INTERNATIONAL JOURNAL FOR NUMERICAL METHODS IN FLUIDS
Int. J. Numer. Meth. Fluids 0000; 00:1-38
Published online in Wiley InterScience (www.interscience.wiley.com). DOI: 10.1002/fld

Energy dissipative characteristic schemes for the diffusive
Oldroyd-B viscoelastic fluid

Miria Lukd¢ova - Medvid’ova!, Hirofumi Notsu?, Bangwei She**

nstitute of Mathematics, University of Mainz, Staudingerweg 9, 55099 Mainz, Germany
2 Waseda Institute of advanced study, Waseda University, 3-4-1-60-209A, Okubo, Shinjuku-ku, 169-8555 Tokyo, Japan
3Institute of Mathematics AS CR, Zitnd 25, 11567 Praha, Czech Republic

SUMMARY

In this paper we propose new energy dissipative characteristic numerical methods for the approximation of
diffusive Oldroyd-B equations, that are based either on the finite element or finite difference discretization.
We prove energy stability of both schemes and illustrate their behaviour on a series of numerical
experiments. Using both the diffusive model and the logarithmic transformation of the elastic stress we
are able to obtain methods that converge as mesh parameter is refined. Copyright © 0000 John Wiley &
Sons, Ltd.
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1. INTRODUCTION

In industry, laboratory and everyday life a broad class of materials, such as suspensions, solution
of polymers and liquid crystals are categorized as complex fluids. Viscoelasticity is one of the most
significant features arose in the complex fluids as they show viscous as well as elastic effects. The
mathematical model is given by a system of nonlinear partial differential equations, where two
non-dimensional parameters, the Reynolds and Weissenberg numbers, quantify viscous and elastic
effects, respectively. It is a well-known fact that numerical simulation of the viscoelastic fluids
at high Weissenberg numbers is a very challenging problem. The well-known “High Weissenberg
Number Problem” (HWNP) has haunted the mathematicians, computer scientists, and engineers
for more than 40 years [9,22,24-26,33,36,42—-46]. When the Weissenberg number exceeds some
limits, numerical solutions computed by any standard methods break down exponentially fast in
time. Frustratingly, the mechanism of the instability is still a kind of mistery. Possible reasons

*Correspondence to: Bangwei She. Institute of Mathematics AS CR, Zitnd 25, 11567 Praha, Czech Republic.
E-mail:she @math.cas.cz

Copyright © 0000 John Wiley & Sons, Ltd.
Prepared using fldauth.cls [Version: 2010/05/13 v2.00]



2 LUKACOVA ET AL.

include purely numerical phenomenon, inadequate physical modelling and can even be caused by
singular geometry. The motivation of this paper is to propose a possible way to construct stable and
convergent schemes for the problem.

The earlier works in the field of numerical simulation of the Oldroyd-B and related viscoelastic
models were realized mostly by using the standard finite difference (FD), finite volume (FV) or finite
element (FE) method. Let us mention, for example, contributions by Keunings, Crochet and their
cooperators [15,25,32] (FE), Wapperom, Keunings and Legat [44] (backward-tracking Lagrangian
particle method), Crochet, Davies and Walters [14] (FD-FE scheme), Wapperom and Webster [45],
Aboubacar, Matallah and Webster [1], Nadau and Sequeira [33] (hybrid FV-FE scheme), Phillips
and Williams [37] (semi-Lagrangian finite volume), Xue, Phan-Thien and Tanner [46] (FV).
Without exception, all these methods break down at a moderately high Weissenberg number.

Up to now no approach has been found to solve this problem. Nevertheless, some approaches
significantly improved the stability, especially the Logarithm Conformation Representation (LCR)
approach proposed by Fattal and Kupfermann [19, 20]. The main idea is to reformulate the
constitutive law for the elastic stress tensor by means of the logarithmic transformation of the
conformation tensor. In fact, the numerical methods based on polynomials fail to catch the
exponential profile of the conformation tensor, but are obviously able to catch its logarithm which
is polynomial. This approach has been further implemented by Fattal and Kupfermann [20, 24],
Turek et al. [16], Alves et al. [2], Pan and Hao [22, 36], Chen et al. [10]. Similar studies can be
found by Balci et al [5], who developed the square-root transformation, Alfonso et al. [3], who
applied and summarized the kernel conformation transformation. These transformation methods
naturally preserve the positivity of the conformation tensor at the discrete level. Another approach
to obtain positivity preserving method is based on the direct discretization of the objective derivative,
cf. [28,29,42].

In this paper we study the stability of the diffusive Oldroyd-B model for the characteristic based
finite element and finite difference schemes in the sense of the free energy [23]. Free energy
dissipative schemes based on the characteristic and discontinuous Galerkin method have been
studied for the Oldroyd-B system by Boyaval et al. [9]. It has been reported that those methods
fail to control the free energy in the cavity test [8]. It should be mentioned that the global existence
of weak solution is still open for the Oldroyd-B model. Nevertheless, for the diffusive Oldroyd-B
model the regularity [13] and the global existence of weak solution [6] have been presented for
two dimension. We would like to point out that the diffusive terms indeed do exist in the physical
models. Since the order of the diffusion coefficient is much smaller than the viscosity, e.g. 1077,
they are typically neglected, cf. [7,17,39] and references therein.

We will combine the successful LCR approach of Fattal and Kupfermann [19, 20] with the
benefits of the diffusive model. Our aim is to show the energy stability of the diffusive model and
construct energy dissipative characteristic based schemes that are stable and convergent even for
high Weissenberg numbers. The paper is organized as follows. In Section 2 we introduce a diffusive
Oldroyd-B type viscoelastic model. Section 3 is devoted to the free energy stability of the model.
Two characteristic-based numerical methods are presented in Section 4, the finite element, and the
finite difference method. Moreover, we study the free energy stability of the schemes on the discrete
level in Section 5. Numerical tests are presented in Section 6.
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DISSIPATIVE CHARACTERISTIC SCHEMES FOR THE DIFFUSIVE OLDROYD-B 3

2. GOVERNING EQUATIONS

Mathematical model describing the motion of incompressible viscoelastic fluids consists of the mass
and momentum conservation laws

p(%—?+u~Vu>Vp+V-T, (1a)

V-u=0, (1b)

where p is the fluid density, u is the velocity, p is the pressure, the stress tensor T is a function
of the rate of deformation tensor D, where D(u) = (Vu + Vu?) /2. For the Newtonian fluids the
constitutive relationship is a linear constitutive law

T = 2‘LL()D,

with a constant viscosity o > 0. On the other hand, for the viscoelastic Oldroyd-B fluids the
constitutive law is nonlinear o o
T + AT = 240(D + A, D), (10)

where A\, A\, > 0 are relaxation and retardation time, the upper convected derivative is defined as

\Y
T:%—TJru-VTfVquTVuT.

Now we decompose the stress tensor T into two parts, which are the purely viscous component

2ppaD with o = %, and the so-called extra stress 7, which contributes to elastic properties,

T=7+ Z/L()OLD.
According to this decomposition, we can simplify the equation (1c) to its elastic part
v
AT+ 7 =2p0(1 —a)D, 2)

and rewrite the momentum equation (1a) as

0
p<a—ltl+u~Vu> = —-Vp+ poaAu+V - 1. 3)

The system (1b), (2) and (3) is called the Oldroyd-B model for the incompressible viscoelastic
fluids.
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4 LUKACOVA ET AL.

Taking into account also diffusive effects in the evolution equation of the elastic stress, we get
after non-dimensionalization the following equations

Ju I5;
Re <E+U-Vu)——Vp—i—aAu—i—mV-(a—I), (4a)
V-u=0, (4b)
a—UJr(u V)o —Vu-o—0o (Vu)T*L(Ifo')Jr Ao (4c)
ot - We =

where 5 =1 — «, n > 0 is a diffusive parameter. Furthermore, Re = ’)g—OL and We = % are the
reference Reynolds and Weissenberg numbers, respectively. Here U is the reference velocity and
L is the reference length. In the non-diffusive case we have n = 0. We consider our system
in a bounded domain 7 with suitable boundary and initial conditions, e.g. ulgr = 0, g—ﬂm— =
0, u(0) = ug, o(0) = g9, up and oy are given data. In the paper of Constantin and Kliegl [13] the
diffusive Oldroyd-B model has been investigated theoretically and the existence of regular solutions
has been proven.

As already pointed out in the previous section the Oldroyd-B model is very challenging
particularly in the high Weissenberg limit. To overcome this problem several approaches have
been studied in the literature. We should point out that up to now no simulation technique has
been found to completely solve this problem and to yield stable and accurate numerical solutions
for any Weissenberg number. Nevertheless, some approaches significantly improved and stabilized
the numerical simulations. In what follows we describe the LCR approach proposed by Fattal and
Kupfermann [19, 20] to reduce the numerical blow up in the case of high We. The main idea of
this approach is to replace the conformation tensor by a new variable v (x,t) = In o (x, ¢) through
eigenvalue computations (In A = RIn ART). In the case of = 0 we arrive at

o

T (V) - (29— 9R) - 2B = %(e”"—I).

