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Abstract

For every ε > 0, consider the Green matrix Gε(x, y) of the Stokes equations describing
the motion of incompressible fluids in a bounded domain Ωε ⊂ Rd which is a family of
perturbation of domains from Ω ≡ Ω0 with the smooth boundary ∂Ω. Assuming the volume
preserving property, i.e., vol.Ωε = vol.Ω for all ε > 0, we give an explicit representation
formula for δG(x, y) ≡ limε→+0 ε

−1(Gε(x, y) − G0(x, y)) in terms of the boundary integral
on ∂Ω of G0(x, y). Our result may be regarded as a classical Hadamard variational formula
for the Green functions of the elliptic boundary value problems.
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Introduction.

Let Ω ⊂ Rd(d ≥ 2) be a bounded domain with smooth boundary ∂Ω. We consider the stationary
Stokes equations governing the motion of incompressible fluid.

(0.1)


∆v −∇q = f in Ω,

div v = 0 in Ω,

v = 0 on ∂Ω,

where v = v(x) = (v1(x), · · · , vd(x)) and q = q(x) denote the unknown velocity and the pressure
at x = (x1, · · · , xd) ∈ Ω respectively, while f = f(x) = (f1(x), · · · , fd(x)) is the given external
force. The purpose of this paper is to prove the Hadamard variational formula for the Green
matrix associated with (0.1). Let {Ωε}ε≥0 be a family of domains with smooth boundary ∂Ωε

satisfying Ω0 = Ω. For small ε ≥ 0, we regard Ωε as a perturbation of Ω. The Green matrix
Gε(x, y) = {Gi

ε,n(x, y)}1≤i,n≤d, R(x, y; ε) = {Rε,n(x, y)}1≤n≤d for the Stokes equations on Ωε is
defined by

(0.2)


∆xGε,n(x, y)−∇xRε,n(x, y) = enδ(x− y), (x, y) ∈ Ωε × Ωε,

divGε,n(x, y) = 0, (x, y) ∈ Ωε × Ωε,

Gε,n(x, y) = 0, x ∈ ∂Ωε, y ∈ Ωε,
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for n = 1, · · · , d, where {e1, · · · , ed} denotes a canonical basis in Rd. We abbreviate G0(x, y) =
G(x, y), R0(x, y) = R(x, y). Our aim is to show a representation formula for δG(x, y) :=
limε→0 ε

−1(Gε(x, y)−G(x, y)). Concerning the usual Laplace operator −∆, such a formula was
first obtained by Hadamard [8], and later on Garabedian-Shiffer [7], Garabedian [6] and Aomoto
[2] treated more general case of perturbation Ωε of Ω, and gave several refined proofs. Indeed,
they consider the perturbation Ωε of the domain Ω whose boundary ∂Ωε is expressed in such a
way that ∂Ωε = {y = x+ ερ(x)νx;x ∈ ∂Ω}, where ρ ∈ C∞(∂Ω) and νx is the unit outer normal
to ∂Ω. Then it holds that

(0.3) δG(y, z) =

∫
∂Ω

∂G(y, x)

∂νx

∂G(z, x)

∂νx
ρ(x)dσx,

where dσx denotes the surface element of ∂Ω. Peetre [13] and Fujiwara-Ozawa [5] investigated
a boundary value problem of general elliptic differential operators A(x,D) =

∑
|α|≤2m aα(x)D

α

of the 2m-th order;

(0.4)

{
A(x,D)u(x) = f(x) for x ∈ Ωε,
Bj(x,D)u(x) = 0, j = 1, 2, · · · ,m for x ∈ ∂Ωε,

where Bj(x,D) is the boundary differential operator of order mj . Under the assumption
that the system {A(x,D), Bj(x,D)}mj=1 satisfies the complementing condition in the sense of
Agmon-Douglis-Nirenberg [1] and that the operator A defined by (0.4) with the domain D(A) ≡
{u ∈ H2m(Ω);Bj(x,D)u|∂Ω = 0, j = 1, 2, · · · ,m} is a bijective self-adjoint operator in L2(Ω),
Fujiwara-Ozawa [5] proved that

(0.5) δG(y, z) = −
m∑
j=1

∫
∂Ω

∂

∂νx
(Bj(x,D)G(x, y))Sj(x,D)G(x, z)ρ(x)dσx,

where {Sj(x,D)}mj=1 are boundary differential operators which are determined by Green’s inte-
gral formula associated with the the system {A(x,D), Bj(x,D)}mj=1, that is∫

Ωε

A(x,D)u(x)v(x)dx−
∫
Ωε

u(x)A(x,D)v(x)dx(0.6)

=

m∑
j=1

∫
∂Ωε

Sj(x,D)u(x)Bj(x,D)v(x)dσx −
m∑
j=1

∫
∂Ωε

Bj(x,D)u(x)Sj(x,D)v(x)dσx.

The Hadamard formulae (0.3) and (0.5) are based on Green’s integral formula (0.6). However,
for the rigorous proof for an arbitrary displacement ρ ∈ C∞(∂Ω), we need to handle G(z, x) as
the function of z defined on Ωε for each fixed x ∈ Ω. To get around this difficulty, Fujiwara-
Ozawa [5] made use of a Whitney extension G̃(z, x) of G(z, x) as a function of z ∈ Rd \ {x} for
each fixed x ∈ Ω in such a way that

(0.7) A(z,D)G̃(z, x) = δ(z − x) + g(z, x),

where g(·, x) ∈ C∞(Rd) satisfies g(z, x) = 0 for all z ∈ Ω̄. Then on account of a priori estimates
for the elliptic equations due to Agmon-Douglis-Nirenberg [1], they succeed to treat g(z, x) as
the remainder term so that the desired Hadamard variational formula (0.5) can be established.
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Unfortunately, such a method does not work in our case (0.2) because the Whitney extension
G̃n(z, x) of Gn(z, x) onto z ∈ Rd \ {0} may not preserve the divergence free property, i.e.,
div G̃n(z, x) ̸= 0, n = 1, · · · , n. Therefore, we transform the Stokes equations on Ωε to those
on Ω by means of the diffeomorphsim Φε : Ω̄ → Ω̄ε. Because of the divergence free property of
{Gn}n=1,··· ,d, it is necessary to assume that Φε preserves the volume of Ω for all ε ≥ 0. Then the
transformed equations may be regarded as those for vector fields on the compact Riemannian
manifold (Ω̄, aε) with {aε}ε≥0 ≡ Φ∗

εδ a one-parameter family of Riemannian metrics on Ω̄,
where δ = (δij)1≤i,j≤d is the standard Euclidian metric on Ω̄ε. Such a procedure was first
introduced by Inoue-Wakimoto [9] who dealt with the moving boundary value problem for the
non-stationary Navier-Stokes equations. Our method relies on the construction of the parametrix
which approximates the Green matrix of the Stokes equations on (Ω̄, aε), whose original idea
is due to Garabedian [6]. For the usual Laplace equation with the homogeneous Dirichlet
condition on ∂Ω, we easily construct a parametrix P (x, y) by multiplying the fundamental
solution Γ(x, y) = ω−1

d |x − y|2−d by the cut-off function α(·, y) ∈ C∞
0 (Ω) satisfying α(y, y) =

1, that is P (x, y) = α(x, y)Γ(x, y). However, such a simple multiplication is unavailable to
the Stokes equations because the divergence free condition is not preserved. To recover the
divergence free property, we make use of the Bogovskĭı formula so that the approximating
argument is parallel to that of the Laplace equation. Similarly to (0.6), Green’s integral formula
associated with the Stokes equations on (Ω̄, aε) plays an essential role in deriving our Hadamard
variational formula. Instead of dealing with the remainder term g(z, x) as in (0.7), we shall
investigate the behavior as ε→ 0 of the compensating functions {qε,n}n=1,··· ,d which are defined
by (Φ−1

ε )∗Gε,n(x, y) = uε,n(x, y) + qε,n(x, y) with uε,n(x, y) denoting the fundamental solutions
of the Stokes equations on (Ω̄, aε). For our proof, it is crucial to show that

sup
x∈Ω

|Dα
xqε,n(x, y)−Dα

xq0,n(x, y)| → 0, |α| ≤ 2, n = 1, · · · , d

for each y ∈ Ω as ε → 0. To this end, we need to establish an ε-independent a priori estimate
of Schauder’s type for qε,n(·, y) in the Hörder space C2+θ(Ω). Such an idea goes back to Ozawa
[10], while Garabedian’s [6] another approach is to expand Gε,n(x, y) by the power series of ε
through the integral equation of the Fredholm type.

