢ = ¢(£2, @, q,s) > 0 is independent of T
Next we consider f = divF with F € L"(0,T;L*(2)), 1 < r < co. Then a
standard argument, see [S, IV. Theorem 2.4.1], shows that

t
E(t) = e “ug + /A%e’(t’T)AA’%Pdider, 0<t<T (2.11)

0
is well-defined with uo € L2(£2), it holds
E € Lioc([0,T); Wy 5 (£2)), (212)
and u = F satisfies the relation (1.7). Using (2.5) we obtain that
A"2PdivF € L'(0,T; L*(12)). (2.13)
If r = 2 we obtain, see [S, IV. Lemma 2.4.2], that

E defined by (2.11) with r = 2 satisfies the

2.14
energy equality (1.8) and the condition (1.1). (2.14)



Definition 1.1. In particular, setting Eo(t) = e

Therefore, E in (2.14) is a weak solution of the Stokes system (1.6) in the sense of
and (2.14) imply that

o, up € L2(2), (2.11) with F =0

1
S IB@IE + [ IVESIE dr < 5 Juoll3, 0<e<T. (2.15)
0

More general, if ug € L2(£2) and F € L2(0,T; L*(R2)), E in (2.14) satisfies the in-
equality

t
SIEOE+ [1VEE ar < fuoli+ [IFIar ), o<t<T
0 0

(2.16)
with some constant ¢ > 0 not depending on ¢
Next we use (2.11), with F € L*(0, T; L*(2)) N L7*(0,T; L**(R2)), 2 + 2 = 1 as
in Theorem 1.2, and set
t
Ei(t) = /A%e*“*”*“A*%Pdiden 0<t<T. (2.17)
0
Then we get

t

/e—“—T)AA—%PdideT, 0<t<T. (2.18)
0

ATTE (1)

2.5) that

(a2
1,5;T

H(A %El) + HA%E1 <c|Fllg s (2.20)
% 55T 22
with ¢ = ¢(£2,q) >0
Looking at (2.
(2.9) with o = $

Since (2.18) can be estimated in the same way as (2.6) with v = A™2 E;, we obtain
with (2.7) and (

e

< c||F|, .
nirs o I H2,2,T
and that

(2.19)

) we use the estimate (2.1) with 2« + 2

/2,1e a= 3 , then
q, Jl—a+d 3/27 and finally (2. 10) to get the lnequahty

Bl e < clIFl

17
+ 2

4507 (2.21)
with ¢ = ¢(£2,q) > 0. Using (2.6), (2.8) we obtain the identities
t
AT2E (1) = /e_(t_T)A ((A—%EI)T +A%E1) dr, (2.22)
0
Ei(t) = /Al (t=m)A (A*%El)f + A%El) dr (2.23)
0

In the same way as for (2.21) there exists a constant ¢ = ¢({2, ¢) > 0 such that

_1
1Bl g7 < (H< ¢ C B ) ) > (2.24)
25T

1
q s. 2
73T



Proof of Theorem 1.2 Let 2, T, s, q, uo and F be as in this theorem. First we
assume that

2/s

T /s T

/He*“uous at| o+ /||F|\§ a| <c (2.25)
q 2

0 0

in (1.11) holds with any constant C' > 0. Later on we will choose C' = &, > 0 suffi-
ciently small. Further we assume in the first part of the proof that u € L*(0,T’; LI(£2))
is a given solution as desired in Theorem 1.2. Then we write the system (1.2) as a
linear system in the form

ur — Au+ Vp =div(—uu + F), divu =0,

2.26
ulap =0, u(0) = uo. (2.26)

By Hélder’s inequality we see that |juullq 5., < ¢ ||u||§ .7 With some constant ¢ > 0
4.5
not depending on 7', so that

—uu+ F € L0, T; LV?(2)). (2.27)

Since u is a weak solution, it holds u € L?(0,T; W, ?(£2)) C L*(0,T; L5(§2)), and with