Here we have used the following decomposition
Vu=B+Q+No !, (5)

where B is symmetric and commutes with the conformation tensor o, 2 is anti-symmetric and
No ! is an additional dummy part which is also anti-symmetric. Their values can be obtained as
follows, cf. [19].

If o is proportional to the unit tensor,

B=D(u), ©=0, N=(Vu-—D(u)tro/2. (6)
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DISSIPATIVE CHARACTERISTIC SCHEMES FOR THE DIFFUSIVE OLDROYD-B 5

In general, we get the decomposition in the following way:
Step 1. diagonalizing the conformation tensor,

A
R
0 Ay

Step 2. calculating an intermediate matrix

( e ) = R7(VuR

ma1  M22

Step 3.

0 0 0
N =R ")RT, B=R[ ™ R”. Q=R “ IR, ()
-n 0 0 Moo —w 0

where n = (m12 + mzl)/()\gl — A;l), and w = ()\277112 + )\1m21)/()\2 - )\1).
Analogously as in (4) we propose a new diffusive logarithmic model.

Re (g—t +u-Vu) = —vp+aAu+%v-(e¢—I), (8a)

V.u=0, (8b)

9%, (u-V)p — (Qp — Q) — 2B = i(eﬂf’ 1) + A (8¢)
ot We

where € > 0 is a diffusive parameter.

3. FREE ENERGY OF THE DIFFUSIVE OLDROYD-B MODEL

In this section we introduce a free energy for the viscoelastic models. The free energy consists of
the kinetic and elastic energy. Actually, the elastic energy is shown to be the entropy of the polymers
in the fluid, cf. [23]. Thus the energy stability we are aiming for is in fact the stability of the free
energy with respect to time.

Consider a bounded computational domain 7. Then the free energy for the Oldroyd-B model
reads

%/#m%% Ttr(a—lno'—I). (9a)

On the other hand for the logarithmic formulation (8), it is given as follows

F(u,e¥) = /| 1 + T /tre”’ P —1). (9b)

The kinetic term % f7_|u|2 is always non-negative. As we will show later, see (10b), the entropy
fT tr(o — Ino — I) is also non-negative, provided o is symmetric positive-definite.
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6 LUKACOVA ET AL.

It has been shown by Boyaval et al. [9] that the free energy for the Oldroyd-B model decreases in
time. Models obeying this property are called dissipative models. Further, Boyaval et al. constructed
energy dissipative numerical schemes, which unfortunately did not converge in the sense of mesh
refinement.

The main aim of our paper is to extend their results to the diffusive model (8). First, it holds that
the free energy for the diffusive Oldroyd-B model (4) decreases in time exponentially fast to zero,
see [41] and Remark 1. In this paper we show that this property is inherited by the diffusive model
with the logarithmic transformation.

Before studying the stability of our diffusive viscoelastic models we first summarize some useful

preliminaries. The first two lemmas have been used and proven by Boyaval et al. [9].

Lemma 1. ([9]) Let o, 7 € R be two symmetric positive-definite matrices then it holds

trlno = Indet o, (10a)
o — lno — I is symmetric positive semi-definite and tr(oc — Ino — I) > 0, (10b)
o + o' — 21 is symmetric positive semi-definite and tr(o + o' — 2I) > 0, (10c)

tr((InT —lno)7) > tr(t — o). (10d)

d(d+1)
2

Lemma 2. ( [9]) For any symmetric positive-definite matrix o (t) € (C*([0,T))) we have for
anyt € [0,T), that
d . 4 4d o d
(EU) o =tr(o dta) = dttr(lno-)7 (11a)
d d d
(Elna) : a—tr(aalna‘) = Etm'. (11b)

The following lemma will be useful in the evaluation of the diffusive terms in the energy estimate.
The proof is stated in the Appendix A.1.

Lemma 3. Let o, 7 € R™? be symmetric positive-definite matrices, f1 be an increasing function

and fo be a decreasing function, then we have

(0 —7):(filo) = fi(T)) =0, (12a)
(0 —7):(fa(o) — fa(T)) <0, (12b)
Vo :V(e ') <o, (12¢)

V(lne): Vo >0 (12d)
Theorem 1. (energy estimates for the diffusive logarithmic Oldroyd-B model)

Let (u, p, ) be a smooth solution to system (8), supplied with the homogeneous Dirichlet boundary
condition for velocity, and with the zero Neumann boundary condition for 1. Further, we assume

that initially e¥ is a symmetric positive-definite tensor. The free energy satisfies

d B

—Fu,e¥)+a [ |[Vu* + tr(e¥ +e7 ¥ —1) <. 13

e o [ jvuk s oo [ )< (13)
Copyright © 0000 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids (0000)
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DISSIPATIVE CHARACTERISTIC SCHEMES FOR THE DIFFUSIVE OLDROYD-B 7

From this estimate it follows that F(u,e¥) decreases in time exponentially fast to zero.

Proof
By computing the inner product of the momentum equation and the velocity we get

Re d 2 2 ﬂ / P
- - : =0. 14
5 @ fr|u| +a[r|Vu| + e TVu e 0 (14)

Multiplying the transport equation for the logarithmic conformation tensor with e¥ — I implies

i/ tr(e¥ — ) :/(n¢f¢n+23) : (e"’—I)JrLtr(QI—ed’—e_d’)Jrs/ A : (e¥ —T).
(15)
Let us note that

/(Qlﬁfwﬂ):(el/’fI):/(ﬂlﬁwa):ed’:O
T T

/B:(ed’fI):/Vu:ed’f/trB:/Vu:e¢.
T T T T

Using the inequality (12d) of Lemma 3 we get for the diffusive terms

and

/TA¢;(6¢I)/V¢:W¢§0.

T

Then equation (15) can be written as

d 1
7 Ttr(ew —) = QAVU ce¥ 4 mtr(ZI —e¥ e~ E/va :Ve¥. (16)

In order to eliminate the term fT Vu : e?¥, we compute (14) + QLI/Ve x (16) which yields (13)

d Re 2 ﬁ P / 2 ﬁ P —p
— — + = -y -1 )+ \ + + —2I
7 ( 5 |u] 2Wetr(e P )) a|Vu| W e tr(e e )

__¢p
- 2We T

Vi) : Ve¥ < 0.

By (10c) we have tr(e¥ + e~% — 2I) > 0, thus F'(u, e¥) decreases in time as 4= < 0. It is easy
to check that e~¥ is also a symmetric positive-definite matrix. Substituting e =% to (10b) yields

tr(e™% +In(e¥) — 1) > 0,
which implies

tr(e¥ +e ¥ —2I) = tr(e¥ —Ine¥ — 1) +tr(e™% +In(e?) — 1) > tr(e¥ —Ine¥ —1).

Copyright © 0000 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids (0000)
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8 LUKACOVA ET AL.

Using the Poincaré inequality, we know that there exists a constant C;, > 0 depending on the domain

T such that for allu € H(T)
/ |u|2 < C’p/ |Cu|2.
7— T

Consequently, we obtain

d « I6]
— < - 2 _ — — < —mi J— .
tF(u,e ) z, / u] 5 thr(e Ine I) min < < C,’ 6>F(u,e )

Now we can apply the Gronwall inequality and obtain

2 1
F(u,e¥) < F(u(t =0),e%(t = 0)) exp ( — min (KQC’,,’ m)t),
which concludes the proof. O

Remark 1. The energy inequality also holds for the diffusive Oldroyd-B (4) without LCR technique.
Taking the same assumptions as in Theorem I the following inequality holds, cf. [41].

F(u,o) < F(u(t = 0),(t = 0)) exp ( — min <%}‘Cp %)t)

4. NUMERICAL SCHEMES

In this section we shall present two characteristic type schemes for the diffusive Oldroyd-B model,
the characteristic finite element and the characteristic finite difference schemes.
The main idea of the characteristic method is to consider the trajectory of the fluid particle and
Du

discretize the material derivative 5 = %—‘t‘ + u - Vu along the characteristic path defined by the

function X"(#,) : w € T = X"(t,w) € T, t € [t", "] as

a7

4X"(t,x) = up(X"(t,x)), t € [t "],
Xt x) = x,

where uj is the discrete velocity field. We refer a reader to [34,35,38] for the characteristic schemes
applied to the Navier-Stokes equations and to [9] for the non-diffusive Oldroyd-B model. In our real
computation, the characteristic position is approximated as

XMt x) & x — up (x) (" — ™).

4.1. Characteristic FEM

We start with introducing suitable functional spaces and the corresponding weak formulation. Let
T be a bounded domain in R?, d =23, V = H}(T)?%, Q = L3(T) and W = H'(T)%*? be the
function spaces for the velocity, pressure and conformation tensor. Here H'(7") and H (T) are the

Copyright © 0000 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids (0000)
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DISSIPATIVE CHARACTERISTIC SCHEMES FOR THE DIFFUSIVE OLDROYD-B 9

well-known Sobolev spaces, the function space LZ(7T) is given as
LT) = (g LT | ade =0},
T

Further, let (-, -) denote the L?—inner products in the vector- and matrix- function spaces. In what
follows we will use the following bilinear forms

a()(ua V) = 2a(D(u)7 D(V))a b(ua Q) = 7(V u, Q)v
A((a,p), (v,q)) = ap(u,v) + b(u, q) + b(v,p).

