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NUMERICAL ANALYSIS OF THE OSEEN-TYPE PETERLIN VISCOELASTIC
MODEL BY THE STABILIZED LAGRANGE-GALERKIN METHOD
PART II: A NONLINEAR SCHEME

MARIA LUKACOVA-MEDVIDOVA!, HANA MIZEROVA2, HIROFUMI NOTSU® AND
MASAHISA TABATA?

Abstract. A nonlinear stabilized Lagrange—Galerkin scheme for the Oseen-type Peterlin viscoelastic
model is presented. Error estimates with the optimal convergence order are proved without any relation
between the time increment and the mesh size. The result is valid for both the diffusive and the
non-diffusive conformation tensor. The theoretical convergence order is confirmed by the numerical
experiments. The scheme is a combination of the method of characteristics and Brezzi-Pitkdranta’s
stabilization method for the conforming linear elements, which yields an efficient computation with a
small number of degrees of freedom.
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1. INTRODUCTION

This is the continuation of our paper on numerical analysis of the Oseen-type Peterlin viscoelastic model by
the stabilized Lagrange—Galerkin method. In the previous paper [8|, Part I, we have dealt with a linear scheme.
Here, in Part II, we present a nonlinear scheme and prove the optimal convergence order.

Many mathematical models have been proposed and analysed in order to understand the so-called non-
Newtonian fluids. One of the most famous models is the Oldroyd-B model, cf., e.g., [I4, 5], which is based on a
simple dumbbell model representing a polymer molecule as two beads connected by a spring. There is a broad
literature on both analytical and numerical studies of the Oldroyd-B model and its diffusive version. We refer
to the bibliography in Part I and references therein.

Here we study numerically the Peterlin viscoelastic model, the same model as is described in Part 1. As for
the diffusive Peterlin model Lukacova-Medvidova et al. have proved the global existence of a weak solution and
the uniqueness of regular solutions [d]. In this paper, we treat both the diffusive and the non-diffusive cases.
As a starting point of the numerical analysis of this problem, we deal with the Oseen-type model, where the
velocity of the convective terms is replaced by a known one. The numerical analysis of the original model will
be a future work.
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The linear scheme proposed in Part I consists of the method of characteristics and Brezzi—Pitkdranta’s
stabilization method [B] for the conforming linear elements. This class of the stabilized Lagrange—Galerkin
method has been studied for the Oseen, the Navier—Stokes, and natural convection problems in our papers by
Notsu and Tabata [II-I3]. The nonlinear scheme to be presented in this paper also belongs to the same class,
and has the common advantages of schemes in this class, the robustness in convection-dominated problems and
the small number of degrees of freedom. While a relation between the time and space discretization parameters
is required for the error estimates in the linear scheme, no condition is necessary in the nonlinear scheme. We
note that the error estimates remain true even in the case € = 0, i.e., for the non-diffusive Peterlin model.
Furthermore, under the condition At = O(1/(1 + |loghl)) for € > 0 and At = O(h) for € = 0, the uniqueness
of the solution of the nonlinear scheme is ensured. Two-dimensional numerical experiments are shown in order
to confirm the theoretical convergence order.

The paper is organized as follows. In Section B the mathematical formulation of the Oseen-type Peterlin
viscoelastic model is described. In Section B a nonlinear stabilized Lagrange—Galerkin scheme is presented. The
main result on the convergence with optimal error estimates is stated in Section B, and proved in Section B.
In Section B the result on the uniqueness is presented and proved. The theoretical order of convergence is
confirmed by numerical experiments in Section .

2. THE OSEEN-TYPE PETERLIN VISCOELASTIC MODEL

The function spaces and the notation to be used throughout the paper are as follows. Let (2 be a bounded
domain in R2, I" := 92 the boundary of {2, and T a positive constant. For m € NU {0} and p € [1, cc] we use
the Sobolev spaces W™ (£2), W > (2), H™(£2) (= W™2(2)), H}(22) and L2(2) := {q € L*(2); Joadx =0}

Furthermore, we employ function spaces H™, (£2) := {D € H™(£2)?*2; D = DT} and C™,,,(02) := C™(£2)**2N

sym sym

HE,.(£2), where the superscript T' stands fzz)r the transposition. For any normed space Sy with norm || - ||g, we
define function spaces H™(0,T;.S) and C([0,T); S) consisting of S-valued functions in H™(0,7T) and C([0,T1),
respectively. We use the same notation (-,-) to represent the L?({2) inner product for scalar-, vector- and
matrix-valued functions. The dual pairing between S and the dual space S’ is denoted by (-,-). The norms on
Wm™P(2) and H™({2) and their seminorms are simply denoted by || - |[;m,p and || - ||l (= || - [m,2) and by | - [m.p
and | - |m (= | - |m,2), respectively. The notations || - ||mp, |- |m,p, || - |lm and | - |, are employed not only for
scalar-valued functions but also for vector- and matrix-valued ones. We also denote the norm on H~'(£2)? by
Il - |=1. For ¢ty and ¢; € R we introduce the function space,

Z™(to tr) == {¥ € H (to,ty; H™ 7 (12)); j=0,...,m, [[¥]lzm(19,6) < 00}

with the norm

m 1/2
||'(/)HZm(t0,t1) = {Z ||¢||%1j(t0,tl;mzj(n))} )

=0

and set Z™ := Z™(0,T). We often omit [0, 7], {2, and the superscripts 2 and 2 x 2 for the vector and the matrix
if there is no confusion, e.g., we shall write C'(L>°) in place of C([0, T]; L°°(£2)?*?2). For square matrices A and
B € R**? we use the notation A : B =3, ; A;; By;.

We consider the system of equations describing the unsteady motion of an incompressible viscoelastic fluid,

%‘; —div (2vD(u)) 4+ Vp = div [(tr C)C] + f in 2 x (0,7T), (1a)
divu=0 in 2 x(0,7T), (1b)
be _ eAC = (Vu)C + C(Vu)” — (trC)’C + (tr C)I + F in 2x(0,7), (1c)

Dt
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C
u=0, 5g—n =0, on I' x (0,7), (1d)
u=u’, C=C" in 2, at t =0, (Le)

where (u,p,C) : 2 x (0,T) = R?> x R x R2x2 are the unknown velocity, pressure and conformation tensor,
v > 0 is a fluid viscosity, € € [0, 1] is an elastic stress viscosity, (f,F) : 2 x (0,7) — R? x R?*2 is a pair of given
external forces, D(u) := (1/2)[Vu + (Vu)7] is the symmetric part of the velocity gradient, I is the identity
matrix, n : I' — R? is the outward unit normal, (u®, C°) : 2 — R? x R2X2 is a pair of given initial functions,

sym
and D /Dt is the material derivative defined by

D 0

where w : 2 x (0,T) — R? is a given velocity.