This paper is organized as follows. In Section 1, we first impose the assumption on the per-
turbation {Ωε}ε>0 of domains, and then state our main result. In Section 2, we introduce the
fundamental tensor in Rd associated with (0.1) and investigate the properties of the singularity
near x = y of the Green matrix {Gi

ε,n(x, y)}i,n=1,··· ,d. Making use of the volume preserving
diffeomorphism Φε : Ω̄ → Ω̄ε, we transform our equations (0.2) to those in (Ω̄, aε). Section 3
is devoted to constructing the parametrix {U i

n}i,n=1,··· ,d which approximates the Green matrix
{Gi

n}i,n=1,··· ,d. The Bogovskĭı formula plays an essential role in recovering the divergence free
condition in Ωε. Since the Bogovskĭı operator has a smoothing property, our construction of the
parametrix preserves the same behavior near x = y of singularity as that of the fundamental
tensor uε,n(x, y), n = 1, · · · , d. Finally in Section 4, we show continuous dependence as ε → 0
of the compensating function {qε,n}n=1,··· ,d, and then prove our main theorem.

Acknowledgement. This work was done while the second author visited Technical Univer-
sity of Darmstadt; she was partially supported by “Japanese-German Externship, International
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University, Tokyo. She is indebted to their kind hospitality. She was also partly supported by
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1 Result.

To state our result, we first introduce the assumption on the perturbation {Ωε}ε≥0 of domains
from Ω.

Assumption. For every ε ≥ 0, there is a diffeomorphism Φε : Ω → Ωε satisfying the
following condition.

(A.1) Φε = (ϕ1ε, ϕ
2
ε, · · · , ϕdε) ∈ C∞(Ω)d;

(A.2) Φ0(x) = x for all x ∈ Ω;

(A.3) There exists S = (S1, S2, · · · , Sd) ∈ C∞(Ω)d such that K(x; ε) := Φε(x) − x − S(x)ε
satisfies

sup
x∈Ω

|K(x; ε)|+ sup
x∈Ω

|∇K(x; ε)| = O(ε2) as ε→ 0;

(A.4) It holds that

det

(
∂ϕiε(x)

∂xj

)
i,j=1,··· ,d

= 1 for all x ∈ Ω and all ε ≥ 0.

It should be noticed that by (A.4), Φε defines a volume preserving diffeomorphism from Ω onto
Ωε i.e., vol(Ωϵ) = vol(Ω) for all ε ≥ 0. Moreover, the vector function S ∈ C∞(Ω)d defined by
(A.3) satisfies the divergence free property. Namely, it holds that

(1.1) divS(x) = 0 for all x ∈ Ω.

For the proof, see Inoue-Wakimoto[9, Proposition 2.3].

Now we can state our result.

Theorem 1.1. Let the Assumption hold. Let {Gm
n (x, y; ε)}m,n=1,··· ,d be the Green matrix of the

boundary value problem for (0.2). Let

δGm
n (y, z) := lim

ε→0

Gm
ε,n(y, z)−Gm

n (y, z)

ε
, m, n = 1, · · · , d

for any y and z in Ω. Then we have the variational formula

δGm
n (y, z) =

∫
∂Ω

d∑
i=1

{
∂Gi

n

∂νx
(x, y)

∂Gi
m

∂νx
(x, z)

−
(
Rn(x, y)

∂Gi
m

∂νx
(x, z) +Rm(x, z)

∂Gi
n

∂νx
(x, y)

)
νix

}
S(x) · νx dσx,

for m,n = 1, · · · , d, where νx = (ν1x, · · · , νdx) is the unit outer normal to ∂Ω at x ∈ ∂Ω and σx
denotes the surface element of ∂Ω.
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Remarks. (1) Garabedian [6], Garabedian-Schiffer [7] and Aomoto [2] proved the Hadamard
variational formula for the Laplace operator ∆ in the domain Ωε with the Dirichlet condition
on ∂Ωε = {y = x + ερ(x)νx;x ∈ ∂Ω}, where ρ ∈ C∞(∂Ω). Fujiwara-Ozawa [5] and Peetre
[13] generalized it to the boundary value problem of single elliptic equations of the higher order
which define the self-adjoint operators in L2(Ω). Our theorem enables us to deal with the elliptic
system which is not necessarily self-adjoint in L2(Ω).

(2) In such a perturbation ∂Ωε = {y = x + ερ(x)νx;x ∈ ∂Ω} with ρ ∈ C∞(∂Ω) as in the
above (1), Theorem 1.1 has a simpler expression. Indeed, by taking a function f ∈ C∞(Rd) with
∇f ̸= 0 in some neighborhood of ∂Ω, let us assume that Ω = {x ∈ Rd; f(x) < 0} and that

Ωε =

{
x̃ = x+ ερ(x)

∇f(x)
|∇f(x)|

;x ∈ Ω

}
, ε ≥ 0,

where ρ is extended as a smooth function on Rd. It is easy to see that all hypotheses in the

Assumption are fulfilled provided div (ρ∇f) = 0 in Ω with S = ρ
∇f
|∇f |

. Since S(x) · νx = ρ(x)

for all x ∈ ∂Ω, it follows from Theorem 1.1 that

δGm
n (y, z)

=

∫
∂Ω

d∑
i=1

{
∂Gi

n

∂νx
(x, y)

∂Gi
m

∂νx
(x, z)−

(
Rn(x, y)

∂Gi
m

∂νx
(x, z) +Rm(x, z)

∂Gi
n

∂νx
(x, y)

)
νix

}
ρ(x)dσx

for all y, z ∈ Ω and m,n = 1, · · · , d.
(3) Because of the divergence free property div v = 0 in (0.1), it is essential to assume that

the diffeomorphism Φε : Ω̄ → Ω̄ε preserves the volume for all ε ≥ 0, which is formulated by (A.4)
in the Assumption. On the the other hand, it seems to be an interesting problem to consider
the general perturbation Ωε which may not preserve the volume for ε ≥ 0. For instance, the
Hadamard variational formula as in Theorem 1.1 for perturbation of domains which change their
topological types for ε ≥ 0 is not obtained so far. There is another challenging problem such as
the time-dependent case or the equations on the manifold. See e.g., Ozawa [11], [12]. We will
discuss them in a forthcoming paper.

2 Preliminaries.

Although our main result Theorem 1.1 holds for all d ≥ 2, for the sake of simplicity, we restrict
ourselves to the case d ≥ 3. Indeed, it is easy to see that our argument in the subsequent sections
works even in the case d = 2.

2.1 Green matrix and fundamental identities.

In this subsection, we introduce the Green matrix of the Stokes equations. The Green matrix
{Gi

n}i,n=1,··· ,d. for the velocity and the Green function {Rn}n=1,··· ,d for the pressure can be
represented by the fundamental tensor {uin, pn}i,n=1,··· ,d of the Stokes equation (0.2) with the
compensating function {qin, qn}i,n=1,··· ,d as follows.

(2.1)

{
Gi

n(x, y) = uin(x, y)− qin(x, y),

Rn(x, y) = pn(x, y)− qn(x, y),
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where

uin(x, y) := − 1

2ωd(d− 2)

[
δin

|x− y|d−2
+ (d− 2)

(xi − yi)(xn − yn)

|x− y|d

]
,

pn(x, y) := − 1

ωd

(xn − yn)

|x− y|d
,

(2.2)

for i, n = 1, · · · , d, where ωd denotes the volume of unit sphere in Rd, i.e., ωd := 2πd/2

Γ(d/2) . The

compensating function {qin}i,n=1,··· ,d and {qn}n=1,··· ,d are chosen so that (0.2) is satisfied, that
is,

(2.3)


∆qin(x, y)−∇xiqn(x, y) = 0, x ∈ Ω,
d∑

i=1

∂qin(x, y)

∂xi
= 0, x ∈ Ω,

qin(x, y) = uin(x.y), x ∈ ∂Ω, i, n = 1, · · · , d.

For any fixed y ∈ Ω, qin(·, y) and qn(·, y) are analytic functions in Ω and continuous in Ω. For
construction of the Hadamard variational formula, we need to investigate the behavior of the
Green matrix defined by (2.1) around the singularity, so that we have various identities of both
surface and volume integrals on ∂Ω and Ω. In this subsection, we collect some results on these
fundamental identities.