Definition 1. A weak solution of problem (8) is a triple {(u,p,¥)(t)}ic0,r) C V x Q x W, such
that for any test function (v, q, p) € V- x Q x W and almost any time t € (0,T), we have

(Re%?@),") +A((w,p)(t), (v.0)) = V}—i(ﬂ“% ), (182)
(%f(tm) < (Vp(t), V) — (QUt) (-2t +2B(), )
v ﬁ(e—w) “1,¢). (18b)

Here, Q2 and B arise from the decomposition (5), and can be derived using equations (6), (7).

The initial conditions are (u® p° o(¢° =Ino?)) € V x Q x W, where o° is a symmetric
positive-definite matrix. In what follows we formulate the characteristic FEM.

As usual, P1(K) denotes polynomial space of linear functions on a finite element K € T, Ty, is
the triangulation of 7 (= | e, K ), and h is the diameter of the element K. We assume that our
triangulation is regular, cf. [12].

First, let us define some suitable discrete function spaces Xy, My, ¥y, Vi, Qp, Sp, in the following
way

X ={v, € CO(T) vl € PHE)LYK € Tod, V= Xn NV,
My, = {qn € C%(Th);anlx € PHK),VK € Tp}, Qn =My NQ,

Eh = {on € COTh)" % dnlk € PHE) VK € Tp}, W, =S, N W.
Further, we introduce some standard interpolation operators [12]
H(l) . CO(T d X H(Q) . CO T (3) . A0/ \dxd
no- h) — XAp, no- (771) — Mh, Hh :C (7%) — Eh.

Let At denote the time step and Ny the total number of time steps. Now we can formulate our
characteristic FEM for the diffusive model (8):

Copyright © 0000 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids (0000)
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10 LUKACOVA ET AL.

Find {(u} ™, pr ™ 4 ™) N1 € Vi, x Qp x W, such that for any test function (vy,, qn, ¢n) €

Vi, x Qp x Wy and forn =0,--- , Ny — 1, we have

utl —u o X1 (1 n " n
(Re A~ uho X ),vh) A Y, (v an)) + Sn (i an)

At
I;/ﬁ ( ( ¢”+1) Vvh), (19a)

( i 7%50 XM o0 ) + ) (V™ V) = (4t -y TR 2B ¢)
e 1e).

Furthermore, the pressure stabilization term is defined as

) =—0 Z hK/ VpuVan,

KeTh

where § > 0 is a suitable parameter.
The scheme (19) is implicit in time. In order to obtain a numerical solution for this nonlinear
scheme we apply the fixed point iterations. Let us summarize the characteristic FEM (19) in

Algorithm 1.

Algorithm 1 Characteristic FEM for the diffusive Oldroyd-B model using the
logarithmic transformation

. : n o,n rLO n0 _ ./ n n0 _ n
1: Given uy, py, ¥y, setu,’ uy, 1, =y, p, =Dy

2: for(=0,1,--- do
3:  solve iteratively the equation (19) with the explicit RHS:

nl+1
u —uy o X" (1" n, n, n,
(Re WX, )+A<( SO, (Vi) + S )

- 5

nZJrl
( VLo X ) (VYL V) = (O B )

1 _nye
e (Hf) (e7%n") — 17¢h) -

4 if (Wt —w 4| for w € {up, pp, e¥" } and £ is small enough) then

5: break
6: endif
7: end for
. 1 L1 1 41 1 41
8: Update solution: uj/ ™' = uy "™ pptt = pi" " gyt = 4y
Copyright © 0000 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids (0000)
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DISSIPATIVE CHARACTERISTIC SCHEMES FOR THE DIFFUSIVE OLDROYD-B 11

4.2. Characteristic finite difference method

The aim of this section is to present the characteristic finite difference scheme for the diffusive
Oldroyd-B model (8) with LCR transformation. In the following, we describe in more details the
space and time discretization.

We first discretize the domain 7;, by dividing it into M x N regular rectangular mesh cells.
LetK;;,i=1,---,M,j=1,---,N, denote an arbitrary cell, h, be the mesh size in z-direction,
and analogously h, be the mesh size in y-direction. Then the so-called staggered approximation is
applied for the fluid flow field. It means that the discretization nodes for velocity components U
and V' are the midpoints of edges in - or y-direction, respectively, where U, V denote the = and
y components of the velocity, cf. Figure 1. Furthermore, nodes for pressure p and logarithm of the
conformation tensor v are at the cell centers.

j+1/2

o
Y/

j-1/2

Y
3y

i-1/2 i i+1/2

oQ e
<

P v

Figure 1. Discretization of the staggered mesh.

In the following, we will split the numerical discretization of the system (8) in two parts.
In the first part we apply the characteristic FDM for the transport equation of the logarithmic
transformation of the conformation tensor (8c). Specifically, we have

(,(/)n-ﬁ-l _ wn o X™ (f,”)) ,
1,] — Q7L+1 n+l n+lﬂn+l 2Bn+1 y
A7 ( 1 p P + )ig 20)
_ntl n
+ m(e vii — I) + EA}L’(/)ijrl,

where At is the time step, §2; ; and B; ; are calculated due to the decomposition (5) of velocity
gradient V,u; ;, see formulas (6), (7). The discrete gradient operator for velocity is defined as

5.Us i 6,0 s
Viu; = SO I (21a)
’ 02Vij  0yVi

Copyright © 0000 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids (0000)
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12 LUKACOVA ET AL.

where U U v v
(51;U)i7j o z+1/2,jh 171/2,‘]’ (5yV)z,j — Z,]+1/2h Z,j71/27
(6,0 = Uiri/2,j41 Y Uic1y2541 — Usg1y2,5-1 — Ui_1/27j_1, 21b)
4h,
(V)i = Vierj—172 + Vigr 1172 = Vie1j-1/2 — ‘/ifl,j+1/2.
4hy
The discrete Laplace operator for 1) is defined as
1 1
App; j = h—2(¢i+1,j — 2455+ i1;) + ﬁ("/’i,j—f—l — 295 + i) (22)
x Y

In the second part, we apply a suitable FD approximation for the flow equations (8a) and (8b).
The idea of this part follows the Chorin projection method, cf. [11,40]. For divergence free functions
the convective term u - Vu is equivalent to V - (u® u), which is used for the finite difference
approximation. The pressure term is treated implicitly in a projection step. More precisely, the FD

approximation reads

(UnJrl _ Un)i+1/2,j

Re A7

== Red, (U7, )55 — Redy (U V) 5 = (620" )ivr2,

+al U, + %(&:Uﬁrl)wl/m + %(%Uﬁﬂ)wl/m’ (23a)
RV = Vi

= — Red (U"V™ )10 5 = Redy (V)2 o = (040" )i jinye

At
+ Al VI + %(59:03#)'&,%1/2 + %(5@/0&“)@%1/% (23b)
Vi -upft=6,U0 " 46,V = 0. (23¢)

Here the discrete difference operators for the convective terms are defined as follows

((Uh)2*7|Uh|(~fh) — ((Uh)277|(7h|[7h>

(02U%)ig1/2,5 = i+1’2x 2

By (UV))is1/2, = v - ’7|Vh|ﬁv)z‘+1/2,j+1/2 h—y v - ’7|Vh|ﬁv)z‘+1/2,jf1/2 ,

(6:(UV))ijy1/2 = V" - 7|UU|‘7}1)H1/2JH/2; V" - 7|Ulu|‘7h)“1/2,j+1/2, e
(o =) = (=)

(5yV2)z‘,j+1/2 = Z’ﬁ;ly =

where v = min(1.2At - max(max |Us;1 /2|, max |V j11/2]), 1), the superscripts “—" and “~”
represent the average and difference operators, “A” and “v” denote horizontal (z-direction) and
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DISSIPATIVE CHARACTERISTIC SCHEMES FOR THE DIFFUSIVE OLDROYD-B 13

vertical (y-direction), i.e.

(Uh)i,j = 2 +1/2’]a (Uh)i,j L ZiH1/2. 1/2,j

2 2 ’
= v Uit1/25 + Uit1/2,541 ~ Uit1/2,541 — Uiy1/2,5
(U )ig1 /2412 = —L2 9 PIE (U)is1y2511/0 = —2 2 = (25)
1 _ Vs tVigae o o _ Vigrjv12 = Vigiaye
(V™)it1/2.41/2 = > s (VM)iv1/2541/2 = 5 )

o Vi + Vij- ~ Vi V.
(V) = G+1/2 ; d 1/27 (V)i = G+1/2 . J=1/2

The approximation of convective terms reduces to the averaged central difference for v = 0, and
conservative upwind for y = 1.