Hoélder’s inequality and 1 < r < s defined by % = % + %, we obtain that

Huqu,r;T < CHUH&S;T Hu”a,z;T < cHqu,S;T ||UH672;T <0 (2.28)

holds with a constant ¢ > 0 not depending on T. Using F' € L*(0,T; L*(2)) and r < 2
we conclude that

—uu+ F € L{,.([0,T); L*(2)). (2.29)

Moreover, by (2.5),
A2 Pdiv(uu) € L7(0,T; L* (1)), 2.30)
A2 Pdiv F € LX(0,T; L*(2)) N L*(0,T; LY*(02)). ’

Now we can use (2.11) with E(t), F replaced by u(t), —uu + F, and obtain for (2.26)
the representation

t
u(t) = e “ug + /A%e%t*T)AA*%Pdiv(fuu +F)dr, 0<t¢t<T. (2.31)
0
Let
alt) = ult) - B@#), B(t) = Fo(t) + Fi(0), (2.32)

with Eo(t) = e **uo, E1 as in (2.17); then we obtain from (2.31) that

t
alt) = —/A%e*(f*”AA*%Pdiv((a LE) a4+ E)dr, 0<t<T.  (2.33)
0
Setting

t

(F@)t) = — / Abe AU paiv (a4 E)a+ E) dr  (2.34)



we write (2.33) as a fixed point equation

I

= F(a). (2.35)

Let X be the Banach space defined b,
1
X:{v:[O,T) — LY*(2 '(A 2'0)

_1
ol = H(A)
2 t

1 _1
Since <Ag 2'0) € L*?(0,T; LZ/Q(Q)) we see that A, >v € G°([0, T); L§/2(Q)) and that
2 t 2

vl |
M\Q [NE

€ L%(0,T; LY*(12)), A?v(o) = 0}
(2.36)

with norm

(2.37)

1
+ HAEU
2

s.p

g s g
2’2 2

53T

_1
A42v(0) =0 is well defined.
2
Applying (2.20) with Ei, F replaced by F(a), (@ + E)(@ + E), respectively, to
(2.34) and using Holder’s inequality we obtain for (2.34) the estimate

2
IF @y < all@+E) @+ E)lg sz < a (Il o+ 1El,.r) (2:38)

with a constant @ = a(£2,¢) > 0. Thus (2.24), (2.38) yield the estimate

q s
2727

2
1@ <o (I3l + 1Bl ) - (2.39)

By (2.21) and the assumption (2.25) we obtain that

1 T 2/s
1Bl o <bi= / e tulae) e | [urnf e (2.40)
0
with ¢ from (2.21). We thus obtain from (2.39) that
~ ~ 2
7@ +b<a(|laly+b)" +b. (2.41)

Up to now u was a given strong solution as in Theorem 1.2 and & = v — E. In the
next step we consider (2.35) as a fixed point equation in X yielding a solution @ in X.
Then v = @ + E will be the desired solution for Theorem 1.2.

Thus let @ € X. Then the calculations (2.38), (2.39), (2.40) lead to the inequality
(2.41). We choose . = €.(£2,q) in (1.11) sufficiently small in such a way that

dab < 1. (2.42)

Then the quadratic equation y = ay? + b has a minimal positive root given by
0<uy :2b(1+\/1 —4ab>7

Since y1 = ayi +b > b, the closed ball B = {v € X : |[v||x < y1 — b} is not empty.
Moreover, F(B) € B by (2.41). Finally, for given @, @ € B the representation

(F(a) = F(a)) (1)

- /A%e*“*ﬂAA*%Pdiv((a +E)@— ) + (@ - 2)(a + E)) dr,



and the same arguments as used for (2.41) yield the estimate
7@ = F(a)llx < a(llally+b+llalx +0b) lla—allx
< 2ay, ||a — all < dab|i—ll . (2.43)
This shows that the map F : B — B is a strict contraction, and Banach’s fixed
point principle yields the existence of some 4 € B satisfying & = F(u). Using (2.24)
with F; replaced by @ we conclude that
lallg,or < cllllx < e(yr —b) < cyr < 2bc (2.44)
with ¢ from (2.24).

Next we define u = @+ F and prove that u is the desired solution in Theorem 1.2.
Using (2.40), (2.44) we conclude that
lullg, s < Mtllg o + 1Bl o < 20c+ b (2.45)

with ¢ from (2.24). Thus v € L*(0,T'; LY({2)), and it remains to show that u is a weak
solution of the system (1.2). For this purpose we need some regularity properties of @
which we obtain writing @ = F(@) in the form

t
i=— / A2e=DANTS Pdiv(ua + wE)dr, 0<t<T, (2.46)
0

and applying Yosida’s smoothing procedure in the following way:
We define the Yosida approximation of @ by @, = J,& with J,, = (I + %A%)_l,
n € N, where I means the identity, so that obviously @ = ,, + %A%ﬂn. Note that J,

and %A%Jn are uniformly bounded operators in L2 (£2) with respect to n € N, see [S,
II. 3.4]. To smooth (2.46) we apply J, to both sides and see that

Jn P div(ut + uE)
= J,P(u- Vi) + %A%J,LA*%Pdiv(uA%an) + J.P(u-VE). (247)
-1

Further we use (2.4), (2.5) with exponent v = (% + % , and Holder’s inequality to

obtain the estimate

_1
| Jn P div(u@ +uE)||, < ¢ <|u Vi, + ’ AL 2 Py div(uAZ? i)

+|lu- VE||H/>

,
1
<cllul, (142 a2 + IV E],)

with ¢ = ¢(£2,¢) > 0. Then we write (2.46) in the form
¢
A2, (t) = —/A%e_(t_T)AJnPdiv(uﬂ + uE)dr,
0

and using (2.1), (2.2) with 2a+% = %, a= 2—3q < %, and the last inequality we obtain
the estimate

1 _ 1 -
a2 w]], = |42 raer],
t
SC/HA"A%e_“_T)AJnPdiv(uﬂ+uE) dr
o Y
/ ool 1
<cfw=no b, (aba, + 1vELL) dr

0



with ¢ = ¢(£2,9) > 0 not depending on n € N. Applying the Hardy-Littlewood
estimate (2.10) with 1 — (a + %) + % = % + %, and Holder’s inequality, we obtain that

1
HAQun

1.
sor Sl ([t +1VEBL.,) @)
with ¢1 = ¢1($2,9) > 0.
The constant . = €.(§2,¢q) in (1.11) has been chosen up to now such that (2.42) is
satisfied. Using (2.40) and (2.45) we see that e, can be chosen additionally in such a
way that c1 [lull, ., < L is satisfied. Then the absorption argument easily leads from

2
(2.48) to the estimate

1
HA‘L’un

22T < 2a Hqu,s;T ||VE||2,2;T < oo. (2.49)

Letting n — oo we conclude that HA%ﬁH < 2c1 |Jull, or IVE]l; 9.0 » and conse-
2.2.T 5 25

quently that even
G,u =1+ E € L*(0,T; Wy *(£2)). (2.50)
In the next step we show that
uu € L*(0,T; L*(R2)). (2.51)

For this purpose we write (2.46) in the form

t
a(t) = —/ef(th)AP(u -Vu)dr, 0<t<T,

0

-1
+ 3) , use (2.1), (2.2) with 20+ 2 = 2

q2’

N

-1
ChOOSGO[I%7q1: (%—%> 7(12=<
and obtain that

t
||a(t)||q1 < c/ HA;‘Q((FT)AQ Py, (u- Vu)

0
t

< c/(t — ) - V|, dr

dr

q2

0

with ¢ = ¢(£2,q) > 0. Then we apply the Hardy-Littlewood estimate, see (2.9), (2.10)
with s1 = (%—é)_17 sy = (%—i—%)_l, a=1-2= %, l—a—l—i = é, and obtain

with Hélder’s inequality that
lll gy op,r < el Vully, o0 < cllully g7 1Vully 57 <00 (2.52)

with ¢ = ¢(£2,q) > 0.
Further the standard embedding estimate

IE|l,, <cIVE|S B,

a1 =
withc=c(q) >0,8(:-3)+(1-B)1=2Lie,B8=3(3-21)= %,seee. g. [S, 1L
1.3.1], and (2.16) imply that

£l < ClIVEI; pr 1 Ell5 i < 00 (2.53)

1
1,57 —
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since 518 =2, 2 + 2 = 2. Usmg (2.52), (2.53) we conclude with v = @ + E that

€ I 1an older’s inequality yields
u e Lt OTLq1 9] d Hold li 1d.
HUUH2,2;T < CH“Hq,s;T Hu”ql,sl;T < o0

with ¢ > 0.
Finally we write (2.46) in the form

u(t) = e “ug + /A%e%t*T)AA*%Pdiv(—uu +F)dr, 0<t<T. (2.54)

Since —uu + F € L*(0,T; L*(£2)), u satisfies the corresponding conditions as E in
(2.11)-(2.14) with F replaced by —uu + F. Therefore, u satisfies the relation (1.3),
it holds (1.1), the energy equality (1.8) with F' replaced by —uu + F, and u is the
weak solution of the linear system (1.6) with f replaced by div(—wu + F'). Using the
(well-defined) relation

(1, Vuh g = 5 (. VIl = =5 (v Juf?), =0,

we conclude that even (1.8) is satisfied. Thus the energy inequality (1.4) holds, and u
is a strong solution of (1.2) in the sense of Definition 1.1. This proves Theorem 1.2.
Note that the uniqueness of u is a consequence of the Serrin condition, see, e. g., [S,
V. Theorem 1.5.1]. O

Proof of Theorem 1.3 (1) Using (1.12) and the assumption on F' we can choose
0 < T < oo in such a way that (1.11) is satisfied. Then Theorem 1.2 yields the
existence of a unique strong solution u € L*(0,7; L1(2)) of (1.2).

If conversely u € L°(0,T; LY(£2)), 0 < T < oo, is a strong solution of (1.2), then
we may use (2.27)-(2.41) in the proof of Theorem 1.2. In particular the representation
(2.33) yields

t
u(t) — B(t) = /A%e_(t_T)AA_%Pdiv(fuu) dr, 0<t<T. (2.55)

0

Since wu € L¥*(0,T;LY*(£2)), we can apply to (2.55) the estimate (2.40) for the
equation (2.11) with uo = 0, E(¢) replaced by u(t) — E(t), and F replaced by —uu.
This yields

lu = Ellg s < clluull

<cllullg sz < 00 (2.56)

a
q,s;T — R

.55
with some constant ¢ > 0. Further (2.40) with uo = 0 implies that

1Bl 50 = 1B = Eollgsr < cllFllg 5.0 <00

q,s;T
which leads to

| Eo

lg.or S llu=Ellg or + llully o + 1 E1llg o < 00

Therefore, ||Eof, ., < oo, and due to (1.15) also (1.12) is satisfied. This proves
part (1) of Theorem 1.3.

(2) Let u be as in Theorem 1.3, (2), let (1.13) be satisfied, and suppose that
u € L°(0,T;L%f2)) holds for some T' > 0. Then we conclude from (1) that
I HeftAu()H; dt < oo which is a contradiction to (1.13). O
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3 Consequences

Let 2, A, q, s, and up be as in Theorem 1.3. We will use in this section some standard
arguments on Besov spaces and interpolation theory, see [Tr], [BB], in order to give
an equivalent formulation of Theorem 1.3, see Theorem 3.1 below. In particular we
need the Besov space By 7 *(£2), explained below, and will prove the equivalence

1/s

o o]

—tA S
Sl at )+ ol = ol 2 g + lluol (3.1)
0

of these norms. Let B;{Z,(Q) be the usual Besov space, see [Tr, 4.2.1, (1)] for the
definition, with the dual exponents ¢’, s’ defined by é + % =1,1+ L =1. Then the

S

Besov space of solenoidal vector fields of B ,(£2) is defined by

1 ol
q,s

B*

() =BY (2N LY (2) = {U € B, (2):divu =0, N -v|pp = 0}

2
q,s
where N - v|g means the (well-defined) normal component of v at 92; see [A3, (0.5),
(0.6)] concerning this space. The space

!/
B, 7 (2) = (B, (2)) (3.2)
is the dual space o ) . urther we wuse the interpolation space
is the dual £ B, (0 Furth h 1

(LE(£2),D(Aq))1-1/5,s and some similar spaces, see [Tr, 1.14.5] and [BB, Theo-
rem 3.4.2].

For the next equivalences we use step by step the following arguments: [Tr, 1.14.5,
(2)] for the first equivalence =2, then the identity (A~ uo, Ap)q = (uo, @)a, ¢ € D(A),
and then [Tr, 1.11.2]; for the last three equivalences we use [Tr, 1.3.3, (1)], then [A3,
Prop. 3.4, (3.18)], and finally the definition in [A3, (0.6)]:

0o 1/s oo 1/s
/He_tAuoHs at] A7l = /HAe_‘AA_luo Cat] 4+ A,
0 ! 0 !

%

1 ~
HA UOH(LZ(Q),D(AQ))lil’S ~ ”uo”(D(Aq/)’,LZ(O))l_%YS

Q
Q

||“0”<D<Aq/>,L‘;’<n>>’17l p ”“0”@2/<0>,D<Aq/>);>s,

s

Q

ol g2y ~ fuolly-e g

Next use (2.1) with a = %(%—%) < 1to get that HA‘luqu <c HA"A_luoH2 < clluoll,
with ¢ = ¢(£2,¢) > 0. Hence we obtain that

[ess) /s
[l o

q
0

o 1/s
+ [Juolly < /HeitAuoH dt + ||A71uo||q + |luoll,
q
0

< ¢ (Jluolly-s gy + o]l
as well as
o 1/s
—tA S —1
ol g + ol < | [ [l ] ae )+ 47 ], + uoll,
0

< ¢ (Ioll,-2 ) + luoll,)

with ¢ = ¢(£2,q) > 0. This proves the equivalence (3.1).
Using (3.1) we get the following equivalent formulation of Theorem 1.3.

12



Theorem 3.1 Let 2 C R? be a bounded domain with boundary 982 of class C*?!,
let ugp € L2(2) and f = div F with F € L?(0,00; L*(£2)) N L*?(0, 00; LY?(£2)) where
2<s<oo,3<q<oosuchthat§—|—%:1.

(1) The condition

uo € By °(12) (3.3)

is sufficient and necessary for the existence of a wunique strong solution u €
L?(0,T;L(£2)) of the Navier-Stokes system (1.2), with data uo, f in some interval
[0,T) with 0 < T < 0.

(2) Let u be a weak solution of the system (1.2) in [0,00) X £2, with data uo, f,
and assume that

uo ¢ By Y (92). (3.4)

Then Serrin’s condition w € L°(0,T; LY(£2)) does not hold for each 0 < T < oo.
Moreover, the system (1.2) does not have a strong solution with data wo, f and
Serrin’s exponents s, q in any interval [0,T), 0 < T < oco.

As a consequence of Theorem 3.1 we mention some sufficient conditions on the data
ug, f for the existence of a local strong solution. The optimal condition (3.5) yields
the largest possible solution class in this context. Concerning the conditions (3.6) and
(3.7) below, there are several known similar results with more regular external forces
or with f =0.

Theorem 3.2 Let 2 C R3 be a bounded domain with boundary 082 of class C*?!,
let ug € L2(2) and f = div F with F € L*(0,00; L*(2)) N L¥?(0, 00; LY?(2)) where
2<s<oo,3<q<oosuchthat§+§:1.

Then each of the following conditions is sufficient for the existence of a unique
strong solution w € L*(0,T; LY(12)) of the Navier-Stokes system (1.2) with data uo, f
in some interval [0,T) with 0 < T < oo.

(1) uo € By 7*(92)
(2) u € L3(R2), s>q (3.6)
(3) up € D(A7) (3.7)

Proof (2) The result follows from Theorem 3.1 and the well-known embedding prop-
erty L2(£2) C B;7*(£2), when s > ¢, see [A3, (0.16)] or [Tr, 4.6.1, (d)].
(3) We use (2.1) with a = 2(% — %) and obtain that

2\2
oo
—tA
e uo
0

1/s

1/s 0o
S S
dt <c /HAae_tAuOH dt
q 2
0

. 1/s
=c /HA%eftAA%uoH dt
2
0

<c

1
A4UOH
2

with ¢ = ¢(£2, q); see [S, IV. Lemma 1.5.3] concerning the last inequality. O
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Remark 3.3 (1) The condition (3.5) is optimal and yields the largest possible class
of local strong solutions u € L*(0,T'; LY(§2)), see Theorem 3.1, (1). This result extends
the solution class considered in [A2, Theorem 11.1] where instead of IB%;?S(Q) a certain
Bessel potential space is used.

(2) Of course, (3.6) can be replaced by the stronger condition uo € L (£2), r > 3.
The first result with ug € L, (£2), » > 3, has been given in [FJR], further results for
r > 3 are given in [Mi]. The first result with » = 3 is contained in [Ka|, further results
in this case are developed in [G1], [Mi].

(3) The condition (3.6) can be replaced by the strictly weaker condition

uo € LY*(0), ¢ <5< oo, (3.8)

see [S2], which follows from the embedding L¥*(£2) C B, <" (£2) with s > ¢, see [A3,
(0.16)]. Here L3*(£2) means the Lorentz space defined as the closure

L3(@) = T (@) 1+,

where L** = L**(£2) means the usual Lorentz space, see [Tr], [BB|. Since s > 3, it
holds L3* > L2(£2). A result with (3.8) for s = oo has been given in [KY] with an
additional smallness condition on the norm L3°°(£2).

(4) The first result with initial conditions in D(A) C LZ(£2) has been given in
[KL]; this seems to be the first result on the existence of local strong solutions. The
first result with uo € D(Ai) for smooth bounded domains is contained in [FK| and
can be extended to general domains (i.e. open connected subsets of R?), see [S, V.
Theorem 4.2.2].

4 Extension to completely general domains for
the special exponents s =8, ¢ =4

In this section 2 C R® means a general domain, i.e. an open and connected subset
of R® with boundary 8£2. Note that £2 can be bounded or unbounded and may have
edges and corners.

It turns out that in this case Theorems 1.2 and 1.3 remain true with the special
Serrin exponents s = 8, ¢ = 4. The reason is that each step of the proof can be
carried out for general domains using only the L?-approach to the Stokes operator. It
is interesting to note that the smallness constant e, = €.(£2,¢) > 0 in Theorem 1.2 for
s = 8, ¢ = 4 does not depend on {2 and is therefore an absolute constant. Indeed this
follows since the L2-approach is much simpler than the general L%-approach; see [S,
IIL. 2.1] for the Stokes operator A = A, and [S, II. 2.5] for the Helmholtz projection
P = P, for general domains.

Further we note that Definition 1.1 remains valid for the general domain {2 with
the only exception that the condition (1.1) has to be replaced by

w € L=(0,T; L7(2)) N Line ([0, T); Wy *(12)). (4.1)

Thus in the next two theorems w is a strong solution in the sense of Definition 1.1
where (1.1) is replaced by (4.1).

Theorem 4.1 Let 2 C R® be a general domain with boundary 952.
(1) There exists an absolute constant €. > 0 with the following property: If 0 <
T < oo and ifug € L2(Q), f =divF, F € L*(0,T; L*(2)) N L*(0,T; L*(Q)) satisfy

1/4

T 1/8 T
8

/He*““uOH a| + /||F||;1 a|  <e., (4.2)
4

0 0
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then the Navier-Stokes system (1.2) has a unique strong solution u € L®(0,T; L*(£2))
with data uo, f.

(2) Supposeug € L2(Q), f =divF, F € L*(0,00; L*(£2))NL*(0, 00; L2(2)). Then
the condition

oo}

8
/HeitAuoH dt < oo (4.3)
4

0

is sufficient and necessary for the existence of a wunique strong solution u €
L8(0,T; L*(£2)) of the system (1.2) with data uo, f in some interval [0,T), 0 < T <
0.

Proof (1) We only have to explain the modifications of the proof of Theorem 1.2
needed for the given general domain (2.

The estimate (2.1) only holds for 0 < a < %, 2 < g < 00, v = 2 but now with some
constant ¢ = ¢(a) > 0 only depending on «, see [S, III. Lemma 2.4.2]. Concerning the
semigroup e ', ¢ > 0, see [S, IV. 1.5]. Then the estimate (2.2) holds for 0 < a < 1,
g = 2, and with constant ¢ = 1. Applying (2.1) with o = %, g = 4, and (2.2) with
q=2,a= % we obtain that

He*t‘*uouj <t ulf, ¢>0, (4.4)

with some absolute constant ¢ > 0. This shows that (4.3) is well-defined and means

—tA

that the (continuous) function ¢ — He uoHi, t > 8, is integrable in (0, c0). Further

we note that HA%UH = ||Vvl|, for all v € D(A%), and that
2

1A%]l, < [JAv[I3 [loll,™, v e D(A4), 0<a<l, (4.5)

see [S, III. Lemma 2.2.1 and I11.2, (2.2.8)].

Next we note that (2.7) holds for the solution of (2.6) with the exponents ¢ = 2,
1 < s < oo, and with constant ¢ = ¢(s) > 0, see [S, IV. (2.5.13)]. The estimate (2. 9)
holdsforg=2,0<a<1,¢=1,(2.10) holdsforg=2,1 <y < s < o0, 1 — oz—&—f 5
¢ = c(s,7), and (2.5) holds with ¢ =2 and ¢ = 1.

Starting with a given strong solution u € L%(0,T;L*(2)) of (2.26) we obtain
(2.29) with r = 4, yielding the representation (2.33) with @ as in (2.32). This leads to
(2.38)-(2.41) with ¢ = 4, s = 8, and with absolute constants a, ¢ > 0.

Next we solve the fixed point equation (2.35) in X, see (2.36), where £ =2, 5 =4.
Using (2.41)-(2.45) with ¢ = 4, s = 8 and the smallness condition (4.2) we obtain a
solution u € L8(0,T; L*(£2)) of (2.33) where i is defined as in (2.32).

Using (2.27) with § =4, £ = 2, we see that

—uwu+ F € L},.([0,T); L*(£2)).

Therefore, we do not need the Yosida approximation as in (2.47)-(2.49) and directly
apply the results in [S, IV. Theorem 2.4.1, and Theorem 2.4.2, d)] to obtain from the
representation (2.33) that u is a strong solution of the system (1.2). Here we argue as
for (2.54). This proves Theorem 4.1, (1).

(2) The argument to prove (2) is the same as in the proof of Theorem 1.3, (1). O

Using (2.1) with o = 3, v =2, (2.2) with o = £, ¢ = 2, and the estimate
1/8

/HAse A uo dt < Jluoll, , (4.6)
0
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see [S,

IV. Lemma 1.5.3], we obtain with ug € D(A%) that
oo 1/8 oo 1/8
8 8
/HeitAuOH dt <c /HA%eftAuoH dt
4 2
0 0
o 1/8
1 44,1 8 1
= HASe Axyg|| dt < CHA4u0
2 2
0

with some absolute constant ¢ > 0. This yields the following corollary which extends
Fujita-Kato’s result [FK] to general domains.

Corollary 4.2 Let 2 C R? be a general domain, and let uo € D(A%), f=divF,
F € L*(0,00; L?(£2)) N L*(0,00; L?(2)). Then there exists a unique strong solution
uw € L3(0,T; L*(2)) of the system (1.2) with data uo, f in some interval [0,T), 0 <
T < 0.
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