Lemma 2.1. Let {Gi
n}i,n=1,··· ,d and {Rn}n=1,··· ,d be the Green matrix for the Stokes equations

as in (2.1).
(1) We define the stress tensor for the velocity Gn and the pressure Rn by

T ij(Gn, Rn)(x, y) := −δijRn(x, y) +
∂Gi

n(x, y)

∂xj
, i, j, n = 1, · · · , d.

Then it holds that

(2.4) lim
ρ→0

∫
∂Bρ(y)

d∑
i,j=1

T ij(Gn, Rn)(x, y)v
i(x)νjx dσx = vn(y), n = 1, · · · , d,

for all y ∈ Ω and all smooth vector functions v = (v1, · · · , vd) near y, where ∂Bρ(y) denotes the
surface centered at y with the radius ρ and νx is the unit outer normal vector to ∂B(y) at x.

(2) It holds that

(2.5) lim
ρ→0

∫
∂Bρ(y)

d∑
i,j,k=1

(
∂Gi

n(x, y)

∂xk
νjx −

∂Gi
n(x, y)

∂xj
νkx

)
hijk(x) dσx = 0, n = 1, · · · , d

for all y ∈ Ω and all smooth tensors {hijk}i,j,k=1,··· ,d near y.

Proof. (1) We substitute the Green matrix {Gi
n}i,n=1,··· ,d and {Rn}n=1,··· ,d to (2.4). Since the

compensating functions {qin}i,n=1,··· ,d and {qn}n=1,··· ,d are smooth in Ω, it holds that

(2.6) lim
ρ→0

∫
∂Bρ(y)

d∑
i,j=1

−δijqn(x, y)vi(x)νjx dσx = lim
ρ→0

∫
∂Bρ(y)

d∑
i,j=1

∂qin(x, y)

∂xj
vi(x)νjx dσx = 0
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for n = 1, · · · , d. Since νjx = (xj − yj)|x− y|−1, 1 ≤ j ≤ d for x ∈ ∂Bρ(y), it follows from (2.1)
and (2.6) that

lim
ρ→0

∫
∂Bρ(y)

d∑
i,j=1

T ij(Gn, Rn)(x, y)v
i(x)νjx dσx

= lim
ρ→0

1

2ωd

∫
∂Bρ(y)

d∑
i=1

(
δin

|x− y|d−1
+ d

(xi − yi)(xn − yn)

|x− y|d+1

)
vi(x) dσx

:= lim
ρ→0

(I1(ρ) + I2(ρ)),

where

I1(ρ) =
1

2ωd

∫
∂Bρ(y)

d∑
i=1

(
δin

|x− y|d−1
+ d

(xi − yi)(xn − yn)

|x− y|d+1

)
(vi(x)− vi(y)) dσx,

I2(ρ) =
1

2ωd

∫
∂Bρ(y)

d∑
i=1

(
δin

|x− y|d−1
+ d

(xi − yi)(xn − yn)

|x− y|d+1

)
vi(y) dσx.

We first treat I1(ρ). Indeed, it holds that

|I1(ρ)| =
1

2ωd

∣∣∣∣∣
∫
∂Bρ(y)

d∑
i=1

(
δin

|x− y|d−1
+ d

(xi − yi)(xn − yn)

|x− y|d+1

)
(vi(x)− vi(y)) dσx

∣∣∣∣∣
≤ 1

2ωd

∫
∂Bρ(y)

d∑
i=1

∣∣∣∣ δin

|x− y|d−1
+ d

(xi − yi)(xn − yn)

|x− y|d+1

∣∣∣∣ · ∣∣∣∣( d

dθ

∫ 1

0
vi(θx+ (1− θ)y) dθ

)∣∣∣∣ dσx
≤ 1

2ωd

∫
∂Bρ(y)

d∑
i=1

∣∣∣∣ δin

|x− y|d−1
+ d

(xi − yi)(xn − yn)

|x− y|d+1

∣∣∣∣ |x− y|
∫ 1

0
|∇vi(θx+ (1− θ)y)|dθ dσx.

≤ C max
i=1,··· ,d

sup
x∈Ω

|(∇vi)(x)|ρ,

with a constant C independent of ρ, which yields

(2.7) lim
ρ→0

I1(ρ) = 0.

Concerning the estimate of I2(ρ), we change variables x→ z := x−y
ρ to obtain

I2(ρ) =
1

2ωd

∫
∂Bρ(y)

d∑
i=1

(
δin

|x− y|d−1
+ d

(xi − yi)(xn − yn)

|x− y|d+1

)
vi(y) dσx.

=
1

2
vn(y) +

d

2ωd

d∑
i=1

vi(y)

∫
∂B1(0)

zizn dσz

= vn(y), n = 1, · · · , d

(2.8)

for all sufficiently small ρ > 0. Here we note that

(2.9)

∫
∂B1(0)

zizn dσz = δin
ωd

d
, i, n = 1, · · · , d.
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By (2.7) and (2.8), we have (2.4).
(2) It follows from (2.6) that

lim
ρ→0

∫
∂Bρ(y)

d∑
i,j,k=1

(
∂Gi

n(x, y)

∂xk
νjx −

∂Gi
n(x, y)

∂xj
νkx

)
hijk(x) dσx := lim

ρ→0

∫
∂Bρ(y)

d∑
i,j,k=1

F ijk
n (x, y)hijk(x) dσx

= lim
ρ→0

(J1(ρ) + J2(ρ)),

where

J1(ρ) :=

∫
∂Bρ(y)

d∑
i,j,k=1

F ijk
n (x, y)(hijk(x)− hijk(y)) dσx,

J2(ρ) :=

∫
∂Bρ(y)

d∑
i,j,k=1

F ijk
n (x, y)hijk(y) dσx

with

F ijk
n (x, y) :=

(
∂uin(x, y)

∂xk
νjx −

∂uin(x, y)

∂xj
νkx

)
, i, j, k, n = 1, · · · , d.

Moreover, since the unit outer normal vector νx = (ν1x, · · · , νdx) to ∂Bρ(y) can be represented

explicitly by νjx = (xj − yj)|x− y|−1, 1 ≤ j ≤ d, we have that

F ijk
n (x, y) = − 1

2ωd

{(
δkn

(xi − yi)(xj − yj)

|x− y|d+1
+ δik

(xj − yj)(xn − yn)

|x− y|d+1

)
−
(
δjn

(xi − yi)(xk − yk)

|x− y|d+1
+ δij

(xk − yk)(xn − yn)

|x− y|d+1

)}
.

(2.10)

Since |F ijk
n (x, y)| ≤ C|x − y|1−d for all i, j, k, n = 1, · · · , d and all x, y ∈ Ω with x ̸= y, in the

same way as (2.7), we have

(2.11) |J1(ρ)| ≤ C max
{i,j,k}∈{1,··· ,d}

sup
x∈Ω

|(∇hijk)(x)|ρ→ 0 as ρ→ 0,

where C = C(y,Ω) is a constant independent of ρ. Concerning the estimate of J2(ρ), we change
the variables in (2.10) by x→ z := x−y

ρ , and it follows from (2.9) that

J2(ρ) = − 1

2ωd

d∑
i,j,k=1

hijk(y)

∫
∂B1(0)

(δknzizj + δikzjzn − δjnzizk − δijzkzn) dσz(2.12)

= − 1

2ωd

( d∑
i,j=1

hijn(y)

∫
∂B1(0)

zizj dσz +

d∑
i,j=1

hiji(y)

∫
∂B1(0)

zjzn dσz

−
d∑

i,k=1

hink(y)

∫
∂B1(0)

zizk dσz −
d∑

i,k=1

hiik(y)

∫
∂B1(0)

zkzn dσz

)

= − 1

2d

 d∑
i,j=1

hijn(y)δ
ij +

d∑
i,j=1

hiji(y)δ
jn −

d∑
i,k=1

hink(y)δ
ik −

d∑
i,k=1

hiik(y)δ
kn


= 0.
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By (2.11) and (2.12), we have the desired identity (2.5).

The following lemma will be used to calculate the volume integral in Ω associated with the
Green matrix.

Lemma 2.2. Let {Gi
n}i,n=1,··· ,d be the Green matrix for the Stokes equations defined by (2.1).

Then we obtain the following identity.

(2.13)

∫
Ω

d∑
i,j=1

∂vi(x, z)

∂xj
∂Gi

n(x, y)

∂xj
dx = vn(y, z), n = 1, · · · , d

for all y, z ∈ Ω with y ̸= z and all smooth vector functions v(·, z) = (v1(·, z), · · · , vd(·, z)) ∈
C2(Ω \ {z}) with div v(x, z) = 0 in Ω \ {z} and v(x, z) = 0 for x ∈ ∂Ω satisfying |v(x, z)| ≤
C|x−z|2−d, where C = C(Ω, z) is a constant which may depend on z ∈ Ω, but not on x ∈ Ω\{z}.