The Laplace operator A, for the discrete velocity components is given as

ApUiti2,5 = 53Uz‘+1/2,j + 5§Ui+1/2,ja ApVijy1/2 = 53‘/@]41/2 + 5;‘/@]41/27 (26)
where
S2U o Uicyy2 = 2Uig1)2,5 + Uigs)a, 52V Vit = 2Vigne +Vied j112
2Vit1/2,5 = 72 ) x Vi, j+1/2 = 12
52U . Uit1/2,j41 — 2Uir1/2,5 + Uig1/2,5-1 52V . Vij—12 = 2Vijy12 + Vijisse
yit1/2,5 = sy OyVijy1/2 = .

2 2
hy hy
The discrete difference operators for the conformation tensor components are defined as follows

g i N ag i, g i, — (O i,
5x(011)i+1/2,j = (o1) H;L (o11) ]7 6y(022)i,j+1/2 = (022) j+2 (922) J7
x Y

(012)iv1,4+1 + (012)ij1 — (012)it1,5-1 — (012)ij-1

Oy(012)iv1/2,5 = m ; (27)
Y
_ (o21)iv1,5 + (021)it1,541 — (021)i=1,5 — (021)i—1,j41
51(021)1‘,]’4-1/2 . 4h .
xr

Analogously, the discrete difference operators for the pressure are defined as

Pit1,5 — Pij . Dij+1 —Digy
5;cpi+1/2,j =l o) ;L ”7 5ypi,j+1/2 =l o) h =
x y

In order to solve the nonlinear system (20), (23) implicitly in time, we use the fix point iteration
approach. Let ¢ represent the iteration step and u™*, p™*, 1)™* be the solution of the /-th iteration.

Starting from ¢ = 0, we get the solution for the next iteration step ¢ 4 1 in the following way:

Step1: Viscoelastic part We first approximate the viscoelastic part (20) in the following steps:
a) Decompose the velocity gradient V th’f to obtain QZLJ[ and Bff according to (6), (7).
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14 LUKACOVA ET AL.

b) Approximate equation (20) in the following manner

Y — e AN T =7 0 XM+ AHQN Y — 4+ 2B])

0,J 4]

At n, (28)
b (e ).
We
¢) Update the conformation tensor
ot = e, (29)

In what follows we present the algorithm that evaluates the foot value ;'; o X" for the
characteristic of a particle. The current position of the particle is

x(i,5) = (2i,95) = ((i = 1/2)ha, (5 = 1/2)hy).

Now we approximate the position of the particle at the previous time step according to the
characteristic (17)

X/(iaj) = (xi’vyj’) = (xl - (Uh)?,jAtv Yj — (VU)ZJAt) ’

where U/'; and V;"; are computed using (25).

Leti = xy/hy +0.5, 7' =y /hy +05and iy, = ||, ir =141 + 1, jo = |J'], jr=Jr + 1,
where |z | returns the largest integer not greater than x. Suppose that x’ is surrounded by the points
{Px,k =1,2,3,4} (see Figure 2), where

X(Pk) :X(ipkaij)'
It is obvious that ip, =ip, =ir, ip, =ip, =%R, JpP, =JP, =JL, JPs =JjrP, = Jjr- We

approximate the old time step value at the foot of the characteristic x’ = (z,y;) in the following

way:
4
Zj ° Xn(tn) _ Zwkwn(Pk)v
k=1

where wy, = (1 —ip, +4')(1 — jp, + j') represents the weight of & — th point, see Figure 2.
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DISSIPATIVE CHARACTERISTIC SCHEMES FOR THE DIFFUSIVE OLDROYD-B 15

12
R B ! x(0J)
W2 W
i - i
X 12 ; i+1/2
w3 Wy

i B B

L

i v iR

Figure 2. Characteristic position.

Step2: Navier-Stokes part Approximation of the fluid part (23) is realized by the Chorin projection
method in two steps.

a) We first neglect the influence of pressure and approximate the following equation

Reu; — aAu = —Reu - Vu + ﬂv 0.
We

More precisely, it reads

<E - aAh) Uitr/2,5 :ReKtUiH/Q,j — Red.(U ’é)?+1/2,j — Red, (U™V ’é>i+1/2,j

/8 n,t n,
+ We (6:8(01L1/+1)i+1/2,j + 6y(alée+1)i+1/2,j)a

(30)
Re A * _ 1 n 5 nlyn,t 5 n,0\2
A~ A ) Vigiaye =RegVijiaye — Redu(U™ V™) jiaya — Redy (V)i 511y
p 01 41
+ We (0u(o9 Dijr1yz + 0y (03 )ijirya)-
b) In the next step we need to approximate the pressure terms u; = Vp, i.e.,
n,{+1 % n,{+1 *
Uz‘+1/2,j B Uz‘+1/2,j B ij+1/2 Vi,j+1/2 N 3]
At = " OaPit1y2 At = TP jty2 @D
Copyright © 0000 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids (0000)
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16 LUKACOVA ET AL.

This is realized by the following pressure projection step:

bl) Compute Fi,j = Vh . u;:j = (51U*)Z,J + (%V*)m

. . 1
by) Solve Poisson equation — Ahp;f’]“l =" F; j to get pZ’jHl-
bs) Update velocity field uZ’f“ =u;, — AchpZ’fﬂ, ie.
n,l+1 _ rrx n,l+1 nl+1 % n,l+1
Uif1/2; = Uiv1ya,g — Atoupi g 5y and Voo ) = Vi e — Atoyp; 5 [ o

Here, the discrete difference operators are defined as follows

Vi ;= 0,Uij+6,Vij, Anpij = 62pij+0ipij,

2, . Pi—1j —2ij+Pit1y o Pig—1— 2Pij + Pij+l
5xp27] — v j h;] L j ) 5yp1/1‘7 -— L ‘7 h;j C ] 5
T Yy

where 6,U; ; and 9,/V; ; are computed using (21).
The incompressibility condition (8b) is naturally satisfied. Indeed, we have

Vh : uZ’f“ = Vh ~u,’f,j - Atvh : (Vhpz’j-ZJrl) = F‘i’j - AtAhpZ’jZJrl = 0.

Finally, we summarize the characteristic FD scheme in the following algorithm

Algorithm 2 Characteristic FD scheme
1: Given un’pn’ ¢n’ set un,() — un7 ,lj)n,() — ,l’bn’pn,() — pn.
2: for/=0,1,--- do

3:  solve the viscoelastic equation (28)

4:  update the conformation tensor with equation (29)

5 solve the Navier-Stokes part (30) and (31)

6: if (Jvitt — vl < €||vf| for v € {u,p, o} and ¢ is small enough) then
7: break

8:  endif

9: end for

10: Update solution: u™*! = u™+1 pntl = prbil gpntl — gpntl,

5. ENERGY STABILITY OF THE CHARACTERISTIC SCHEMES

In this section, we shall demonstrate the energy stability of the numerical schemes derived in the

previous section.

5.1. Energy stability of the characteristic finite element method, Algorithm 1

In this subsection we will study the diffusive Oldroyd-B model (8), where the logarithmic
transformation has been applied for the conformation tensor.
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DISSIPATIVE CHARACTERISTIC SCHEMES FOR THE DIFFUSIVE OLDROYD-B 17

Theorem 2. Let (u},p}, ¥}})o<n<ny be a solution to (19) supplied with homogeneous Dirichlet
boundary condition for velocity and with the zero Neumann boundary condition for 1y,. Further, we
assume that initially e¥* is a symmetric positive-definite tensor and the determinant of the Jacobi

matrix is I for any n, 0 < n < Nrp, ie.

det <6X7(”> —1. (32)
ox

Then there exists a Cy, > 0 (cf. (35b)), such that the free energy of the system (19)
n n v Re n 6 ” n
= P o) = 58 [ it g [ et g )

satisfies

B

n+1 n
F}L *Fh +At/ W

<2ack|Vu;;+1|2 +
77L

tr(e¥n” 4 e v - 21)) < O(Ath).  (33)

In particular, the sequence {Fff}gi{) is non-increasing in the leading order terms having an error

of O(Ath).

Proof
We choose (u) !, —pptt, 2‘/@6 (Hf) (e“’sﬂ) —1I)) as a test function for the system (19) and get

n+l _ ..n Xn(n n
0= / (Reuh uj, 0 X™(#") cuptt 4 2aD(up ) - D(uptt) + ie“"lJrl : VuZ“)
T At We

g, B[ (BT O XE) (o g
+0 ) hi /KN‘”’IH'QJr oWe Jr : A : (Hg)(ewh )71)
h

KeTh

(e et 2By s () - )

1 _ntl n+1 n41
- (e i) (ng@(ewh )71) +sv¢g+1:v(n$>(e% )1))
=1+ 15+ Is.

We separately evaluate I; + I and I3, which correspond to the momentum and transport equations,
respectively. The assumption (32) implies

/ [uf o X(1")|2 = / wp? and [ wpoxny= [ . (34)
Th Th Th Th

Copyright © 0000 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids (0000)
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18 LUKACOVA ET AL.