Remark 1. (i) In this paper we pay attention to the dependency on ¢ to include the degenerate case e = 0. The
upper bound 1 of € is not essential but replaced by any positive constant eq, i.e., € € [0,eq]. The upper bound is
needed in choosing the constants hg, Aty and c; independent of € in Theorem O below, where it is used for the
estimate ([4g) in Lemma B.

(ii) When € > 0, the problem (W) is the same system that is described in Part I [8]. Under regularity condition
on w the global existence of a weak solution of (B) below can be proved in a similar way to the fully nonlinear
case [2].

(iii) When € = 0, there is neither the diffusion term in (Id) nor the boundary condition on C in (Id). Because
of the loss of the ellipticity, C(t) does not belong to H*(£2)?*2 in general. If there exists a solution satisfying
Hypothesis B below, then we can show the convergence of the finite element solution to the exact one in Theorem 0.

We set an assumption for the given velocity w.
Hypothesis 1. The function w satisfies w € C([0, T]; Wy'™(£2)?).
Let V := H}(2)?, Q := L3(2) and W := H}  (£2). We define the bilinear forms a,, on V x V, bon V x @,

sym

Aon (VxQ)x(VxQ)and a. on W x W by

ay (u,v) :=2(D(u),D(v)), b(u,q) = —(diva,q), A((u,p),(v,q)) = ra, (u,v) +b(u,q) + b(v, p),
a. (C,D) := (VC, VD),

respectively. We present the weak formulation of the problem (0); find (u,p,C) : (0,7) — V x Q@ x W such
that for ¢ € (0,7)

<I];fl(t)’v) + A((w,p)(0), (v.0)) = — (tr C(t) (1), Vv) + (£(1), V)., (2a)

<I]))(;(t),D) +ac(C(1), D) = 2((Vu(t))C(t), D) — ((tr C(t))*C(t), D) + (tr C(t)L, D) + (F(t), D), (2b)

V(v,q,D) €V xQ x W,

with (u(0), C(0)) = (u’, C°).

3. A NONLINEAR STABILIZED LAGRANGE-GALERKIN SCHEME

The aim of this section is to present a nonlinear stabilized Lagrange—Galerkin scheme for ().
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Let At be a time increment, Ny := |T/At] the total number of time steps and ¢ := nAt for n =0, ..., Nr.
Let g be a function defined in 2 x (0,7) and g™ := g(+,t"). For the approximation of the material derivative
we employ the first-order characteristics method,

g"(z) — (8" ' o XT) (2)
At

e, )=

Di + O(At), (3)

where X7 : 2 — R? is a mapping defined by
X1 (z) = a — w"(z)At,
and the symbol o means the composition of functions,

(8" " o XT')(x) :=g" N (X]'(2)).

For the details on deriving the approximation (B) of Dg/Dt, see, e.g., [[2]. The point X7 (x) is called the upwind
point of & with respect to w™. The next proposition, which is a direct consequence of [I6] and [I¥], presents
sufficient conditions to ensure that all upwind points defined by X7 are in 2 and that its Jacobian J" :=
det(0XT/0x) is around 1.

Proposition 1. Suppose Hypothesis @ holds. Then, we have the following for n € {0,..., Np}.
(i) Under the condition At|w|cwi1.~y <1, XT': 2 — 2 is bijective.
(ii) Furthermore, under the condition

At‘W|C(W1,oo) < 1/4, (4)

the estimate 1/2 < J™ < 3/2 holds.

For the sake of simplicity we suppose that {2 is a polygonal domain. Let 7;, = {K} be a triangulation of
2 (= UKeTh, K), hi the diameter of K € T}, and h := maxge7, hx the maximum element size. We consider a
regular family of subdivisions {7} } 5,0 satisfying the inverse assumption [d], i.e., there exists a positive constant
«g independent of A such that

h
— <oy, VK €Ty, Vh.
hk

We define the discrete function spaces Xy, Vi, My, Qp and Wj, by
Xp = {vn € C(2)% vk € P(K)* VK € Th}, Vi i=Xn OV,
My = {an € C(2); anx € Pi(K),VK € Ty}, Qn =M, NE,
Wh = {Dh S Csym(‘o)v Dh\K € Pl(K)2X27vK S 771} )

respectively, where P;(K) is the polynomial space of linear functions on K € Tj,.
Let &y be a small positive constant fixed arbitrarily and (-,-)x the L?(K)? inner product. We define the
bilinear forms A, on (V x HY(2)) x (V x HY(2)) and S, on H*(£2) x H'(2) by

A (w,p), (v,9)) i= vay (u,v) +b(u,q) +b(v.p) = Su(p, @), Su(p,@) =00 Y hi(Vp,Va)k.
KeTn

For D € R2X2 let D# € R2X2 be the adjugate matrix of D defined by

sym sym
Doy —Dqo
D#* = .
( —D1z  Dn )
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Let (f,,Fp) := ({£23107, {F23N7) € L2(02)? x L*(2)?*? and (u),CY) € Vi, x W), be given. A nonlinear
stabilized Lagrange-Galerkin scheme for () is to find (up,ps, Cp) = {(u},p}, CZ)},JEI C Vi X Qp, x Wy, such
that, for n =1,..., Nr,

u;LL — u;—zil o Xin n o, n ny\m n
At s Vi +Ah((uh7ph)7(vhaq}L)) = _((tr Ch)ch?vvh) + (fhavh)7 (5&)
Cr—CploXp ,
( e ,Dh) +eac (G}, Dy) = 2((Vuj)Cjj, Dy) + (divuji (C})*, Dy) — ((tr C}})*Cy, Dy,)

+ ((tr C})I,Dy) + (Fj,Dy), (5b)
Y(Vh, qn, Dp) € Vi, x Qp x W,

4. THE MAIN RESULT

In this section we present the main result on error estimates with the optimal convergence order of scheme ().
We use ¢ to represent a generic positive constant independent of the discretization parameters h and At. We
also use constants ¢, and ¢, independent of h and At but dependent on w and the solution (u,p, C) of (B),
respectively, and c¢s often depends on w additionally. ¢, ¢,, and ¢; may be dependent on v but are independent
of e. The symbol “/ (prime)” is sometimes used in order to distinguish two constants, e.g., ¢; and ¢, from each

other. We use the following notation for the norms and seminorms, ||-[|y, = [|-[ly;, = [Il;; [['llg = [Ilg, = [Illos
2 2 /2 n
10Ol g2y = {0y + 1} My =, o [l
Nr 1/2 Nt 1/2
2 n
fulleo = {802 I} uleco = {3 B}
n=1 n=1
1/2 Nrp 1/2
|pln = { > h(Vp, VP)K} ; Plez(l.1,) = {Atz |pn|i} ;
KeTh n=1

for X = L%(£2) or H'(£2). Da; is the backward difference operator defined by Dasu" := (u™ —u"~1)/At.
The existence of the solution of scheme (B) is guaranteed by the next proposition whose proof is given in the
next section.