Proof. Since v(·, z) = {vi(·, z)}i=1,··· ,d is a solenoidal vector field in Ω \ {z}, it holds that

(2.14)

d∑
i,j=1

−δij ∂v
i(x, z)

∂xj
Rn(x, y) = 0 for x ∈ Ω \ {y} ∪ {z}, n = 1, · · · , d,

where {Rn(·, y)}n=1,··· ,d is the Green function defined by (2.1). Adding (2.14) to the left hand
side of (2.13), we have by (0.2) and (2.4) that∫

Ω

d∑
i,j=1

∂vi(x, z)

∂xj
∂Gi

n(x, y)

∂xj
dx(2.15)

= lim
ρ→0

∫
Ω\{Bρ(y)∪Bρ(z)}

d∑
i,j=1

T ij(Gn, Rn)(x, y)
∂vi(x, z)

∂xj
dx

= lim
ρ→0

∫
∂{Ω\{Bρ(y)∪Bρ(z)}}

d∑
i,j=1

T ij(Gn, Rn)(x, y)v
i(x, z)νjx dσx

− lim
ρ→0

∫
Ω\{Bρ(y)∪Bρ(z)}

d∑
i,j=1

∂

∂xj
T ij(Gn, Rn)(x, y)v

i(x, z) dx

= vn(y, z), n = 1, · · · , d,

which yields the desired identity (2.13).

2.2 Reduction of the problem via volume preserving diffeomorphism.

In this subsection, we reduce our problem in Ωε to that in Ω by means of the diffeomorphism Φε :
x ∈ Ω → x̃ = Φε(x) ∈ Ωε in the Assumption. More precisely, we regard (Ωε, δ) as a Riemannian
manifold (Ω, aε) with a one parameter family {aε}ε≥0 of metrics, where δ = (δij)i,j=1,··· ,d is the
standard Euclidean metric in Rd, and where aε = {aε,ij}1≤i,j≤d has an expression

(2.16) aε,ij :=

d∑
k=1

∂x̃k

∂xi
∂x̃k

∂xj
, i, j = 1, · · · , d.
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Then the Green matrix {Gi
ε,n}i,n=1,··· ,d should be treated as d-vector field on (Ωε, δ) which is

transformed to gε,n = (Φ−1
ε )∗Gε,n, n = 1, · · · , d on (Ω, aε) with the expression

(2.17) giε,n(x, y) =
d∑

j=1

∂xi

∂x̃j
Gj

ε.n(x̃, ỹ), i, n = 1, · · · , d.

Such an argument was first established by Inoue-Wakimoto [9]. Moreover, we introduce the
Green function {rε,n(·, y)}n=1,··· ,d for the pressure which is transformed on (Ω, aε) with the
expression

(2.18) rε,n(x, y) = Rε,n(x̃, ỹ), n = 1, · · · , d.

Since the Green matrix {Gi
ε,n(x̃, ỹ)}i,n=1,··· ,d is a solution of the Stokes equations (0.1) on

Ωε, the Green matrix {Gi
ε,n(x̃, ỹ)}i,n=1,··· ,d attains the minimum of the Dirichlet integral in

Ωε \Kρ,ε(ỹ) with Kρ,ε(ỹ) := Φε(Bρ(y)). More precisely, the Green matrix {Gi
ε,n(x̃, ỹ)}i,n=1,··· ,d

satisfies

(2.19)

∫
Ωε\Kρ,ε(ỹ)

d∑
i,j=1

(
∂Gi

ε,n

∂x̃j
(x̃, ỹ)

)2

dx̃ = min
H1

σ(Ωε\Kρ,ε(ỹ))
E(f), n = 1, · · · , d,

where E(f) :=
∫
Ωε\Kρ,ε(ỹ)

∑d
i,j=1

(
∂f i

∂x̃j

)2
dx̃ and H1

σ(Ω) := {v ∈ H1(Ω)d ; div v = 0}. Therefore
the vector functions {giε,n}i,n=1,··· ,d on Ω defined by (2.17) satisfy

(2.20)

∫
Ω\Bρ(y)

d∑
i,j,k,l=1

{
∂

∂xk

(
∂x̃i

∂xl
glε,n(x, y)

)
∂xk

∂x̃j

}2

dx = min
H1

σ(Ω\Bρ(y))
E(f), n = 1, · · · , d.

By a standard procedure, we obtain the following transformed differential equation for the vector
functions {giε,n}i,n=1,··· ,d and the Green function {rε,n}n=1,··· ,d.

(2.21) Lε(gε,n, rε,n)(x, y) = 0, x ∈ Ω \Bρ(y),

where Lε(v, π) = (L1
ε(v, π), · · · ,Ld

ε(v, π)) has an expression as
(2.22)

Lr
ε(v, π)(x) :=

d∑
i,k,l,p,s=1

∂

∂xk

(
aksε

∂

∂xs

(
∂x̃i

∂xl
vl(x)

))
∂x̃i

∂xp
aprε −

d∑
i=1

ariε
∂π

∂xi
(x), r = 1, · · · , d

with the variable coefficient

(2.23) aksε :=
d∑

j=1

∂xk

∂x̃j
∂xs

∂x̃j
, k, s = 1, · · · , d.

The differential equation (2.21) is the Euler-Lagrange equation with respect to the variational
problem of the Dirichlet integral (2.20) and Lε is the Stokes operator on the the Rieman-
nian manifold (Ω, aε). It should be noted that (aksε ) = ((aε,ks)

−1) and that, implied by (A.4),
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det(aksε ) = det(aε,ks) = 1, where {aε,ks}k,s=1,··· ,d is the Riemannian metric defined by (2.16).
Hence the divergence operator is invariant under the diffeomorphism Φε in the sense that

d∑
j=1

∂uj

∂x̃j
(x̃) = 0 in Ωε,

which is equivalent to
d∑

i=1

∂

∂xi

 d∑
j=1

∂xi

∂x̃j
uj(x̃)

 = 0 in Ω.

In the next step, let us recall the following Green integral formula for the Stokes operator
Lε defined by (2.22);∫

Ω

d∑
q,r=1

aε,qr {Lr
ε(v, π)(x)w

q(x)− Lr
ε(w, π̃)(x)v

q(x)} dx

=

∫
∂Ω

d∑
k,q=1

{
T kq
ε (v, π)(x)wq(x)− T kq

ε (w, π̃)(x)vq(x)
}
νkx dσx,

(2.24)

where {aε,kq}1≤k,q≤d is the same as in (2.16) and where {T kq
ε }k,q=1,··· ,d is defined by

T kq
ε (v, π)(x) := −δkqπ(x) +

d∑
i,l,s=1

aksε
∂

∂xs

(
∂x̃i

∂xl
vl(x)

)
∂x̃i

∂xq
, k, q =, · · · , d(2.25)

for vector functions v,w ∈ C2(Ω)d with div v = divw = 0 in Ω and scalar functions π, π̃ ∈
C1(Ω). We need to investigate the behavior as ε → 0 of the integral identity (2.24). For that
purpose, based on the Assumption, we expand various functions on (Ω, aε) with respect for ε.

Proposition 2.1. Let Φε be as in the Assumption. Suppose that {aε,ij}i,j=1,··· ,d and {aksε }k,s=1,··· ,d
are the same as in (2.16) and (2.23), respectively. Then it holds that

∂x̃i

∂xj
= δij + ε

∂Si

∂xj
+O(ε2),

∂xi

∂x̃j
= δij − ε

∂Sj

∂xi
+O(ε2),

aε,ij = δij + ε

(
∂Si

∂xj
+
∂Sj

∂xi

)
+O(ε2), aijε = δij − ε

(
∂Si

∂xj
+
∂Sj

∂xi

)
+O(ε2),

∂2x̃i

∂xj∂xk
= ε

∂2Si

∂xj∂xk
+O(ε2),

1

|x̃− ỹ|N
=

1

|x− y|N
− εN

(S(x)− S(y)) · (x− y)

|x− y|N+2
+O(ε2)

for i, j, k = 1, · · · , d and for N ∈ N as ε→ 0, where x̃ = Φε(x), ỹ = Φε(y) for x, y ∈ Ω.