For I; and I, we have

1
/ (uZJrl _ uZ ° X"(tn)) . uZJrl — / §<|uz+1|2 _ |uZ o Xn(tn)|2 +
Th Th
1

>[50 - ).
Th

h

/D(u;;“):D(u;;“)zc / Va2,
Th [

h

12—5Zh2/|Vp"+12>0

KeTh

(W —uj o X7 (#)?)
(352)
(35b)

(35¢)

where the first identity of (34) has been employed for (35a) and C}, in (35b) is a positive constant

independent of i and At due to the Korn inequality. From (35) we obtain the estimate of the

momentum part, [; + I,

R@ ﬂ n4+1
L+DL>—— nH2 u?) 4 200, PP — [ e i vuptl. (36
1+ 2_2At/7—h(|uh | |uh|)—|— aCl, Th|Vu | +We The uj (36)
The transport part, I3, is evaluated as follows. Let T;, i = 1,--- , 5, be the terms defined by

T = /7_ ( Z+1 7¢20Xn(tn)) (H(3)( 1/m+1) I)

:/T( P o X)) s () - [r( i

)

=T — Tho,
n n n n 3 n+1
T z/ QL — rtintty (H§L>(e¢h )71),
Th

Yo X"(t")) 1

Ty = / Byt (P ~1), = / (T—e i) (P evh ) ~ 1),
Th Th

Ty = / vt v (I ) - 1)
Th

‘We know that

n+1

Ty = /T< P o XM (M) s I (¥
h

1+1

h

:/ (! = o X" (t") : e¥i 4 O(h)
> / (e — ¥ieX ) 4 O(h),

Tys — / (it — B o X7 (t)),

=

Copyright © 0000 John Wiley & Sons, Ltd.
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DISSIPATIVE CHARACTERISTIC SCHEMES FOR THE DIFFUSIVE OLDROYD-B 19

wnJrl

) —
= O(h). From the fact that [ tr( (e¥h — ) o X7 (t") = [, t( (e¥h — b)), cf. (34), we

where we have assumed that our numerical solution is enough regular to obtain fT |H(3)(
n+1
|=

obtain

Th=Tn -T2 > / (( v — ) — (ed’;: — ) oX"(t")) + O(h)
Th

)

_ /T (57—t = (¥ - ) ) + 0. (37)

)

Applying analogous arguments for other terms, we have

T2 — /7— (QZ"‘l Z-‘rl _ Z-}-lnz—i—l) . ( wnJrl I)
h

)

+/ (QZ+1"/’Z+1 w”"‘lﬂn"‘l) (H(s)( n+1) d,nﬂ)
Th

h

=0+ O(h), (38a)
T3 = / BZJFl . (edm+1 B I) +/ BZJrl . <H(3) (ewn-H) B e¢w+1)
7—}" 7—)7,
- / Vit e o(h), (38b)
T
T4 - / (I - 6*11’;;”'1) : (ewn-%—l I) +/ (I — e "l’n_H) <H(3) (61/;"+1) ewn-%—l)
h T
- / (Vi T = 21) 0. (38¢)
T

Note that since 1/;"“ and e¥ ' commute in (38a), we have
n+1_;n+1 n+lon+1) . 1[)’;”+1 _ n+1_;n+1 n+1on+1 ¢”+1
(@t =y T (e —T) = (T -y )
_ n+1,_,n+1 n+lon+1 ¢”+1 _
= tr((ﬂh B e ) =0.

Further, the identity trBZJrl =V- uZ“ has been employed in (38b). By using the fact that the

gradient of piecewise linear function is piecewise constant and the inequality (12d), the viscous

term gives
T5:/ voptt e v (e - 1) = 3 [ vt v e

72/ anﬂ Py Vetn (P >0, (39)
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20 LUKACOVA ET AL.

where PiK is an arbitrary fixed vertex of triangle K. Putting (37), (38) and (39) together, we get the
estimate of the transport part, I3,

/8 / n+1 1 n ﬁ 1 n+41
I3 > ——— tr( e¥r — ) — (e¥h — ) - Vu?tl:e¥n
2WeAt 1. ( h ) ( h) We ). h
T, tw(e?h " e ¥ —20) + O(h). (40)
2We? ).

From (36) and (40) we obtain the energy inequality (33), i.e.,

B

+1
Fr < —At/ Sive

(zack|vuz+l|2 +
Th

(e p e - 21)) +O(Ath).
Thus the free energy inequality implies that we have for leading order terms
Fy < Fy

with the error of O(h?) by assuming that At = O(h). O

Remark 2. It should be noted that assuming (32), we actually suppose that the approximation of

the discrete velocity field is divergence free V - uj = 0. In fact, we have

— V- uZ“qh -0 Z h%/ VpZ“th =0 forany qn € Q.
T K

KeTy

Taking into account that the second term is small, we have V - uZ“ ~0inTp.

In the characteristic FD scheme, see Theorem 3 below, we do not need the above assumption
as the strong incompressibility condition is naturally satisfied. For our characteristic finite element
method an alternative way to obtain the strong incompressibility condition is to use the orthogonal
projection, cf. [9, 38].

5.2. Energy stability of the characteristic finite difference method, Algorithm 2

In this subsection we will show that the characteristic finite difference scheme also dissipates the free
energy. To this end, we introduce some useful discrete integration by parts techniques in Lemma 4—
6. We note that the proofs of these Lemmas can be found in [41].
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Lemma 4. ([41]) For the discrete difference of the transport terms (24) appearing in the momentum
equation (23) the following properties hold

N N
1

2 (Uéi‘(UQ))Hl/z,j = Z i+1/2,§) ( (0l )iv1 + ) (41a)
i=1 j=1 i=1 j=1
M-1 N LMo N

DU UV))rpoy = 7 D D Uirijay) (5 V)i + (6,V)is1, ) (41b)
i=1 j=1 i=1 j=1
M N-1 1 M N-—1
Z (V(S ( Z]Jr1/2 ZZ Z]+1/2 ( 6 U z_]+1 + 5 U ) (41C)
i=1 j=1 i1 =

N—-1

M N-—1
1
z]+1/ = ZZ Z w+1/2 < (4 V)i 1 + (04 V)i J) (41d)

i=1 j=1 i=1 j=1

5
\/

The next lemma presents the discrete derivative calculus for the velocity Laplace terms defined
in (26).

Lemma 5. ( [41]) Let us define

1
|VhUi+1/2,j|2 =3 ((61‘[])12-1-1,]’ + (61‘U)i (5 U)z+1/2 j+1/2 (5yU)12+1/2,j71/2> )

|Vh‘/;,j+1/2|2 = ((5 V)erl/Q j+1/2 (51“/)1271/2,%1/2 + (5yV)12,j+1 + (5yV)z2,j> :

Then we have the following properties for the Laplace terms used in the momentum equations (23)

M—-1 N M—-1 N

D (Ao Uiryag < = D0 D I Valigiyagl’s (42a)
i=1 j=1 i=1 j=1
M —1 M N-1
ZZ ARV ji1ge Vigere € =3 > ViVl (42b)
i=1 j=1 i=1 j=1

Our next goal is to demonstrate the discrete derivative calculus for the elastic stress tensor defined
in (27) and the velocity gradient defined in (21).

Lemma 6. ( [41]) Denoting for simplicity A = 011, B = 012, C = 092 allows us to rewrite o on the

finite difference cell K; ; as
A B
Tij = :
B C )
i,

Let
M-1 N M N-1
D (0A+8,BU), i+ DD (6B+6,00V), s (43a)
i=1 j=1 i=1 j=1
M N M N
S (Vay )iy =YY ((6:.U)A+ (5,U)B+ (5,V)B + (5,V)C ), (43b)
i=1 j=1 i=1 j=1
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22 LUKACOVA ET AL.

Then the following identity holds
Si(o,u) + Sz(o,u) = 0. (44)

With the knowledge of above lemmas, we proceed with the main result of this section which
demonstrates the dissipation of free energy.

Theorem 3. Let (UﬁH/2 i V;"J,H/Q,p;fj, ¥}’ )o<n<Ny be a solution of the discrete characteristic
FD scheme, which is the combination of (23) and (20), supplied with homogeneous Dirichlet
boundary condition for velocity and with the zero Neumann boundary condition for 1. Further,

we assume that initially e¥* is a symmetric positive-definite tensor. Then the free energy

Re M—-1 N M N-1 1—a
F,’;:7<ZZ U1y + D2 D (Vi) ) 2We Zztr "1y,

i=1 j=1 i=1 j=1 i=1 j=1
(45)
satisfies
M-1 N M N-1
+1 +1 42 2
Frl g +aAt<Z D IVRUEE L P YD VRV ] )
i=1 j=1 i=1 j=1
o = (46)
1!1”+1 1!1"4rl _ -
2We Zer 21); ; < 0.
=1 j=1

. nA Nt - . .
In particular, the sequence {F}'},'" is non-increasing.