Proposition 2 (existence). Suppose Hypothesis O holds. For any h > 0 and At € (0,1/2) satisfying (8), there
exists a solution (up,pr, Cr) C Vi X Qn X Wy, of scheme (B).

We state the main result after preparing a projection and a hypothesis.

Definition 1 (Stokes projection). For (u,p) € V x Q we define the Stokes projection (4, pn) € Vi, X Qn of
(u,p) by

An ((Qn; pn), (Visqn)) = A((w,p), (Vi,qn)),  Y(Va,qn) € Vi X Qn. (6)

The Stokes projection derives an operator II5 : V x Q — Vj, x Qy, defined by I} (u,p) := (ap,pp). The
first component of IT7(u,p) is denoted by [II}(u,p)];. Let IIj, : L?(2) — M), be the Clément interpolation
operator [5]. The operators on L?(£2)? and L?(£2)>*2 are denoted by the same symbol I7},.

Remark 2. While we introduced a Poisson projection for C in Part I [8], here we use the Clément interpolation
operator Iy, which is sufficient for the proof in the nonlinear scheme. The required regularity on C in Hypoth-
esis @ becomes a little weaker. We note that the Clément operator can be replaced by the Lagrange interpolation
operator, when the function belongs to C(£2).
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Hypothesis 2. The solution (u, p, C) of (B) satisfiesu € Z2(0,T)*NH(0,T; VNH?(2)*)NC([0, T); W1 (£2)?),
pe HY0,T;QN HY($)) and

c Z20,T)**2 N L*(0,T; W) N C([0,T); H*(£2)**?) (¢ > 0),
© Z2(0,T)**2 N L2(0,T; W) N C([0,T]; L= (2)**%) (e = 0).

We now impose the conditions
(u?wcg) = ([H}?(UO,O)]hﬂhCo), (fh7Fh) = (f7F> (7)

Theorem 1 (error estimates). Suppose Hypotheses @ and B hold. Then, there exist positive constants hg, Aty
and ¢t independent of € such that, for any pair (h, At) satisfying

h € (0,ho], At e (0,Ato], (8)
and any solution (up,pn, Cr) of scheme (B) with (@), it holds that

lup —ullgse 2y, VV|lup —ullezany, [pn—plen
Hch - C|‘£°°(L2)7 \/E|Ch - Cllz(Hl)v ’tr (Ch - C)(Ch - C)H[?(LZ) < CT(h + At) (9)

Remark 3. (i) The estimates (8) hold even for e = 0. Then, of course, the fifth term of the left-hand side of
(9) vanishes.

(ii) Here we do not need the uniqueness of the solution of scheme (B). The uniqueness is discussed in Proposi-
tion @ below.

5. PROOFS

In what follows we prove Proposition B and Theorem 0.

5.1. Preliminaries

Let us list lemmas directly employed below in the proofs. Although some of those lemmas have been already
used in Part I [§], we list them again here for the self-containment. In the lemmas, o;, i = 1,...,4, are numerical
constants. They are independent of h, At, v and ¢ but may depend on (2.

Lemma 1 ( [B] ). Let 2 be a bounded domain with a Lipschitz-continuous boundary. Then, the following
inequalities hold.

ID(V)llo < [Ivlli <l DE)[lo, Vv € Hg(£2)*.
We introduce the function
D(h) := (1+|logh|)'/?, (10)

which is used in the sequel.

Lemma 2 ( [,d,5] ). The following inequalities hold.
11n8ll0,00 < 1181000 » Vg € L=(02)°,

1118100 < @20 [I8]l1,00 - Vg € Wh(R),
11Ing — gllg < a21h |gll; ; Vg € H'(2)° NL¥(R)*,
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11Thg — g, < axhlgll, Vg € H*(£2)",
Ignllo.oo < @23h™" Ignlly Vg € Sh,
l&nllo,00 < a2aD(R) [Ignl, » Ven € S,
lgnlly 00 < a2sh™ gl Vg € Sh,
lenll, < assh™ |lgnllys Ven € Sh,

where s =2 or 2 X 2 and Sy, =V, or Wy,
Lemma 3 ([2] ). Assume (u,p) € (VNH?(2)?)x (QNH(£2)). Let (G, pr) € Vi X Qp be the Stokes projection
of (u,p) by (B). Then, the following inequalities hold,

[an —ully, [IPn —plo, Pn —pln < ash (WD)l g2 -

Lemma 4 ( [§] ). Under Hypothesis O and the condition (B) the following inequality holds for any n €
{0,...,Nr}

g o XT'llg < (1 + cu|w"|1,00A0) [lgllo Vg € L*(12)°,

where s =2 or 2 x 2.
We present a key lemma in order to deal with the nonlinear terms.

Lemma 5. For v € R? and D € R2%2 it holds that

((trtD)D, Vv) — ((Vv)D,D) — %(divv(D)#,D) =0.

Proof. The direct calculation yields the desired result. O

Lemma 6 ( [I7] ). Let a;, ¢ = 1,2, be non-negative number, At a positive number, and {z"}n>0, {y"}n>1 and
{V"}n>1 non-negative sequences. Assume At € (0,1/(2ao)] for ag # 0. Suppose

Daz™ +y" < agz™ + a1z L+ b7, Vn > 1.

Then, it holds that

"+ AtZyi < exp|(2ag + a1 )nAt] <x0 + Athl), Vn > 1.

i=1 i=1

Lemma 7 ( [19, Chap. II, Lemma 1.4], [@, Chap. I, Lemme 4.3] ). Let X be a finite dimensional Hilbert space
with inner product (-,-)x and norm || - ||x and let P be a continuous mapping from X into itself such that

(P(£),&)x >0 for ||€]lx = po > 0. Then, there exists £ € X, ||&|lx < po, such that P(€) = 0.