The proof is an immediate consequence of (A.3). So, we may omit the detail.

The following lemma may be regarded as a generalization of the Gauß formula with respect
to the modified stress tensor {T kr

ε }k,r=1,··· ,d on the surface integral.
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Lemma 2.3. Let {glε,n}n,l=1,··· ,d be the matrix as in (2.17) and let {rε,n}n=1,··· ,d be the Green
function defined by (2.18). Then it holds that

lim
ρ→0

∫
∂Bρ(y)

d∑
k,q=1

T kq
ε (gε,n, rε,n)(x, y)v

q(x)νkx dσx =

d∑
q=1

∂x̃n

∂xq
(y)vq(y) +O(ε2), n = 1, · · · , d

(2.26)

for all y ∈ Ω and all smooth vector functions v = (v1, · · · , vd) near y as ε → 0. Here

{T kq
ε (·, ·)}k,q=1,··· ,d is the operator defined by (2.25).

Proof. It follows from (2.6) that

lim
ρ→0

∫
∂Bρ(y)

d∑
k,q=1

T kq
ε (gε,n, rε,n)(x, y)v

q(x)νkx dσx(2.27)

= lim
ρ→0

∫
∂Bρ(y)

d∑
k,q=1

T kq
ε

 d∑
j=1

∂x

∂xj
Gj

ε.n(x̃, ỹ), Rε,n(x̃, ỹ)

 vq(x)νkx dσx

= lim
ρ→0

∫
∂Bρ(y)

d∑
k,q=1

T kq
ε

 d∑
j=1

∂x

∂xj
ujn(x̃, ỹ), pn(x̃, ỹ)

 vq(x)νkx dσx

= lim
ρ→0

∫
∂Bρ(y)

d∑
k,q=1

{
− δkqpn(x̃, ỹ) +

d∑
i,s=1

aksε
∂

∂xs

(
uin(x̃, ỹ)

) ∂x̃i
∂xq

}
vq(x)νkx dσx.

Here we note that

(2.28)

d∑
l=1

∂x̃i

∂xl
∂xl

∂x̃j
= δij , i, j = 1 · · · , d.

Therefore, by (2.2) it suffices to prove the following identity.

(2.29) lim
ρ→0

∫
∂Bρ(y)

d∑
q=1

F q
n(x, y)v

q(x) dσx =
d∑

q=1

∂x̃n

∂xq
(y)vq(y) +O(ε2), n = 1, · · · , d,

as ε→ 0, where

F q
n(x, y)

:= − 1

2ωd(d− 2)

d∑
k=1

{
2(d− 2)δkq

(x̃n − ỹn)

|x̃− ỹ|d

+
d∑

i,s=1

aksε
∂

∂xs

(
δin

|x̃− ỹ|d−2
+ (d− 2)

(x̃i − ỹi)(x̃n − ỹn)

|x̃− ỹ|d

)
∂x̃i

∂xq

}
νkx .
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Since the unit outer normal vector νx = (ν1x, · · · , νdx) to ∂Bρ(y) can be represented explicitly by
νkx = (xk − yk)|x− y|−1, 1 ≤ k ≤ d, by (2.23) we have a more precise expression of F q

n(x, y) as

(2.30) F q
n(x, y) := − 1

2ωd

(
f (1)qn (x, y) + f (2)qn (x, y) + f (3)qn (x, y) + f (4)qn (x, y)

)
,

where

f (1)qn (x, y) =

d∑
k=1

2δkq
(x̃n − ỹn)

|x̃− ỹ|d
(xk − yk)

|x− y|
,

f (2)qn (x, y) =

d∑
i,k,l=1

−∂x
k

∂x̃l
∂x̃i

∂xq
δin

(x̃l − ỹl)

|x̃− ỹ|d
(xk − yk)

|x− y|
,

f (3)qn (x, y) =
d∑

i,k,l=1

∂xk

∂x̃l
∂x̃i

∂xq

{
(x̃i − ỹi)

|x̃− ỹ|d
δln +

(x̃n − ỹn)

|x̃− ỹ|d
δil
}

(xk − yk)

|x− y|
,

f (4)qn (x, y) =
d∑

i,k,l=1

−d∂x
k

∂x̃l
∂x̃i

∂xq
(x̃i − ỹi)(x̃l − ỹl)(x̃n − ỹn)

|x̃− ỹ|d+2

(xk − yk)

|x− y|

for n, q = 1, · · · , d. In the next step, we deal with f
(1)q
n , f

(2)q
n , f

(3)q
n and f

(4)q
n . Since x̃ = Φε(x)

and ỹ = Φε(y), we have by the Taylor expansion around y ∈ Ω that

(x̃i − ỹi) =

d∑
k=1

∂x̃i

∂xk
(y)(xk − yk) +O(ρ2), i = 1, · · · , d,

1

|x̃− ỹ|N
=

(
d∑

i=1

(x̃i − ỹi)2

)−N
2

=

 d∑
i,j,k=1

∂x̃i

∂xj
(y)

∂x̃i

∂xk
(y)(xj − yj)(xk − yk) +O(ρ3)

−N
2

=

 d∑
j,k=1

aε,jk(y)(x
j − yj)(xk − yk)

−N
2

+O(ρ2−N ),

as ρ := |x− y| → 0, which yields that

f (1)qn (x, y) = −2
d∑

i=1

∂x̃n

∂xi
(y)

(xi − yi)(xq − yq)[∑d
j,l=1 aε,jl(y)(x

j − yj)(xl − yl)
] d

2

1

|x− y|
+O(ρ3−d),(2.31)

f (2)qn (x, y) = −∂x̃
n

∂xq
(y)

|x− y|[∑d
j,l=1 aε,jl(y)(x

j − yj)(xl − yl)
] d

2

+O(ρ3−d),

f (3)qn (x, y) =

d∑
i,k=1

∂xk

∂x̃n
(y)aε,qi(y)

(xi − yi)(xk − yk)[∑d
j,l=1 aε,jl(y)(x

j − yj)(xl − yl)
] d

2

1

|x− y|

+
∂x̃n

∂xk
(y)

(xq − yq)(xk − yk)[∑d
j,l=1 aε,jl(y)(x

j − yj)(xl − yl)
] d

2

1

|x− y|
+O(ρ3−d),
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f (4)qn (x, y) = −d
d∑

i,k=1

∂x̃n

∂xi
(y)aε,kq(y)

(xi − yi)(xk − yk)|x− y|[∑d
j,l=1 aε,jl(y)(x

j − yj)(xl − yl)
] d+2

2

+O(ρ3−d)

for n, q = 1, · · · , d as ρ := |x− y| → 0. Changing variables x→ x−y
ρ + y, we have by (2.30) and

(2.31) that

lim
ρ→0

∫
∂Bρ(y)

d∑
q=1

F q
n(x, y)v

q(x) dσx(2.32)

=
1

2ωd

d∑
i,q=1

∂x̃n

∂xi
(y)vq(y)Xiq +

1

2ωd

d∑
q=1

∂x̃n

∂xq
(y)vq(y)Y

− 1

2ωd

d∑
i,s,q=1

∂xs

∂x̃n
(y)aε,qi(y)v

q(y)Xis +
d

2ωd

d∑
i,k,q=1

∂x̃n

∂xi
(y)aε,kq(y)v

q(y)Zik

for n = 1, · · · , d, where

Xiq :=

∫
∂B1(y)

(xi − yi)(xq − yq)[∑d
j,l=1 aε,jl(y)(x

j − yj)(xl − yl)
] d

2

dσx,

Y :=

∫
∂B1(y)

1[∑d
j,l=1 aε,jl(y)(x

j − yj)(xl − yl)
] d

2

dσx,

Ziq :=

∫
∂B1(y)

(xi − yi)(xq − yq)[∑d
j,l=1 aε,jl(y)(x

j − yj)(xl − yl)
] d+2

2

dσx

(2.33)

for i, q = 1, · · · , d. By (1.1) and Proposition 2.1, we expand each term of (2.33) with respect to
ε, and obtain that

Y =

∫
B1(y)

dσx − εd

d∑
i=1

∂Si

∂xi
(y)

∫
B1(y)

(xi − yi)2dσx +O(ε2)(2.34)

= ωd − εωddivS(y) +O(ε2)

= ωd +O(ε2), as ε→ 0.