Proof
Let us first recall the finite difference part of the characteristic FD scheme for the momentum
equation, and make the following operations: we multiply (23a) with U""? (23b) with

i+1/2,5°
VZ’H}Q ;» (23¢) with p”Jrl and sum them together. Let

M—-1 N
1 (Re Un—i—l _ Un)iJrl/Q,j
j=1

n+1\2 n+1 n+1
AL + Re (6,(U"*1)? + 6, (UV)"F )m/lj) urt

i+1/2,5
=1 j

@ﬁww+¥W“)6w“+£®ﬁT+%$ﬁ>/ Ul e
i+1/2,5

N (g =V gy
2¥ n+1 n+1\2 “+1
+3 < ~ + Re (8, (UV)" ™ +8,(V")?), /2> v,
i=1 j=1
a 6925V”+1—|—52V"+1) 5ypn+1+£(5 O_n+1 +6y ;L2+1) V;n_JJrrll/Q
We gz
M N
PSS U )
i=1 j=1
47)
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Obviously, we have S = 0. It is easy to get

+1 2 n 2 +1 n 2
yntl n yrtl (U;‘Li‘l/27j) (U1+1/2 ]) (U:'LH/Q J UZ+1/2J)
( i+1/2,5 i+1/2,j) i+1/2,5
n+1 ’ n 2 ’ (48)
N (Uz+1/2 ]) (Uz+1/2,])
—_ 2 .
Similarly
n ( n44_-11 2)2 B (Vin'+1/2)2
(‘/;72111/2 Vi,j+1/2) Vzng+11/2 > — : = : (49)
Using Lemma 4 and the fact that (6,U + 6,,V'); ; = 0 we also obtain
M—-1 N . M—-1 N )
n+ nJr
: Z (U(Sx( z+1/2,g + Z Z z+1/2,j =0,
3;;11 b i;_i 60
n+1 n+1
Z z 12 T Z ) it1/2 0.
i=1 j:l i=1 ]:1

For the pressure terms we have

M—1 M—1

n+1

Mz

1 N
- n+l _  n+l n+1
z+1/2,j ~ Z Z Dit1,j = Pi— 1])Ut+1/2,_]

i=1 j=1 j=1 i=1

i ii yrtl n+1 n+1 ZZ 5 U)p n+1

ha: i+1/2,5 i—1/2, _]
Jj=11i=1 i=1 j=1

and similarly

M N-1 - M N -
Z ((5yp)v)i,j+1/2 - - Z Z ((5yv)p)zd
=1 j=1 i=1 j=1

Consequently, the following property holds

M-1 N . M N-1 ) M N .
n—+ n+ n—+
Z ((63‘ )U)i+1/2,j + Z 2]+1/2 + ZZ ((5 U)p+ (5 Vip ) ij o =0.
i=1 j=1 i=1 j=1 i=1 j=
(51)
Using (43a), (48)—(51) and Lemma 5 we derive
M—-1 N n+1 2 n 2
—B ant1 Ui1y2,)" = Uka) 1
0=52> e — S (o, u) + Z ZR@ SAL +04|VhU;.L:;/2J|2
i=1 j=1
M N-1 7L+1/ )2 _ (Vn / )2 (52)
J+1/2 i,j+1/2
b3 rert Sl g,y

i=1 j=1
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24 LUKACOVA ET AL.

Now we consider the transport equation for the elastic stress tensor v and multiply (20) with
(e"’z;l —I). This leads to

M N
o (Pt —ap" o X™)ij gt

OS;; Al .(6 *I)i,j
1 n+1 n+1

o (Qn—i-lwn—i-l o ¢7L+1Q"+1 4 2Bn+1 + W(e_d’ S I) +€Ah"/’n+1) . (ed’ o I)i,j.
e .

]
(53)

Similar to the proof of Theorem 2 we have

M=
M=

M N
@+ o Xy (D2 Y3 (W i) - (e —uy).

i=1 j=1 i=1 j=1
M N
n+1 'n.+1
Z Z (Qn+1,¢n+1 _ ¢n+1ﬂn+1 + 2Bn+1) . (ed’i,j Z Z 2Vun+1 ¥l 7
i=1 j=1 i=1 j=1
M N
n+1 7L+1 'n.+1 n+1
YD) DU ) 3) B R
i=1 j=1 i=1 j=1
(54)
For the diffusive terms, we first obtain
M N M N
n+1 W+1
D) D e ) SR e
i=1 j=1 i=1 j=1
1 1 n+1 n+l
Y S W, - ) s (S - ) (55)
i=1 j=1
+1 +1 . W'+1 w,+1
o ZZ T’brf]Jrl ’7‘771) : (e¢w+1 - 61/)7"]71) < Oa
i=1 j=1
where we have used (12a). Further, it is easy to show
M N
Z Z APt T=3 " r(hirr + i — 4+ piorg + i)
i=1 j=1 i=1 j=1
S 1, % o G6)
= Ztr(%,NH — YN — i1+ i)+ Ztr(’l/)MH,j —¥um; — Y1,%0,5)
i=1 j=1
=0,
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due to the corresponding boundary condition.
Combining (54), (55), (56) together yields

0=29 > 280" (a,u)
M N 1 +1 +1 +1
+3 0N N ((e% — Pt — (e — ;;-)) +tr(e¥is +e i —2I). (57)

i=1 j=1

Multiplying (57) with a factor L summing with (52) and using (44) together with Lemma 6

2We
leads to
M—-1 N (U7L+1 ‘)2 _ (U_n _)2
i+1/2,5 i+1/2,5 +1 2
> D Re 9A7 + ViU ]
i=1 j=1
M N-1 (V7Lﬂ—1 )2 _ (Vn )2
i,j+1/2 i,j+1/2 n+l |2
+> > Re N +alVaV |
i=1 j=1
M N
]. /8 n-+1 n /8 n+1 _afyn+1
2P (e _n+1_¢_n> tr(e? ¥ o1y,
+i=1j=1mwef(<@ W) (@ ) (e e )i
<0
(58)
Consequently, the sequence {F} g:TO is non-increasing since we have
M-1 N M N-1
n+1 n n+1 2 n+1 2
AR (10 3 DAL RIS 3D BATND
i=1 j=1 i=1 j=1
5 MoON (59)
wn+1 7¢n+1 o
b 2D e 21»]) <o.
i=1 j=1
O

Using the discrete integration by parts formulas from the previous subsection we have shown that
the characteristic FD method also dissipates the free energy.

Remark 3. In the case that the characteristic approach is also used to approximate the convective
term in the Navier-Stokes part, the energy stability can be proven in an analogous way. Indeed, the
only difference to the proof of Theorem 3 is that instead of (48)—(50) we have an analogous estimate
as in (35a)

M—-1 N M—-1 N |Un+1 2 un , 2
n+1 n n n+1 i+1/2,j +1/2,5
> (Ui+1/2,j — Uiz 0X ) UYTED DY 2 ’
i=1 j=1 i=1 j=1
M N-1 M N-1 |Vn+1 |2 _ |Vn / |2 (60)
n+1 n n n+1 i,j+1/2 4,J+1/2
Z (V;,j—f—l/Q = VijpoX ) Vit 2 Z Z 9 :
i=1 j=1 i=1 j=1
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6. NUMERICAL TESTS

In this section we illustrate the behaviour of our characteristic schemes and support our theoretical
results. In particular our aim is to study the influence of the diffusive parameter ¢ and the
Weissenberg number We on the stability and accuracy of our schemes.

6.1. Lid-driven Cavity

Our first test case is the lid-driven cavity problem. The geometry and mesh of the problem are given

in Figure 3.

Figure 3. Geometry and mesh for the cavity flow problem.

The computational domain is 7 = [0, 1]2. The initial conditions are taken to be
, o=L (61)

A Dirichlet boundary condition is set for velocity

(62)

(162%(1 — 2)2,0)T, if y=1,2€]0,1],
u=
0, else.

Further, we choose extrapolated boundary condition for the logarithmic conformation tensor, which

means 8¢
— =0 63
=0, (63)
where n is the outer normal of the boundary.
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Influence of the Weissenberg number and the diffusion coefficient ¢ This subsection aims to study

the effects of the Weissenberg number We and the diffusion coefficient ¢ in the diffusive Oldroyd-

B model (8) using the logarithmic transformation. This test is based on the characteristic finite

element scheme, Algorithm 1. We fix either the Weissenberg number We and vary the diffusion

coefficient ¢, or in the opposite way we fix € and vary We. The free energy is presented in

Figures 4 and 5 for Weissenberg numbers We = 0.1, 0.5, 1, 5, 50 and diffusion coefficients

e=1, le—1, le — 2, 1le — 3. From the two sets of results we can clearly see that the free energy

is controlled even for high Weissenberg number. We also note, that for smaller We the free energy

converges very fast, while for higher We longer time is required to reach to a steady state.

Free energy
T

Free energy
T

We=0.1 We=0.1
- = =We=0.5 B 1= =Y
osll © Wesl | 1 %08 o we=1
IELICE We=5 | _.-="" == We=5
 We=50 |- 007 ' We=50 4
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0.25 ’ 9
! 0.06 4
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!
0.2f ‘ P gy e
: 005F _m==" E
[} e "‘
H B R4
! s
015 i 1 o004/ 4
R q
!
1
! 0.03 4
0if 4
oo 4
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0.01f 4
o . . . . . . . . . . . . . . . . . .
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4
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!
i
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e e e e e e e
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L L L L L L L L L Il Il Il Il Il Il Il Il Il
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(c)e=0.01 (d) e = 0.001

Figure 4. Free energy of the diffusive Oldroyd-B model (8) for different We, computed by the characteristic
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Figure 5. Free energy of the diffusive Oldroyd-B model (8) for different diffusion coefficients ¢ at We =
0.5, 5, computed by the characteristic FEM, Algorithm 1.

Analysis of the experimental order of convergence The aim of this section is to analyze the
experimental order of convergence of our characteristic schemes for various Weissenberg numbers.
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Let ¢, denote the numerical solution and ¢ be the corresponding exact solution. We denote the L?-
error as e(¢n) = ||én — @2 and H'-error e1(¢n) = ||¢n — ¢|| 1. In our experiments the exact
solution ¢ is replaced by the reference solution computed at a very fine mesh since the exact
analytical solution is not available. The experimental order of convergence (EOC) is defined as

error of ¢y,

EOC = log, —.
82 error of ¢y, /o

Table I illustrates the mesh convergence results of the characteristic FEM at ¢ = 30 for
different Weissenberg numbers. The results demonstrate that the EOC is not influenced by the
Weissenberg numbers even for relatively small diffusion parameter. Indeed, we have the second
order convergence in the L2-norm for velocity and superlinear convergence for conformation tensor.
Besides, we observe the first order convergence for the L?-norm of pressure and H'-norm of
velocity and stress tensor.

Table II presents the mesh convergence results for the characteristic FDM at ¢ = 30 for different
Weissenberg numbers. It indicates that the EOC results are similar to those for the characteristic
FEM. Interestingly, if the characteristic approximation is applied to both convective terms in the
equation of 1) as well as for u, we have obtained a super convergence of the L?-norm for pressure
as well as H'-norm for velocity, cf. [30,31]. We present in Table III only the results for We = 0.5,
the results for other We numbers are analogous.

6.2. 4 to I contraction flow

In this test we will consider a well-known benchmark for the viscoelastic fluids, the so-called 4:1
contraction problem. Hereby, the Algorithm 1 will be studied for the diffusive Oldroyd-B model (8).
Previous studies on the numerical simulation of this problem can be found, e.g. [1,4,18,33]. One of
the main difficulties is the singularity at the re-entrant corner due to the abrupt contraction [21,33].

inflow

outflow

20 50

Figure 6. Geometry of 4:1 contraction flow.

As shown in Figure 6, the computational domain is taken to be from —20 to 50 in the z-direction.
The upstream has a width of 8 while downstream width is set to be 2. Analogously as in [10,33] we
use only the upper half of the computational domain as it is symmetric with respect to x axis.
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For the velocity we prescribe the parabolic Dirichlet condition on inlet

U==(1-y*/16), V =0withu= (U, V). (64a)

1
8
At the outflow the zero-Neumann boundary conditions are applied

ou
— =0.
on
Boundary conditions for the conformation tensor are used as in (63). Moreover, no-slip conditions
U = 0 =V are imposed on the solid walls and symmetry conditions are specified on the symmetric
axis

o12(x,0) = V(z,0) = 0. (64b)

Other parameters are chosen similarly as in [10,33], i.e.

a=1/9,Re=0.
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Figure 7. Mesh of 4:1 contraction flow, created by “FreeFEM++-cs” [27].

The center part of the computational mesh for the 4:1 contraction flow together with a
local refinement near the abrupt contraction corner is shown in Figure 7. Details of the
mesh are as follows. Total number of mesh points and mesh elements are np = 26538
and ne = 50874, respectively. Maximum, minimum and mean values of the mesh length are
(hmax, hmin, hmean) = (2.05e — 01, 1.62e — 02, 7.29¢ — 02).

6.2.1. Non-diffusive case We first present the results for the non-diffusive case with ¢ = 0. Figure 8
shows the streamline, pressure and elastic stress tensor for the case We = 3 att = 1. We can clearly
recognize a big vertex at the corner of abrupt contraction. The pressure is decreasing along the x
axis.

In Figure 9 we compare the results for different Weissenberg numbers. Figure 9(a) indicates that
the pressure is decreasing along the x axis having a gradual decline rate in the upstream region and
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(a) Streamlines

(b) Pressure: min=0, max=19.2

(e) Conformation tensor ooo: min=0.745, max=2.76

Figure 8. Results of the non-diffusive Oldroyd-B model at We = 3, ¢t = 1, streamlines, pressure isolines,
011, 012 and oa2 isolines, computed by the characteristic FEM, Algorithm 1.

a steeper rate in the downstream channel. Moreover, it can be concluded that larger We number
causes to smaller pressure drop at outlet with respect to the inlet pressure. Velocities for different
We numbers are almost indistinguishable. In Figures 9(c) and 9(d) we can recognize that jumps of

the conformation tensor at the contraction corner increase for larger We.
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Figure 9. Results of the non-diffusive Oldroyd-B model at ¢ = 1 along the symmetric axis y = 0 for different
We: pressure p, velocity component U, components of the conformation tensor 011 and o922, computed by
the characteristic FEM, Algorithm 1.

6.2.2. Diffusive case In the following test we will present the results for the diffusive case with
€ > 0. In Figures 10 and 11 we present the results for fixed diffusive coefficients ¢ = 0.0l ore =1
and different We numbers.

Similar to the non-diffusive model, the pressure is decreasing along z-axis and larger We
numbers cause a smaller pressure drop. The jumps of the conformation tensor around the contraction
corner increase for larger We numbers. Comparing the results with a small diffusion coefficient, e.g.
€ < 0.01, the results for larger diffusion (¢ > 1) are quite different. First, the value of pressure at
the inlet decrease for larger . Secondly, the velocity in the downstream region along the z-axis
increases for larger We numbers, which almost does not change for small diffusion coefficients
€ < 0.01, see Figures 10(b) and 11(b). The conformation tensor in the downstream region is also
changing for different We numbers, e.g. the 022 component of conformation tensor decreases for
larger We numbers.

In Figure 12 we show the results of kinetic energy and free energy for different W e numbers.
We can clearly see, that the kinetic energy does not increase for larger We, while the entropy is
increasing quite quickly.
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Figure 10. Results of the diffusive Oldroyd-B model, ¢ = 0.01, at ¢ = 1 along the symmetric axis y = 0
for different We: pressure p, velocity component U, components of the conformation tensor 11 and o292,
computed by the characteristic FEM, Algorithm 1.

6.3. Discussion

Our numerical experiments demonstrate that the diffusive model is more numerically stable than
the non-diffusive one. In the driven cavity test we have obtained the mesh convergent results of
the diffusive Oldroyd-B model even for very high Weissenberg numbers, where the logarithmic
transformation has been applied. The most important ingredients of the energy stable schemes were
approximation of the convective term using the characteristics and the logarithmic transformation
of the conformation tensor. Although we are able to prove theoretically energy dissipation of the
scheme even for the diffusion coefficient € = 0, our numerical experiments confirm more stable
behaviour if € > 0.

Copyright © 0000 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids (0000)
Prepared using fldauth.cls DOI: 10.1002/fld



34

LUKACOVA ET AL.
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Figure 11. Results of the diffusive Oldroyd-B model, € = 1, at ¢ = 1 along the symmetric axis y = 0 for
different We: pressure p, velocity component U, conformation components o1 and o2, computed by the
characteristic FEM, Algorithm 1.

4 15 T
35 b
3F 4
10+
25F b
2 4
15H b
s
N i
We=0.5
- = =We=1
L We=3
““““ We=5
O We=10
ke 0.1 0.2 03 0.4 0.5 0.6 0.7 08 0.9 1 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 1
(a) Kinetic energy (b) Entropy

Figure 12. Time evolution of the kinetic energy and entropy for the diffusive Oldroyd-B model with e = 0.01
for different We, computed by the characteristic FEM, Algorithm 1.
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CONCLUSION

In this paper we have proposed and analyzed two energy stable numerical methods for the
Oldroyd-B viscoelastic fluids. In particular, we have applied the logarithmic transformation for the
conformation tensor including also diffusive effects in the equation of the conformation tensor.
We have also shown that the new model dissipates the free energy, which is a sum of the kinetic
energy and the entropy. For the numerical approximation we have studied the characteristic finite
element and the characteristic finite difference methods. Moreover, we have shown that both the
characteristic finite element and the finite difference schemes dissipate the free energy for arbitrary
Weissenberg number.

In our numerical tests it has been observed that the diffusive models are more stable than the
non-diffusive ones, in particular for high Weissenberg numbers. One important result, that we would
like to emphasize is the fact that the mesh convergence has been obtained even for high Weissenberg
numbers when using the diffusive Oldroyd-B model with the logarithmic transformation.
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A. APPENDIX

A.l1. Proof of Lemma 3

Proof

As o and T are symmetric positive definite matrices, we have the following eigen-decomposition,
o =R;ART, 7 =R,IRI,

where R, and Ry are orthonormal eigenvector matrices, A = diag{\;},T" = diag{~;},i=1,--- ,d,

A; and ; are eigenvalues of o and T, respectively, and d = 2, 3 is the space dimension.

Let O = RQTRl, then O is also orthonormal.

tr(of(T)) = tr(RlARTRQf() 7) =t (RIRIAR{ Ry f(T')) = tr (OAO” f(T'))

72 (OA);; (O f(T) Z( Zok/"w Zok]f )—Z((oij/\jj)(oijf(r)“))
(o)
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Similarly, we have

tr(7f(o)) = Z (O?j ()‘j)%) :

.3

Since O is orthonormal, ) O?j =1foranyj, j=1,---dand

J J

wr(of(e) =Y (M) = (Ajf()‘j)zozzj> :

Similarly, we have

[ 7

tr(rf(r) = Y (uf () = 3 (1f () 3 0%).
Combining the above four equations we get
(0 —7): (f(o) = £(7))
—t((0 =) (f(o) = £(7)) = (o f(o) + 7(r) = 7f(o) ~ o f(7))
=3 (MY 0%) + 30 (360 2 0%) = X (0% )) - X (0305 (0)
=2 N D05 (F0) = FO) + D 0% (F(n) = ()
=2 O5(f ) = FO) (A = ).

If f is an increasing function, we get (12a)

otherwise we get (12b)

Furthermore, we obtain

do Of(o) lim o(x+dr)—o(x) f(o(x+dr))—f (a(x))

Ox ~ Ox  de—s0 dx ' dz

For # > 0 we know that f(z) =Inz is an increasing function, and f(z) = 1 is a decreasing
function. Using (12a) and (12b) we get

do  I(lno)
dr = Ox

9o 9o )

>
20, Ox Ox

<0.
Analogously, the above inequalities also hold for other space dimension. Thus we have

Vo :V(lne) >0, Vo: V(e ') <0,
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which concludes the proof. O
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Table I. Error norms and EOC for diffusive Oldroyd-B model (8), e = 0.01, computed by the characteristic
FEM, Algorithm 1.

h e(uy) e(pn) e(on) e1(up) e1(pn) e1(on)
1/8 1.77x1072 211x107! 446x1071 624 x 107" 6.97x10~" 6.33 x 10°
1/16 532x1072 5.88x1072 1.04x107! 3.45x107' 232x10~! 3.35x10°
1/32 1.23x1073 236x1072 287x1072 1.64x107" 874x1072 1.69 x 10°
1/64 3.41x107* 877 x107% 857x1073 8.05x107%2 3.90x 1072 8.39x 107!

EOC

1/8 1.73 1.84 2.10 0.85 1.58 0.92
1/16 2.12 1.32 1.85 1.07 1.41 0.99
1/32 1.85 1.43 1.74 1.03 1.17 1.01

(a) We=0.5

h e(up) e(pn) e(on) e1(up) e1(pn) e1(on)

1/8 1.84x1072 242x107! 1.05x10° 6.33x10"' 7.55x10~1 1.45x 10!
1/16 541 x1073 6.74x 1072 229x 107! 349x 107! 235x 107" 6.64 x 10°
1732 1.26x 1072 2.63x1072 6.14x 1072 1.65x 107" 891 x 1072 3.17 x 109
1/64 3.40x10~* 1.06x 1072 2.19x1072 814x1072 3.97x10"2 1.60 x 109

EOC

1/8 1.76 1.84 2.20 0.86 1.68 1.13
1/16 2.10 1.36 1.90 1.08 1.40 1.07
1/32 1.89 1.32 1.48 1.02 1.17 0.99

(b) We=1

h e(uy) e(pn) e(on) e1(up) e1(pn) e1(on)

1/8 156x 1072 1.84x10° ' 212x10° 585x10°! 555x10° 1 3.15x 10!
1/16 4.69 x 1072 9.74x 1072 1.06 x 10° 3.19x 107! 2.19x 10~' 1.86 x 10!
1/32  1.08 x 1072 3.07x 1072 327x10"! 151x10"!' 8.18x1072 8.05 x 10°
1/64 3.16x107% 1.21x1072 131x107' 7.54%x107%2 3.68x10°2 4.12x 10°

EOC

1/8 1.73 0.91 0.99 0.88 1.34 0.76
1/16 2.11 1.67 1.70 1.07 1.42 1.21
1/32 1.78 1.34 1.32 1.01 1.15 0.97

(c) We=5

h e(uy) e(pn) e(on) e1(up) e1(pn) e1(on)

1/8 137x1072 1.16x 1071 321 x10° 552x10"% 4.33x 10! 3.54 x 10!
1/16 393 x1073% 4.99x1072 1.23x10° 299x10~' 1.88x 10! 2.09 x 10!
1/32 8.03x107% 1.70x1072 338x10"! 1.39x107! 7.47x1072 8.40x 10°
1/64 1.97x107* 7.01x1072 9.71x1072 729x1072 3.54x1072 4.23 x 10°

EOC

1/8 1.80 1.22 1.38 0.88 1.21 0.76
1/16 2.29 1.55 1.86 1.10 1.33 1.31
1/32 2.02 1.28 1.80 0.93 1.07 0.99

(d) We=50
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Table II. Error norms and EOC for diffusive Oldroyd-B model (8), £ = 0.01, computed by the characteristic
finite difference method, Algorithm 2.

h e(uy) e(pn) e(on) e1(up) e1(pn) e1(on)
1/8 212x1072 6.24x107! 561x10"1 223 x10~% 483 x10°  7.03 x 10°
1/16 6.81 x1072 2.80x 107! 3.01 x10~! 875x1072 258 x10°  4.11 x 109
/32 199x1073% 1.12x107' 1.37x107! 324x1072 1.17x10° 1.73 x 10°
1/64 6.05 x 10* 3.57x1072 4.70x1072 1.02x1072 3.77x 10! 5.55x 107!

EOC

1/8 1.64 1.15 0.90 1.35 0.90 0.78
1/16 1.78 1.32 1.14 1.43 1.15 1.25
1/32 1.72 1.65 1.54 1.67 1.63 1.64

(a) We=0.5

h e(up) e(pn) e(on) e1(up) e1(pn) e1(on)

1/8 2.07x1072 6.28x 1071 1.23x10° 241 x10"' 4.82x10° 1.32x 10!
1/16 7.26x 1072 295x 107" 6.70x 107! 1.05x 1071 2.64x10° 8.03 x 10°
1732 268 %1073 1.25x 107! 3.12x 107! 4.28x1072 1.24x10° 3.51 x 10°
1/64 943 x10~* 4.18x 1072 1.10x 107! 142x1072 4.13x 10! 1.17 x 109

EOC

1/8 1.51 1.09 0.87 1.21 0.87 0.72
1/16 1.44 1.24 1.10 1.29 1.09 1.19
1/32 1.51 1.58 1.51 1.59 1.59 1.58

(b) We=1

h e(uy) e(pn) e(on) e1(up) e1(pn) e1(on)

1/8 2.08x1072 3.76 x 10! 3.32x10° 2.26x10"" 3.08x10° 3.42x 10!
1/16 6.99 x 102 1.89 x 10! 2.01x10° 9.11x1072 1.70x10° 2.13 x 10!
1/32 2.84x 1072 878x 1072 1.03x10° 3.80x1072 829x10~' 1.02x 10!
1/64 1.10x 1073 3.16 x 1072 390x 107! 1.35x1072 278 x10~' 3.71 x 10°

EOC

1/8 1.58 0.99 0.72 1.31 0.86 0.68
1/16 1.30 1.11 0.97 1.26 1.03 1.06
1/32 1.37 1.47 1.40 1.49 1.57 1.46

(c) We=5

h e(uy) e(pn) e(on) e1(up) e1(pn) e1(on)

1/8 1.99x1072 151 x10° % 342x10° 1.94x10° ' 1.62x10° 3.51 x 10!
1/16 589 x 1073 4.73x1072 2.10x10° 6.00x 1072 6.78 x 10~} 2.11 x 10!
1/32 143 x107% 148 x 1072 1.12x10° 1.59x1072 2.22x10~' 1.05x 10*
1/64 2.81x107* 434x1072% 4.33x107! 359%x1073 5.18x 1072 3.93 x 10°

EOC

1/8 1.76 1.68 0.70 1.70 1.25 0.73
1/16 2.04 1.68 0.91 1.92 1.61 1.02
1/32 2.35 1.77 1.37 2.14 2.10 1.41

(d) We=50
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Table III. Error norms and EOC for diffusive Oldroyd-B model (8), e = 0.01, computed by the characteristic
finite difference method, with characteristic discretization also in the Navier-Stokes part.

h e(un) e(pn) e(on) e1(un) e1(pn) ei(on)
1/8 2.74x1072 3.16x 107! 757x10"1 228 x10~' 3.05 x 10° 1.07 x 10!
1/16 8.05x 1072 8.17x1072 238x 107! 757x1072 1.18x10°  5.60 x 10°
1732 1.90x 1072 215x 1072 747x1072 220x1072 3.89x 107! 1.92x 10°
1/64 3.82x107% 565x1073 228x1072 572x107% 9.90x 1072 572x 107!

EOC

1/8 1.76 1.95 1.67 1.59 1.37 0.94
1/16 2.08 1.92 1.67 1.78 1.60 1.55
1/32 2.32 1.93 1.71 1.95 1.97 1.75
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