5.2. Proof of Proposition

We apply Lemma @ for the proof. Let n € {1,..., Nz} be a fixed number and (u} ™', C}~ ') € Vj, x W),
a pair of given functions. We set po := (1 — 2A¢t)/2 > 0. We define a finite dimensional inner product space
X =V, x Qn x W, equipped with the inner product,

((uh7pha Ch)? (Vh7 qh;s Dh))X = é(um Vh) + 4V(D(uh)7 D(Vh))
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20, D) + £(VCy, VD),

+ 209 Z h%{(ph,Qh)KJrAt

KeTn

which induces the norm || - ||x for any € > 0. Let P : V) x Qn X Wi, = Vi, X Qp, X W), be a mapping defined by

u, —ur o X2
(P(an,pn, Cr), (Vi,an,Dp)) y = S h "L )+ Ap((an,pn), (v, —an)) + ((tr C)Ch, Vivy)
X At
C,-C,~ Lo Xxn €
— (£, vn) + 2( : A7 ! Dh> + gac(ch,Dh) — ((Vuy)Cp, Dy)

L, 1 1
— 5 ((div u,)C},Dy) + 5 ((trCy)?Cp, D) — o ((tr Cu)L, Dy,)
1
- §(F1};L7Dh)7 v(uh7ph7 Ch)7 (Vh7qhaDh) S Vh X Qh X Wh~ (11)

Obviously P is continuous. Substituting (up, pn, Cp) into (v, gn, D) in (I0) and using the inequality |[tr Cp|lo <
V2| Cyllo, we have

(P(uhvpha Ch)7 (uhvphv Ch))X

n—1 n
u, —u oX n
_ <Ztl’“h> + 20|D(un) |13 + dolpal? — (£, un)

Ch_Cn 1 n 1 1 §
+2( Af C) ICult + 3t GGl — 3l Culg = 5 (F, o)
1 el on :
zgmuhno = o XTllollunllo) + 20ID(wn) I3 + dolplZ — 167 1lolunlo
n— g
+ 55 (1G4 - IG5, 10X1H0||ChH) 421G ~ ICull3 — S IFRIolICal

1 e n— "
> 57 {2anl = BolfunlF = 5l 1on||3+||ch||%—61||ch||o—4—||ch 1on\|3}

B2 At L, €
+ 2D ()3 + dolpnlf — L2l = 2 16213 + 51 — 1€l = 251Gl — 5 IFRIB
1
> {2~ 6o~ Ba) lunllf + <1—61—2At—ﬂs>||ch||3}+2u|\D<uh>||%+6o|ph|i
1
*C2 nl Xn2_ lolan Xn2_7f Fr
+ 210 - o It o XPIR = o G 0 XPIB - S IR - 2 IFRIB

for any 8; > 0. Choosing By = 82 = 1/2 and 31 = 3 = uo/2, we get

1 1
(PCan, v, Oy (s O = 5| { 7 B + 40D Can) B + 2l + 531G IR + <l

2w o XTI ICH T o XT3 > AtFR3
_ IAL||EP i~ A0
{ At + 20 At +28¢8 o + 2410

= 5 [n,pn C)I - 52,

MM—A

where

2[up " o XTIF G o XTI o AR
L= AL|FR )2 + — 220 b
p { At + 2o At +28tf o + 240
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The right-hand side is, therefore, positive on the sphere of radius pg = B« + 1. From Lemma [ there exists
an element (up,pr, Cr) € Vi x Qp x Wy, such that P(up,pr,Cp) = 0, which is nothing but a solution of
equations (B). O

5.3. A system of equations for the error and the estimate of remainder terms

In this subsection we prepare a system of equations for the error and a lemma for the estimate of remainder
terms in the system before starting the proof of Theorem 0.
Let (G, pr)(t) :== 113 (u,p)(t) € Vi x Qp, and Cp(t) := II,C(t) € W}, for t € [0,7] and let

ey :=uj; — ay, € = p — Dps E; :=Cp — C [ n(t) == (u—)(t), E(t) := (C = Cp)(2).

Then, from (8), (B) and (B), we have for n > 1

eZ — e;zl_l o Xin n n n\\n n
T’Vh + .Ah((e,“ er), (Vh, qh)) = —((trEh)Eh, Vvh) + (ry,va), (12a)
Er — En—l o X1 ]
( h & ! ,Dh> + ca.(E},Dy) = 2((Vep)Ep,Dy) + ((dive])(E})#,Dy) + (Ry, Dy), (12b)

V(Vhyqn, Dn) € Vi X Qp x Wh,

where
4 11
Ty, = ZrZi € Vfiv b= ZRZZ € Wllm
i=1 i=1
Du” u*—u*loXDr
n R o 1

<rh1avh> = < Dt At 7vh> ’
1 _

(Kigs va) = <7 (0" =" o XT', ),

(rhs, Vi) 1= —((tr C™"E} + (tr EZ)C”,VV}L),
(rpy, Vi) = ((tr CYHE" 4 (tr E™)C", Vvh),

n n n—1 n
(R, D) = <D]§i e cAt o X1 ;Dh) 7
(Rh2, Dp) ﬁ (B" —E""'o X7, Dy),
(Rps, Dp) := cac(E", Dy),
(Rjiy, D) := 2((Vap)E}y + (Vep)C", Dy),
(Ry5,Dp) i= —2((V&})E" + (Vn")C",Dy),
(Rils, Dp) = ((divap)(Ef)# + (dive;)(C™)#, Dy),
(R, Dp) = —((divag)(E™)# + (divy")(C™)#, Dy),
(Rjis, D) := —([tr (B, + C")°E};, Dy),
(Rilg, Dp) = —([tr (B} +2C™)](tr E},)C", Dy),
(Rj10,Dp) == ((tr C™)E™ + [tr (C" 4+ C")](tr E™)C", Dy,),
(Rp11, Dp) = ([tr (Ep — E")]I,Dy).
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We note that
(e, Ep) = (u), Cp) — (4, C}) = ([11;(0,—p°)]1,0). (13)

The remainder terms are evaluated by the next lemma, whose proof is given in Subsection BT.

Lemma 8. Suppose Hypotheses O and B hold. Let n € {1,...,Nr} be any fized number. Then, under the
condition (@) it holds that

[thillo < cwV A75||11||Zz(zt"*1,t")7 (14a)
cwh

ry < = u, 1(¢n—1 ¢n. 1), 14b
[rhallo < \/EH( D)l e (tn—1tn;H2x HY) ( )
Irhsl-1 < sl ER o, (14c)
[rhall—1 < esh, (14d)
[Rp1llo < cwVAL|C| z2(tn-1,4m), (14e)
[RA2llo < 7\6/%”C||H1(t"*l,t";Hl)ﬁL2(t"*1,t";H2)a (14f)

1 €
< h3 5E2> < me% + csh?, (14g)
IRl < esllerlls + 1ER o), (14h)
[R7sllo < esh, (14i)
IR7sllo < cs(lleqll + 1ER o), (14j)
IR77llo < esh, (14k)
(Riis. 3R ) < —SI e EDELI + oo | BRI, (14)
(Rig 3B} ) < Sl ERERIE +c.|BR 3, (14m)
[R#10llo < csh, (14n)
IRp1llo < es([ERllo + h). (140)

5.4. Proof of Theorem [
The constant hy can be chosen arbitrarily, say, hg = 1. We fix Aty by

Atp = mm{l L } (15)

4|W‘C(Wl,oo) ’ TCS

where ¢ is the constant appearing in (I8) below. We consider any pair (h, At) satisfying (8) and any solu-
tion (up,pp, Cp) of scheme (H) with (). We return to the argument in the previous subsection. Substitut-
ing (e}, —€, $E7) into (vy, g, Dp) in ([2) and noting that

—1
e —e} o X7
( h— ©h Loer) >

B — /1 _
b (R 13 = (1 + aatw|1cc A0 e~ 1] = Dise (5115 13) = cullef ™13,

1
2At
2v
A (), (e =) = =5 ekl + dolof 2.
1

OéQ 14
(e, en) < el -alleqlls < ZIrl2y + —lleql,
1
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Er —E} 'oXP 1
At "2

n — /1. n—
JE ) > Dar (7 BRI3) — cullB 13,
n 1 n
€&C(Eh,§Eh> |E |17
and Lemma B, we have

— 1 € _ _ a?
Do (G113 + FIBRIZ) + Solleh I + dolek 2 + SIBRE < cullef ™3 + IBE1R) + S g2, + {
ag

Since the condition (@) is satisfied, Lemma B implies that
IR < ol BRIZ + 4 [ Al Zagen 1. omy + 12 (55002 s s gy + 1))
(RiL SER) < BRI + 2oz €I+ SIBRE — 21 (e B BRI
+ [ AUCE 1 0y + 12 (5 1O oy +1)]-
Combining (I7) with (I@), we obtain
_ 1 "o 1 n\gEn |2
Dine (415 + JNBRIZ) + 5oz ekl + dole -+ SIERE + I BB
1 n—1 n—1
< o (Gllen 3 + IR + 7IERIR)
+ ¢[00, ©) s oy 12 { 3 (10 2) B s gy + 1€ 1,) +1}].
From (B) and (IH) it holds that At € (0,1/(2¢s)]. By applying Lemma B to (IX) and noting that

leDllo < ashl|(0, —p°) |l zr2x = ashlplleny.  [|ERlo =0,

from (I3), there exists a positive constant

& = cexp(3esT/2)[Ipllon) + Ve (1w, ©)llzz + 1w, p)ll g 2y + VT)]

independent of ¢ such that

lenlle= 2y Vllenllezcmy, lenleaqinys Ballge(z2y s VEEale), [[(trEa)En 22y < é(h + At).

Hence, we obtain (H) from () and the estimates,

[upy —u"|ls < lleglls + 10" [ls < lleklls + ashll(w, p)lczxar),
Pk — "0 < l€gln + 10h — p"[n < legln + ashll(w,p)llcmxmr),
ICE = C"lls < IExlls + I1E"[ls < [[ERlls + a2y hl[Cllame+,

[tr (Cf, = C")(CRy = C)llo = [[tr (B — E")(Ey — E")[lo < [I(tr ER)Ex [lo + esh([Ex o + 1),

for s =0 or 1.
When ¢ = 0, (8) is still valid, since R}, vanishes and ¢; is independent of .

11

1
n,*En>.
h 2 h

(16)

(17a)

(17b)

(19)
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6. UNIQUENESS OF THE SOLUTION

In this section we present and prove the result on the uniqueness of the solution of scheme (H). Let us remind
that the function D(h) has been defined in ().

Proposition 3 (uniqueness). Suppose Hypotheses 0 and B hold. Then, for any pair (h,At) satisfying the
following condition (20) or (EX), the solution of scheme (B) with (@) is unique.
(i) When € > 0,

h e (0,hy], At<D(h)™? (20)

where the constant h, is defined by (83) below.
(1i)) When € =0,

h e (0,hy], At <ch, (21)

where the constants h, and ¢, are defined by (84) and (82) below.
The proof is given after preparing the next lemma.

Lemma 9. Suppose Hypotheses O and B hold. Then, for any pair (h, At) satisfying the following condition (23)
or (£4), any solution (up,pn, Cy) of scheme (B) with () satisfies

Chlleoe (L) < co, lunlgoe Loy < Cus (22)

where ¢, and ¢, are positive constants independent of h and At defined just below.

(i) When e > 0,
h e (0,hy], At <D(h)™?% (23)

where hy is defined by (22d) below. Furthermore, ¢. = ci. and ¢, = ct,,, which are defined by (258) and (2o).
(ii) When € =0,

he(0,h], At<h, (24)

where h; is defined by (Z53) below. Furthermore, ¢, = ¢i. and ¢, = Ct,, which are defined by (Z58) and (25d).

Proof. Let n € {0,..., Nr} be fixed arbitrarily, and let ho, Aty and & be the positive constants in the statement
of Theorem 0 and in (T9). We fix a positive constant hy € (0,1] such that

hi < D(hy) 72 < Aty.

We prepare the following constants to be used in the proof:

hi := min{hg, Aty }, (25a)
Cie i= 20036t + ||Cll (L), (25b)
Cru = 023|264 + (21 + 3)||(w, p) |l oz x )| + [ullo(r=), (25c¢)
¢ =G max{l, (T + 5*1)1/2, 1/*1/2},

hi := min{hy, h1}, (25d)
cte := max{2azsc1 + ||Cllo(re), Ge (25¢)

Ciy = max{a24 [261 + (a9 + O[g)H(u,p)Hc(H2><Hl)] + ||11HC(Loo), Efu}. (25f)
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Firstly, we prove (E2) in case (ii). Since condition (E4) implies (8), Theorem 0 ensures ([9). Then, the
boundedness of ||C}||o,cc is obtained as follows:

ICHll0,00 < IER 0,00 + ICH 0,00 < ash™ |[ERo + ICllc o)

< OégghiléJf(At + h) + ||C||C(Loo) < 20&236]L + ||C||O(Loc)

= Cic-
Let uy,(t) := (IIpu)(t) for t € [0,T]. The boundedness of ||u}} o, is obtained as follows:

i flo.00 < ll€fill0.00 + 107 = 07 [lo.00 + (07 [l0.00 < aash™ [llefillo + 07 — 7 llo] + [[ullc(ze)
< agh™[lepllo + [af —u"lo + [[u" = a}llo] + [[ullc(z~)
< ash ™ [E (At + h) + ashl|(w,p)l| oz x 1) + aaih|ullon ] + [[ulloe)
< @93 [264 + (@21 + a3)[|(w, p) ez x )] + [[ullowe)
= Ciy-

Secondly, we prove (22) in case (i). Since condition (23) implies (), the estimates (I[9¥) and the definition
of ¢1 lead to

llenlle= 2y, llenllezcary, Brllee 2y, Bnllemry < ci(At +h).

When At < h, we have ||C}|lo,00 < Ete < cte and [|uf||o,00 < Ctu < ¢ty from the proof in case (ii) above. When
(D(h)?h? <) h < At < D(h)~2, we have
ICH 0.0 < I1ERllo.00 + [Cllo(ze) < a2aD(W)ER 1 +ICle(ze) < azaD(R) At 2|[Enl sty + [ Cllo(ze

< 042481D(h)(At1/2 + Atil/Zh) + ||C||C(Loo) < 29401 + ||C||C(Loo)
< Cic,

~ T

[uf 0,00 < llefllo,co + 07 — @h llo,00 + (07 0,00 < c2aD(R)[llef ]l + [af — g ]l1] + [ullcre)
< agaD(h) [AtT 2 lepllezcrry + ) — a1 + [[u™ — 6} ll1] + [l o)
< assD(h)[c1 (A2 + At7Y2Rh) + (c2a + as)h||(w,p) | cirexany] + ullo@e=)

< ay [201 + (qvo2 + 043>||(u7p)||C(H2><H1)] + [[ulle(z=)
S CTu~

Thus, we obtain (E2). O

Proof of Proposition 3. The definitions (83), (8d) and (87) below of the constants Ay, hy and ¢, imply h, < hy,
hy < BT and ¢, < 1. Hence any pair of (h, At) in Proposition B satisfies the assumptions of Lemma 8 for £ > 0.

Suppose (iiy, pr, Cp) and (up, pp, Cp) are any two solutions of scheme (8) with (@). Let (&,,¢,,Ep) =
(Qp, Pn, Ch) — (ap, pn, Cp) be the difference. Since both of (ay,, pp, Ch) and (up, pp, Cy) satisfy scheme (B) with
(@), we have

P ~n—1
€h— ¢ ° Xt alt zn LN\ ~n
(hhAtlavh> +Ah((eh7€h)a (Vhaqh)) = _((trEh)Ehvvvh) + <rh,Vh>a (26&)
Er —E'loXxn - . - -
( s gt : ,Dh> +eac.(E,Dy) = 2((Vep)Ep, Dy) + ((dive)) (Ep)#,Dy) + (R, D), (26b)

V(Vh, qn, Dp) € Vi X Qp X Wy,
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where

BeVl,  Rp=Y Ry W,

= —((tr CHE} + (tr E})C}L, Vivy),
(V) Ez +(VeéR)Cy, Di),

)
( )
( ) = ((divup) (ER)* + (dive)(C)*, Da),
(Rii3, D) := —([tr (B}, + C})’E};, D),
(R )
( )

Il
—~ N

= —([tr (B} +2C})](tr E})CR, Dy),
= ((tr E})L, Dy,),

and (&89, E)) = (0,0). Substituting (&}, —¢7, LE}) into (v, qn,Dy) in (28) and using Lemma B and similar
estimates in the derivation of (@), we have

) Lo a 1 €\ sn— o — = B, 1=
Diso (I3 + SIBRIZ) + 2o IefI3 + dolet + SIRE < culle 3 + NG 13) + SL1eg2, + (Rf, J6p).
aq
(27)

The functionals 1}, and RZ are estimated as follows:

£ 111 < el Chllo.co 1B o, (28)
D" 1~n s 10 1 on L n nn

< hlaiEh>7< h2a§Eh>Sc||Eh||0(||uh”0,OO|Eh|1+” 1)a (29a)

s X0 ]'~n 3 LN\ n on
(Rii 5ER) <~ (W ERELI + e CRIE o IER 3, (29b)

D" ]'~n 1 L\ n

(Riis, 5ER) < I BRERIE + el Gl I ER I, (29¢)
IRl < el B o, (294)

where the estimates (298) are proved in Subsection B2, and the other estimates (£8), (29H), (29d) and (E9d)
are obtained similarly to (IZd), (IA), (I4m) and ([E4d), respectively. Applying Lemma A to (E8), we have

IF7 -1 < cecl|E o- (30)

We consider case (i). The estimates (Z9) and Lemma 8 lead to
(R 3R < S0+ o+ DIBRIE + 5o ISR + SIBRE - I BRI, (31)
Combining (B0) and (BI) with (24), we have
85112 + dolep 2 + = BN+ ||(t1‘1:37§)~7i||3

— (L e 1= v
Dae (518418 + 7 IBRIE) + 5051

c e 1~
< S+ &+ )(IBRIR) +cu (G813 + FIBEIR). (32)
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Let At, == ¢/[2¢(c? +c2 +1)], and we fix a positive constant hs € (0, 1] such that D(hy) ™2 < At,. We define h,
by

hy := min{h¢, ho}. (33)
Condition (£0) implies At < D(hz)*{g g/[2¢(c? + 2 +1)] (= At,). Applying Lemma B to (B2) and using the

fact (&), E)) = (0,0), we get (&, &, Ey) = (0,0,0).
We prove (ii). In place of (B98) we use the estimates,

s X0 1 nn s X0 1~n nn — n nn n ~
< g h>’< h2’§Eh> < c|Bxllo(aash™ [uillo.0clEx o + [ICh llo,0 €7]1)- (29a")
We define h, by
hy = min{ﬁT,l/cu,cu/CE}. (34)

For any h € (0, h,] the estimates (29), Lemma @ and (84) lead to

h
cey,

h

~ 1. Cy ~ VoL 1 S
(Rii, SER) < o T+ e+ 1) IBRIE + oz lleR ] — I (e ERER
2 202 4

<

LN v ~ 1 LN\ TN
IER 13 + 502 eIt - 7/ (tr Ep) ml- (35)
1

Combining (B0) and (B3) with (27), we have

— (1, 1, =, v - 1 . ccy (1, = 1 . 1 =
D (518518 + FIBRIE) + 5oz ISR + dolel i + Ner BRVERIE < S (FIBRIR) +cu (165108 + 71B718).
(36)
We define ¢, by
¢, = min{1,1/(2cc,)}. (37)

Since condition (21) implies At < h/(2¢cc,), applying Lemma B to (88) and using the fact (&9, E}) = (0, 0), we
obtain (&, €, Ep) = (0,0,0), which completes the proof of (ii). O

7. NUMERICAL EXPERIMENTS

In this section we present numerical results by scheme (B) in order to confirm the theoretical convergence
order. For the detailed description of the algorithm we refer to [I0]. The following example is the same that is
employed in Part I [R, Example].

Example. In problem (W) we set 2 = (0,1)% and T = 0.5, and we consider three cases for the pair of v and ¢,

(v,e) = (1071,1071), (1071,1073), (1,0).
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The functions £, F, u® and C° are given such that the exact solution to (1) is as follows:

u(z,t) = <aa;i(:17,t), SZ(I’t)> , pla,t) =sin{n(z1 + 222 + 1)},

Cyi(x,t) = %sinQ(wxl) sin? (7o) sin{m(x; + 1)} + 1,
Coa(z,t) = % sin? (7 ) sin® (7o) sin{m(zo + )} + 1, (38)
Cia(x,t) = %sinz(wxl) sin?(way) sin{n(x1 + x2 + 1)} (= Cor(,t)),
\/g .2 .92 .
P(x,t) = 5 Sin (1) sin® (rag) sin{mw(xy + z2 +t)}.

Since Theorem 0 holds for any fixed positive constant gy, we simply fix g = 1. Let N be the division number
of each side of the square domain. We set N = 32,64, 128 and 256, and (re)define h := 1/N. The time increment
is set as At = h/2.

We solve Example by scheme (B) with (@). For the solution (up,pn, Cr) of scheme (B) and the exact solu-
tion (u,p, C) given by (B8) we define the relative errors Eri, i =1,...,6, by

_lap = Hpulfges 12y

Erle _up = Hpulle

Er2=

[ 1Tpullgoe 2y [ Inall g2 gy
Br3— lpn — Hnplle(r2) Erd— lpn — IInple2().10)
I Thplle2 2y [ 1Tnpllez(L2)
C;, — 11,Cl| o C, — 11;,C
Ers— Ch — ILC|, (2 Br6— 1Ch — LR Clle2(m1)
[HI1Clgoe (22) [ IL.Clle2(m1)

In the following we show three pairs of table and figure. Table Il summarizes the symbols used in the figures.
Tables & Figures I, B and B present the results for the cases (v,¢) = (107%,1071), (1071,1073) and (1,0),
respectively. In the tables the values of the errors and the slopes are presented, and in the figures the graphs of
the errors versus h in logarithmic scale are shown. In each figure the slope of the triangle is equal to 1, which
shows the convergence order O(h).

We can see that all the errors except Er 6 for (v,e) = (1,0) are almost of the first order in h for all the cases.
These results support Theorem M. In the case of (v,&) = (1,0) there is no diffusion for C in equation (Id) and
the error estimate of the conformation tensor in ¢?(H')-seminorm disappear from (8). It is, therefore, natural
that the slope of Er6 does not attain 1. Although we do not have any theoretical result for Er 3, scheme (B)
has produced convergence results also in this norm.

TABLE 1. Symbols used in the figures.

uy, Dh Cy

o) ° A A O |
Erl Er2 Er3 FEr4 Er5 Eré6
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h Er1 slope Er2 slope
1/32 2.07 x 1072 ~ 291 x1072 -
1/64 829 x 1072 1.32 1.21x1072 1.27

1/128 3.72x107* 1.16 5.85x 1073 1.05
1/256 1.77 x 1073 1.07 2.60 x 1073 1.17

h Er3 slope Er4 slope
1/32 6.73 x 1072 — 5.08 x 1072 —
1/64 2.06 x 1072  1.71 1.86x 1072 1.45

1/128 6.80 x 107 1.60 8.38 x 1073 1.15
1/256 259 x 107*  1.39 3.68 x 1073 1.19

h Er5 slope Er6 slope
1/32 1.12x 1072 — 4.80x 107! -
1/64 4.33x 1073  1.37 1.66 x 1072  1.54

1/128 1.92x 1073 1.18 6.56 x 1073 1.34
1/256 9.09 x 10~*  1.08 2.90 x 1073  1.18
TABLE & FIGURE 1. Errors and slopes for (v, ¢)

h Er1 slope Er2 slope
1/32 1.75 x 1072 ~ 271 x 1072 -
1/64 6.74x 1073 1.37 1.12x 1072 1.28

1/128 291 x107* 121 549x107% 1.03
1/256 1.37 x 1073 1.09 244 x 1073  1.17

h Er3 slope Er4 slope
1/32 9.77 x 1072 ~ 6.56 x 1072 —
1/64 317x 1072 1.62 222x1072 1.56

1/128 1.02x 1072 1.63 9.01 x 1073  1.30
1/256 3.62x 1073 150 3.78 x 1073  1.25

h Er5 slope Er6 slope
1/32 2.06 x 1072 ~ 2,76 x 107! -
1/64 736 x 1073 149 1.16 x 107! 1.25

1/128 293 x 1072 1.33 4.40x 1072  1.40
1/256 1.31 x 1073 1.17 151 x1072 1.54

Relative errors

Relative errors

N

10°

17256 17128 1/64  1/32

h

(1071, 1071).

17256 17128 1/64  1/32

h

TABLE & FIGURE 2. Errors and slopes for (v,¢) = (107%,1073).