Xiq =

∫
∂B1(y)

(xi − yi)(xq − yq)dσx

− dε

d∑
j,l=1

∂Sj

∂xl
(y)

∫
∂B1(y)

(xj − yj)(xl − yl)(xi − yi)(xq − yq)dσx +O(ε2)

=


−2

√
π
d

(d+ 2)Γ(d2)

(
∂Si

∂xq
+
∂Sq

∂xi

)
ε+O(ε2), (1 ≤ i ̸= q ≤ d),

2
√
π
d

Γ(d2)

(
1

d
− 2ε

(d+ 2)

∂Si

∂xi
(y)

)
+O(ε2), (1 ≤ i = q ≤ d), as ε→ 0.

(2.35)
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Ziq =

∫
∂B1(y)

(xi − yi)(xq − yq)dσx

− (d+ 2)ε
d∑

j,l=1

∂Sj

∂xl
(y)

∫
∂B1(y)

(xj − yj)(xl − yl)(xi − yi)(xq − yq)dσx +O(ε2)

=


−2

√
π
d

dΓ(d2)

(
∂Si

∂xq
+
∂Sq

∂xi

)
ε+O(ε2), (1 ≤ i ̸= q ≤ d),

2
√
π
d

dΓ(d2)

(
1− 2ε

∂Si

∂xi

)
+O(ε2), (1 ≤ i = q ≤ d), as ε→ 0.

(2.36)

where Γ is the gamma function. Hence it follows from (2.32)–(2.36) and Proposition 2.1 that

lim
ρ→0

∫
∂Bρ(y)

d∑
q=1

F q
n(x, y)v

q(x) dσx = vn(y) + ε

d∑
q=1

∂Sn

∂xq
(y)vq(y) +O(ε2)

=
d∑

q=1

∂x̃n

∂xq
(y)vq(y) +O(ε2), n = 1, · · · , d,

as ε→ 0, which implies (2.29). Thus we complete the proof of Lemma 2.3.

3 Construction of the parametrix.

Since the Green matrix {Gi
n(x, y)}i,n=1,··· ,d has the singularity at x = y, which is governed

by the fundamental solution {uin(x, y)}i,n=1,··· ,d in (2.2), we need to construct a parametrix
{U i

n(x, y)}i,n=1,··· ,d as an approximation of {Gi
n(x, y)}i,n=1,··· ,d. For that purpose, we prepare

several fundamental lemmas.

3.1 Bogovskĭı formula.

The following proposition gives a solution of the inhomogeneous divergence equation with the
Dirichlet boundary condition. In particular, when the domain is star-like with respect to some
ball, we have an explicit representation in terms of the integral kernel.

Proposition 3.1. Let D ⊂ Rd, d ≥ 2, be a star-like bounded domain with respect to the ball
B = BR(x0) ⊂ D. Consider the inhomogeneous divergence equation with the Dirichlet condition
on the Lipschitz boundary ∂D of D;

(3.1)

{
div v(x) = f(x) in D,

v(x) = 0 on ∂D.

For any f ∈ Lq(D) with 1 < q < ∞, there exists at least one solution v ∈ W 1,q
0 (D)d of (3.1).

Suppose that ω ∈ C∞
0 (D) has such properties as supp(ω) ⊂ B and

∫
B ω(x) dx = 1. Then the

solution v of (3.1) can be represented as

(3.2) v(x) =

∫
Ω
N(x, z)f(z) dz,
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where

(3.3) N(x, z) :=
x− z

|x− z|d

∫ ∞

|x−z|
ω

(
z + ξ

x− z

|x− z|

)
ξd−1 dξ.

For the proof, see Bogovskĭı [3]. The proposition 3.1 is generalized to the divergence equation
in an arbitrary bounded domain in Rd.

Proposition 3.2. Let Ω ⊂ Rd, d ≥ 2, be a general bounded Lipschitz domain, and let 1 < q <∞,
k ∈ N. Then for every g ∈W k,q

0 (Ω) with
∫
Ω g(x) dx = 0, there exists at least one v ∈W k+1,q

0 (Ω)d

satisfying
div v = g

with the estimate
∥v∥

Wk+1,q
0 (Ω)

≤ C∥g∥
Wk,q

0 (Ω)
,

where C = C(k, q,Ω) > 0 is a constant independent of g.

For the proof, see Borchers-Sohr [4] for instance.

In the next step, we introduce the key lemma to construct the parametrix. Proposition 3.1
assures the existence of the auxiliary function Qε,n(·, y) = {Ql

ε,n(·, y)}n,l=1,··· ,d for any y ∈ Ω
which preserves the behavior of the singularity of {uε,n(x, y)}n=1,··· ,d at x = y.

Lemma 3.1. For each fixed y ∈ Ω, we define a cut-off function α(·, y) ∈ C∞
0 (Ω) satisfying

(3.4) α(x, y) =

1 for all x ∈ B dy
4

(y),

0 for all x ∈ Ω \B dy
2

(y),

where dy := dist(y, ∂Ω). Suppose that un(·, ỹ) = {uin(·, ỹ)}i,n=1,··· ,d is the fundamental tensor of
the Stokes equations in Rd, i.e. ,

uin(x̃, ỹ) = − 1

2ωd(d− 2)

{
δin

|x̃− ỹ|d−2
+ (d− 2)

(x̃i − ỹi)(x̃n − ỹn)

|x̃− ỹ|d

}
, i, n = 1, · · · , d.

For every 0 ≤ ε < 1 we define uε,n(·, y) = {uiε,n(·, y)}i,n=1,··· ,d by

(3.5) uiε,n(x, y) :=

d∑
l=1

∂xi

∂x̃l
uln(x̃, ỹ), i, n = 1, · · · , d.

Then there exists Qε,n(x, y) = {Ql
ε,n(x, y)}n,l=1,··· ,d ∈W 1,r(Ω)d for all r ∈ (1, d

d−2) such that

(3.6)


divQε,n(x, y) =

d∑
i,j,k=1

aε,ij

(
aikε

∂α

∂xk
(x, y)ujε,n(x, y)

)
in Ω,

Qε,n(x, y) = 0 on ∂Ω, n = 1, · · · , d,
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where {aε,ij}i,j=1,··· ,d and {aikε }i,k=1,··· ,d are the same as in (2.16) and (2.23), respectively. More-
over, such a Qε,n satisfies the following additional properties;

|Qε,n(x, y)| ≤
Cy

|x− y|d−3
,(3.7)

|(Qε,n −Q0,n)(x, y)| ≤
εCy

|x− y|d−3
,(3.8)

|(∇xQ
i
ε,n)(x, y)| ≤

Cy

|x− y|d−2
,(3.9)

|∇x(Q
i
ε,n −Qi

0,n)(x, y)| ≤
εCy

|x− y|d−2
,(3.10)

|∇2
x(Q

i
ε,n)(x, y)| ≤

Cy

|x− y|d−1
,(3.11)

|∇2
x(Q

i
ε,n −Qi

0,n)(x, y)| ≤
εCy

|x− y|d−1
,(3.12)

for all x ∈ Ω and all 0 ≤ ε < 1, i, n = 1, · · · , d, where Cy is a constant which may depend on y,
but not on x, ε.

Remark 3.1. We regard Ω as the Riemannian manifold with the metric aε = {aε.ij}i,j=1,··· ,d.
Hence the operator div in (3.6) should be understood as the divergence operator on (Ω, aε).
However, on account of (A.4), we may treat it as the usual divergence operator in the standard
Euclidean space (Ω, δ).

Proof. First of all, we prove the existence of the solution of (3.6). Since

d∑
i=1

aε,ija
ik
ε = δkj , k, j = 1, · · · , d,

by integration by parts, it holds that∫
Ω

d∑
i,j,k=1

aε,ij(a
ik
ε

∂α

∂xk
ujε,n)(x, y) dx =

∫
Ω

d∑
j=1

(
∂α

∂xj
ujε,n)(x, y) dx

= lim
ρ→0

{
−
∫
Ω\Bρ(y)

α(x, y)divuε,n(x, y) dx+

∫
∂{Ω\Bρ(y)}

d∑
j=1

α(x, y)ujε,n(x, y)ν
j
x dσx

}
= 0.

Here, we have used

|uε,n(x, y)| = O(|x− y|2−d), n = 1, · · · , d, as x→ y.

Since uε,n(·, y) ∈ Lr(Ω)d for all r ∈ (1, d
d−2), it follows from Proposition 3.2 that there exists a

solution Qε,n(·, y) ∈W 1,r
0 (Ω)d of (3.6) for all r ∈ (1, d

d−2).
In the next step, we prove estimates from (3.7) to (3.12). We choose a special solution

Qε,n(·, y) ∈ W 1,r
0 (Ω)d of (3.6) which is represented by the kernel function as in (3.2) with the
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analogue of Borchers-Sohr [4]. For that purpose, let us take bounded domains Ui and functions
ψi ∈ C∞

0 (Ui), i = 1, · · · , N so that Ω ⊂ ∪N
i=1Ωi, Ωi := Ω ∩ Ui are star like, and so that∑N

i=1 ψi(x) = 1 for all x ∈ Ω. Then for every f ∈ L1(Ω) with
∫
Ω f(x)dx = 0, we can decompose

f as f = Γ1(f) + Γ2(f) + · · ·+ ΓN (f) in such a way that∫
Ωi

(Γi(f))(x)dx = 0, supp Γi(f) ⊂ Ωi, i = 1, · · · , N.

Although N may be a large natural number, we can reduce such a decompositions of Ω and f to
that in the case N = 2. This is due to an inductive argument as in Borchers-Sohr [4, Theorem
2.4]. See also Sohr [14, II. 2.3]. Hence it suffices to deal with the following simpler case like

(3.13)

Γ1(f) := ψ1f − (

∫
Ω1

ψ1fdx)η,

Γ2(f) := f − Γ1(f),

where supp ψi ⊂ Ωi, i = 1, 2, ψ1(x) + ψ2(x) ≡ 1 for x ∈ Ω and η ∈ C∞
0 (Ω1 ∩ Ω2) with∫

Ω1∩Ω2
η(x)dx = 1. We define {Qε,n}n=1,··· ,d by

(3.14) Qε,n(x, y) =

2∑
i=1

∫
Ωi

Γi

 d∑
l,j,k=1

aε,lj

(
alkε

∂α

∂xk
ujε,n

) (y, z)Ni(x, z) dz

for n = 1, · · · , d, where Ni(x, z) is defined as in (3.3) with D replaced by Ωi for i = 1, 2. By
Propositions 3.1 and 3.2, we see that this {Qε,n}n=1,··· ,d solves (3.6).

On the other hand, it follows from (3.3) that

(3.15) |Ni(x, z)| ≤
C

|x− z|d−1
for all x, z ∈ Ω with x ̸= z and all i = 1, 2,

where C = C(Ω) is a constant independent of x, z ∈ Ω. Moreover, by the definition of {Γi}i=1,2.

in (3.13), for any fixed y ∈ Ω, we obtain that∣∣∣∣∣∣Γ1

 d∑
l,j,k=1

aε,lj

(
alkε

∂α

∂xk
ujε,n

) (y, z)

∣∣∣∣∣∣(3.16)

=

∣∣∣∣∣∣Γ1

 d∑
j=1

∂α

∂xj
ujε,n

 (y, z)

∣∣∣∣∣∣
=

∣∣∣∣ψ1(z)

 d∑
j=1

∂α

∂xj
ujε,n

 (y, z)−

∫
Ω1

ψ1(x)

 d∑
j=1

∂α

∂xj
ujε,n

 (y, x)dx

 η(z)

∣∣∣∣
≤ C

1

|y − z|d−2
+

∣∣∣∣∣∣
∫

Ω1

ψ1(x)

 d∑
j=1

∂α

∂xj
ujε,n

 (y, x)dx

 η(z)

∣∣∣∣∣∣
≤ C

1

|y − z|d−2
+ C

∫
Ω1

∣∣∣∣∣∣
d∑

j=1

∂α

∂xj
ujε,n

∣∣∣∣∣∣ (y, x)dx
≤ C

1

|y − z|d−2
+ C

∫
Ω
|uε,n(y, x)| dx, n = 1, · · · , d
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with C = C(y,Ω) depending on y ∈ Ω but not on z ∈ Ω. On the other hand, by (A.3) and
Proposition 2.1, it holds that

ujε,n(x, y)

=
d∑

l=1

∂xj

∂x̃l
uln(x̃, ỹ)

=
d∑

l=1

(
δjl − ε

∂Sj

∂xl
(x)

)
uln(x̃, ỹ) +O(ε2)

= − 1

2ωd(d− 2)

d∑
l=1

(
δjl − ε

∂Sj

∂xl
(x)

){
δln

|x̃− ỹ|d−2
+ (d− 2)

(x̃l − ỹl)(x̃n − ỹn)

|x̃− ỹ|d

}
+O(ε2)

= − 1

2ωd(d− 2)

d∑
l=1

(
δjl − ε

∂Sj

∂xl
(x)

)
×
[(

δln

|x− y|d−2
+ (d− 2)

(xl − yl)(xn − yn)

|x− y|d

)
− ε(d− 2)

{
δln
∑d

k=1(S
k(x)− Sk(y))(xk − yk)

|x− y|d

− (Sl(x)− Sl(y))(xn − yn) + (Sn(x)− Sn(y))(xl − yl)

|x− y|d

+ d

∑d
k=1(S

k(x)− Sk(y))(xk − yk)(xl − yl)(xn − yn)

|x− y|d+2

}]
+O(ε2)

= ujn(x, y)

− ε

2ωd(d− 2)

[ d∑
l=1

∂Sj

∂xl
(x)

(
δln

|x− y|d−2
+ (d− 2)

(xl − yl)(xn − yn)

|x− y|d

)

− (d− 2)

{
δjn
∑d

k=1(S
k(x)− Sk(y))(xk − yk)

|x− y|d

− (Sj(x)− Sj(y))(xn − yn) + (Sn(x)− Sn(y))(xj − yj)

|x− y|d

+ d

∑d
k=1(S

k(x)− Sk(y))(xk − yk)(xj − yj)(xn − yn)

|x− y|d+2

}]
+O(ε2)

(3.17)

for j, n = 1, · · · , d, as ε→ 0. Hence by (3.16), we have∣∣∣∣∣∣Γ1

 d∑
l,j,k=1

aε,lj

(
alkε

∂α

∂xk
ujε,n

) (y, z)

∣∣∣∣∣∣
≤ C

1

|y − z|d−2
+ C

(∫
Ω

1

|x− y|d−2
dx+ ε

∫
Ω

1

|x− y|d−2
dx

)
+O(ε2)
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< C
1

|y − z|d−2
+ 2C

∫
Ω

1

|x− y|d−2
dx

<
C

|y − z|d−2
, n = 1, · · · , d for all z ∈ Ω1 with z ̸= y,

where C = C(y,Ω) is a constant depending on y ∈ Ω but not on z ∈ Ω. Similarly, for i = 2, we
have∣∣∣∣∣∣Γ2

 d∑
l,j,k=1

aε,lj

(
alkε

∂α

∂xk
ujε,n

) (y, z)

∣∣∣∣∣∣ < C

|y − z|d−2
, n = 1, · · · , d for all z ∈ Ω2 with z ̸= y,

where C = C(y,Ω) is a constant depending on y ∈ Ω but not on z ∈ Ω. Hence it follows from
(3.14) that

|Qε,n(x, y)| =

∣∣∣∣∣∣
2∑

i=1

∫
Ωi

Γi

 d∑
l,j,k=1

aε,lj

(
alkε

∂α

∂xk
ujε,n

) (y, z)Ni(x, z) dz

∣∣∣∣∣∣(3.18)

≤
2∑

i=1

∫
Ωi

∣∣∣∣∣∣Γi

 d∑
l,j,k=1

aε,lj

(
alkε

∂α

∂xk
ujε,n

) (y, z)

∣∣∣∣∣∣ |Ni(x, z)| dz

< C

∫
Ω

1

|y − z|d−2

1

|x− z|d−1
dz

≤ C

|x− y|d−3
, n = 1, · · · , d for all x ∈ Ω with x ̸= y,

where C = C(y,Ω). This implies (3.7).
Next, we prove (3.8). In the same manner as in (3.7), (3.15), we have by (3.13) and (3.17)

that∣∣∣∣∣∣Γi

 d∑
l,j,k=1

aε,lj

(
alkε

∂α

∂xk
ujε,n

)
− (∇α · un)

 (y, z)

∣∣∣∣∣∣
=

∣∣∣∣∣∣Γi

 d∑
j,k=1

δkj
∂α

∂xk
ujε,n − (∇α · un)

 (y, z)

∣∣∣∣∣∣
=

∣∣∣∣∣∣Γi

 d∑
j=1

∂α

∂xj
(
ujε,n − ujn

)
(y, z)

∣∣∣∣∣∣
=

∣∣∣∣ψi(z)

 d∑
j=1

∂α

∂xj
(
ujε,n − ujn

)
(y, z)

−

∫
Ωi

ψi(x)

 d∑
j=1

∂α

∂xj
(
ujε,n − ujn

)
(y, x)

 dx

 η(z)

∣∣∣∣
≤ C

∣∣(ujε,n − ujn
)
(y, z)

∣∣+ C

∫
Ω

∣∣(ujε,n − ujn
)
(y, x)

∣∣ dx
≤ Cε

|y − z|d−2
, n = 1, · · · , d for all z ∈ Ωi with y ̸= z and i = 1, 2
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with C = C(y,Ω). Therefore, similarly to (3.16), we have

|(Qε,n −Q0,n)(x, y)|

=

∣∣∣∣∣∣
2∑

i=1

∫
Ωi

Γi

 d∑
l,j,k=1

aε,lj

(
alkε

∂α

∂xk
ujε,n

)
−∇α · un

 (y, z)Ni(x, z) dz

∣∣∣∣∣∣
≤ Cε

∫
Ω

1

|y − z|d−2

1

|x− z|d−1

≤ Cε

|x− y|d−3
, n = 1, · · · , d for all x ∈ Ω with x ̸= y,

where C = C(y,Ω), which implies (3.8).
Since the rest of proofs for (3.9)–(3.12) can be handled similarly as above, we may omit

it.

Lemma 3.1 shows that the order of the singularity of Qε,n(x, y) = {Ql
ε,n(x, y)}l,n=1,··· ,d near

x = y is weaker by one degree than that of the fundamental solutions as in (2.2). Making use
of the Qε,n(x, y) = {Ql

ε,n(x, y)}l,n=1,··· ,d, we shall construct a parametrix in the following way.
Let us define pε,n(·, y) := {pε,n(·, y)}n=1,··· ,d by

(3.19) pε,n(x, y) := pn(Φε(x),Φε(y)),

where pn is the fundamental solutions of the Stokes equations (2.2) for the pressure, that is,

pn(x̃, ỹ) := − 1

ωd

(x̃n − ỹn)

|x̃− ỹ|d
, n = 1, · · · , d.

Now we define the parametrix {U l
ε,n(·, y)}l,n=1,··· ,d for the velocity and {Pε,n(·, y)}n=1,··· ,d for the

pressure by

Uε,n(x, y) := α(x, y)uε,n(x, y)−Qε,n(x, y),

Pε,n(x, y) := α(x, y)pε,n(x, y), n = 1, · · · , d,
(3.20)

where α(·, y) and uε,n(·, y) = {uiε,n(·, y)}i,n=1,··· ,d are the same as in (3.4) and (3.5), respectively.
We may regardQε,n(·, y) := {Qi

ε,n(·, y)}i,n=1,··· ,d as a compensation for recovery of the divergence

free condition of the parametrix {U l
ε,n(·, y)}l,n=1,··· ,d in Ω.

3.2 Properties of the parametrix.

In this subsection, we shall show several properties of the parametrix {Uε,n, Pε,n}n=1,··· ,d defined
by (3.20).

Lemma 3.2. For any 0 ≤ ε < 1 and for each fixed y ∈ Ω, the parametrix Uε,n = {Uε,n(·, y)}n=1,··· ,d
and Pε,n = {Pε,n(·, y)}n=1,··· ,d defined by (3.20) satisfy the following properties.

(1) It holds that {
divUε,n(·, y) = 0 in Ω,

Uε,n(·, y) = 0 on ∂Ω, n = 1, · · · , d.
(3.21)
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(2) The parametrix {U l
0,n(·, y)}n,l=1,··· ,d and {P0,n(·, y)}n=1,··· ,d approximate the Green ma-

trix {Gl
n(·, y)}n,l=1,··· ,d and {Rn(·, y)}n=1,··· ,d in the sense that

lim
ρ→0

∫
∂Bρ(y)

d∑
l=1

∇x

(
Gl

n(x, y)− U l
0,n(x, y)

)
· νxvl(x) dσx = 0,(3.22)

lim
ρ→0

∫
∂Bρ(y)

(Rn(x, y)− P0,n(x, y))(v(x) · νx) dσx = 0(3.23)

for n = 1, · · · , d, where v = {vl}l=1,··· ,d. is a smooth vector function around y ∈ Ω, νx denotes
the unit outer normal vector to ∂Bρ(y) and dσx denotes the surface element of ∂Bρ(y).

(3) It holds that

|Uε,n(x, y)−U0,n(x, y)| ≤
Cε

|x− y|d−2
,(3.24)

|Pε,n(x, y)− P0,n(x, y)| ≤
Cε

|x− y|d−1
, n = 1, · · · , d(3.25)

for all x ∈ Ω with x ̸= y, where C = C(y, d) is a constant which may depend on y, but not on
x ∈ Ω.

(4) For the operator Lε defined by (2.22), we obtain the following estimate.

(3.26) |Lε(Gn −U0,n +Uε,n, Rn − P0,n + Pε,n)(x, y)| ≤
Cε

|x− y|d−1
, n = 1, · · · , d

for x ∈ Ω with x ̸= y, where C = C(y, d) is a constant which may depend on y, but not on
x ∈ Ω.

Proof. (1) we see that (3.21) is an immediate consequence of (3.4), (3.6) and (3.20).
(2) Let us show (3.22) and (3.23). First we note that

(3.27) U l
0,n(x, y) = α(x, y)uln(x, y)−Ql

0,n(x, y), n, l = 1, · · · , d,

where un(·, y) := {uln(·, y)}n,l=1,··· ,d is the fundamental solution of the Stokes equations intro-
duced by (2.2). Since un(x, y) = O(|x− y|d−2) for n = 1, · · · , d, as x→ y, we obtain from (2.6)
and (3.9) that

lim
ρ→0

∫
∂Bρ(y)

d∑
l=1

∇x

(
Gl

n(x, y)− U l
0,n(x, y)

)
· νxvl(x) dσx

= lim
ρ→0

∫
∂Bρ(y)

d∑
k.l=1

{
∂

∂xk
(1− α(x, y))uln(x, y) + (1− α(x, y))

∂

∂xk
uln(x, y) +

∂Ql
0,n

∂xk
(x, y)

}
vl(x)νkx dσx

= lim
ρ→0

∫
∂Bρ(y)

d∑
k.l=1

(1− α(x, y))
∂

∂xk
uln(x, y)v

l(x)νkx dσx

= lim
ρ→0

∫
∂Bρ(y)

d∑
k.l=1

(α(y, y)− α(x, y))
∂

∂xk
uln(x, y)v

l(x)νkx dσx

:= lim
ρ→0

In(ρ), n = 1, · · · , d.
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Since ∇xu
l
n(x, y) = O(|x − y|d−1) for l, n = 1, · · · , d, as x → y, in the same way as (2.11), we

have
|In(ρ)| ≤ C sup

x∈Ω
|(∇xα)(x, y)|ρ→ 0, n = 1, · · · , d, as ρ→ 0

with a constant C = C(y,Ω) independent of ρ, which implies (3.22). It is easy to see that (3.23)
can be handled similarly to (3.22).

(3) We next show (3.24) and (3.25). By (3.20), (3.17) and (3.8), it holds that

|U l
ε,n(x, y)− U l

0,n(x, y)| ≤ sup
x∈Ω

|α(x, y)||ulε,n(x, y)− uln(x, y)|+ |Ql
ε,n(x, y)−Ql

0,n(x, y)|

≤ Cε{|x− y|2−d + |x− y|3−d}, n = 1, · · · , d

with a constant C = C(y,Ω), which yields that

|Uε,n(x, y)−U0,n(x, y)| ≤
Cε

|x− y|d−2
, n = 1, · · · , d,

where C = C(y,Ω) is a constant. This implies (3.24). The proof of (3.25) is parallel to that of
(3.24).

(4) Since the Green matrixGn(x, y) = {Gl
n(x, y)}n,l=1,··· ,d and the Green function Rn(x, y) =

{Rn(x, y)}n=1,··· ,d satisfy the Stokes equations (0.2), we obtain that

|Lr
ε(Gn −U0,n +Uε,n, Rn − P0,n + Pε,n)(x, y)|

= |Lr
ε(Uε,n, Pε,n)(x, y)− Lr

0(U0,n, P0,n)(x, y)

+ Lr
ε(Gn −U0,n, Rn − P0,n)(x, y)− Lr

0(Gn −U0,n, Rn − P0,n)(x, y)|
≤ |Lr

ε(Uε,n, Pε,n)(x, y)− