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A central theme in the foundations of math-
ematics, dating back to D. Hilbert, can be
paraphrased by the following question
‘How is it that abstract methods (‘ideal ele-
ments’) can be used to prove ‘real’ statements
e.g. about the natural numbers and is this
use necessary in principle?’
Hilbert’s aim was to show that the use of such
ideal elements can be shown to be consis-
tent by finitistic means (‘Hilbert’s program’).
Hilbert’s program turned out to be impossi-
ble in the original form by the seminal results
of K. Gödel. However, more recent develop-
ments show it can be carried out in a partial
form in that one can design formal systems
A which are sufficient to formalize substan-
tial parts of mathematics and yet can be re-
duced proof-theoretically to primitive recur-
sive arithmetic PRA, a formal system usu-
ally associated with ‘finitism’. These systems
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are based on the so-called binary König’s
lemma WKL which – in analytic terms –
is just the amount of ineffective set theory
needed to prove e.g. the Heine-Borel com-
pactness of the unit interval [0, 1] which fails
to hold in computable analysis (see [22] for a
treatment of mathematics based on WKL).
Much larger parts of mathematics can be car-
ried out in systems A∗ which are not quite
reducible to PRA but to first-order Peano
arithmetic PA. These systems are based on
so-called arithmetical comprehension which
is just the amount of ineffective set the-
ory needed to prove the sequential compact-
ness of [0, 1] which is ineffective in an even
stronger sense than WKL ([22],[6]).
Moreover, one can construct effective trans-
formations of proofs in the systems men-
tioned into proofs in PRA respectively PA

which preserve certain classes of formulas.
Such results suggest to shift emphasis from
purely foundational issues to mathematical
applications.
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Already in the 50’s G. Kreisel had asked
‘What more do we know if we have proved
a theorem by restricted means than if we
merely know that it is true?’
Kreisel proposed to apply proof theoretic
techniques – originally developed for founda-
tional purposes – to concrete proofs in math-
ematics which mathematicians could not ‘un-
wind’ themselves (see e.g. [20]).

Although Kreisel’s idea of unwinding

proofs has been applied e.g. to number the-
ory ([19]), combinatorics ([1]) and algebra
([5]), the area of analysis (and in particular
numerical functional analysis) is of particular
interest. Here ineffectivity is due not only to
the use of non-constructive logical reasoning
but at the core of many principles (like com-
pactness arguments) which are used to ensure
convergence and which provably rely on the
existence of non-computable reals. In mathe-
matical terms this non-computability often is
an obstacle to obtain a quantitative stability
analysis and rates of convergence.
In recent years the author developed specially
designed proof theoretic transformations to
unwind proofs in analysis in a systematic
way using – among other things – embbed-
ings into systems based on semi-intuitionistic
logic and so-called functional interpretations
which translate proofs into terms built up out
of functionals of finite types ([12],[13]). We
call this approach proof mining (in anal-
ogy to the important area of ‘data mining’ in
computer science). The goal of ‘proof mining’
is to transform prima facie ineffective proofs
into new ones from which certain computa-
tional information can be read off which was

not visible beforehand. The resulting proof
can again be formulated in ordinary mathe-
matical terms without reference to the tech-
niques instrumental in finding it. This new
proof, typically, will not and need not be con-
structive. In fact, only small parts of a given
proof usually need to be considered at all.
General logical theorems allow one to narrow
down those parts which are critical for the
computational information in question and
provide an extraction algorithm. At the same
time these logical theorems single out whole
classes of lemmas which simply can be taken
as axioms in the process of proof mining.
In applications to concrete proofs, the extrac-
tion procedure will not follow step by step the
general algorithm provided by these meta-
theorems, but will use all kinds of mathemat-
ical optimizations possible in the situation at
hand. Nevertheless, key steps in the analysis
will typically correspond to transformations
suggested by the logical method used.
We have carried out some case studies of
proof mining which yielded not only new
quantitative but even new qualitative results
in approximation theory and fixed point the-
ory.

These qualitative results are concerned with
the independence of certain quantities such as
rates of convergence from various parameters
of the problem at hand. For instance in the
area of metric fixed point theory, complicated
functional theoretic embedding techniques
have been used for some 20 years to estab-
lish certain (partial) uniformity results (see
e.g. [8],[7],[10]) on the asymptotic regularity
of nonexpansive mappings (see e.g. [9],[2]).
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The logical approach not only avoids these
techniques but gives qualitatively stronger
forms of uniformity ([14],[15]) and easily ex-
tends (see recent joint work with Laurenţiu
Leuştean [17]) to more general settings (di-
rectionally nonexpansive mappings in hyper-
bolic spaces) for which only rather limited re-
sults were known before ([10]).

In approximation theory proof mining re-
sulted in quantitative bounds on strong unic-
ity in Chebycheff approximation ([11]) as well
as recently (joint work with Paulo Oliva) in
L1-approximation. In the latter case, the first
explicit and effective (in all parameters) rate
of strong unicity for best L1-approximations
of f ∈ C[0, 1] by polynomials of degree ≤

n was obtained ([16]) improving previously
known ineffective results ([3],[18]). Using
this result Oliva obtained the first complex-
ity upper bound for the sequence of best L1-
approximations by polynomials ([21]).
We hope that these applications will convince
the reader of the potential relevance of this
project of ‘applied foundations’.
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