17



18 TITLE WILL BE SET BY THE PUBLISHER

0

h Er1 slope Er2 slope

1/32 1.36 x 1072 ~ 230 x 1072 -
1/64 4.26 x 1073 1.67 9.68 x 1073  1.25
1/128 140 x 107*  1.60 4.84 x 1073  1.00 '
1/256 5.15 x 107* 144 2.08 x 1073  1.22

h Er3 slope Er4 slope

1/32 2.03 x 107! ~ 939 x 1072 -
1/64 6.98x 1072 1.54 3.00x 1072 1.65
1/128 216 x 1072  1.69 1.19x 1072 1.34
1/256 6.86 x 107 1.66 5.05x 1073  1.23

h Er5 slope Er6 slope

1/32 213 x 1072 6.71 x 107! -
1/64 7.64x 1072 148 589x107' 0.19
1/128 281 x107® 1.44 4.51x 107t 0.38
1/256 1.11 x 1073 1.37 3.08 x 10~*  0.55

Relative errors
s s
T T

17256 17128 1/64  1/32

h

TABLE & FIGURE 3. Errors and slopes for (v,¢) = (1,0).

8. CONCLUSIONS

We have presented a nonlinear stabilized Lagrange—Galerkin scheme (8) for the Oseen-type Peterlin viscoelas-
tic model. The scheme employs the conforming linear finite elements for all unknowns, velocity, pressure and
conformation tensor, together with Brezzi—Pitkiranta’s stabilization method. In Theorem [ we have established
error estimates with the optimal convergence order, which remain true even for ¢ = 0. We have also presented
the result on the uniqueness of the solution of the scheme in Proposition B. It is noted that any solution of
the scheme converges to the exact solution without any relation between h and At, while the condition (20)
or (21) is needed for the uniqueness of the solution. The theoretical convergence order has been confirmed by
the two-dimensional numerical experiments.

In Part I [R] we have presented a linear scheme for the same model. There are no remarkable differences
between the numerical results obtained by the linear scheme and the nonlinear scheme. While the argument
discussed in the linear scheme can be extended to the three-dimensional problem, it is not so in the nonlinear
scheme since Lemma B does not hold as it is in the three-dimensional space. On the other hand, while the
convergence is proved in the nonlinear scheme including the non-diffusive case € = 0, it is not straightforward
to prove it in the non-diffusive case in the linear scheme since H'-estimates of the conformation tensor are fully
used in the proof in the diffusive case.

Although we have dealt with the stabilized scheme to reduce the number of degrees of freedom, the extension
of the results to the combination of stable pairs for the velocity and the pressure, and conventional elements for
the conformation tensor is straightforward, e.g., P2/P1/P2 element. We will extend the numerical analysis to
the Peterlin viscoelastic model with the nonlinear convective terms in future.
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APPENDIX

A.1. Proof of Lemma R

We prove only (24), ([4d), (&), ([4g), ([4H), ([A) and ([dm), since ([@d) and ([4H) are proved in [¥, Appendix]
and the other estimates are similarly obtained.
From Lemmas B and B, (IZd) and (I[Ad) are obtained as follows:

Irhall -1 < [l (tr C™)ER + (0 ER)C™ o < cl|C[lo,0o[ERllo < €l Cllo(uoc) IERlo,
[rhall-1 < |(tr CME" + (rE")C"[lo < ]| C™[lo.cIER llo < €llCllc oy hlClle )
We prove (I&). Let y(z,s) := x — (1 — s)w™(x)At and t(s) := t"~* + sAt (s € [0,1]). From the identity

n 1

= & et 0] = [ {(G+w 09

s=

and Proposition @ we have

Rzt < [ (|52 060660, + eul V=51 ), )i < V2 [ (|52 tto)]|, + el VREt06) )

/2
< Eh(am HC”Hl(tnflytn;Hl) + CwOé22HCHLZ(tnflytn;H2)),

which implies ().
The estimates ([4g), ([A) and ([4m) are obtained as follows:

n 1 n € —n n g n
(Ris, 5ER) < SIE"WIBR < SUBRE + a3h’[CliE ray),

n 1 n 1 n n A~ el n n 1 n n n n T n
(Riis, 5B ) = =5 ((rER) + 2(r ER) (v ©") + (1r C")?ER, BR) < — 2| (wER)ER( — ((r ER)ER, (6r C)ER)

1 n n 1 n n ~T n 3 n n n
< —§H(trEh)Eh||(2) + g”(trEh)EhHg +2|(tr C")ER||5 < _§||(trEh)EhHg +¢l|Cl1Z (L) IERS,

n 1 n 1 ny n n n A~ ny Fn n 1 n ni2 2 ni2

<Rh97 iEh> = —5((tI'Eh)C ,(tI‘Eh)Eh) — ((trC )(tI'Eh)C ,Eh) S g”(trEh)EhHo +CHCHC(L°°)||EhH0

Let ap(t) := (IIpu)(¢) for ¢t € [0, T]. The remaining estimate ([H) is proved as
[REallo < 2(|(VOR)ER o + (Ver)C" o) < eleslE llo + [ICllcczee)|IVek o),
where we have used the boundedness of ||V} ||o,cc obtained by the estimate,

100 + 17 1,00 < @25k ™[] — k|1 + czoflu” 1,00
< a25h71(||ﬁ2 —u"||1 + [Ju" - ﬁZ”l) + agol|u”||1,00
< aash™ (ash||(W,p)" | 2 x 1 + c22h|[u”]|2) + azol[u”|

< azs(azz +as3)|[(w,p)llcmzxm) + a2ollufl o) < cs. O

Vg

|O,oo S HﬁhHl,oo S Hﬁz - ﬁz

1,00
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A.2. Proofs of estimates (Z93)

We prove (298) by the integration by parts as follows:

1]
2]
3]
[4]
(5]
[6]
[7]
(8]
[l
10]
(11]
(12]
[13]
(14]
[15]
[16]
(17]
(18]

[19]

X0 1~n n\gn n ~n n yan n TN ~n n o yan
<Rh1, *Eh> = ((Vup)EL, Ey) + ((Ver)Ch, Ey) = —(uy, V(ELER)) + ((Ver)Ch, Ex)

< c([luhflo,o IER lo[ER |1 + [|Chllo,00[€R LI ER [lo)
n 1~n 1 . n L7 L7 1 co~m n L7
<Rh2, iEh> = 5((d1vuh)(Eh)#aEh> + 5((dlveh)(ch)#,Eh)
1 n 7 N 1 o7 n o7 1 . ~n n L7
= *5( WV (ERN®, ER) — 5((Eh)#»uhVEh) + 5((d1Veh)(Ch)#,Eh)
< c([luhflo,co[ER[IER o + [1Ch llo,00 |65 LI ER [lo).- 0
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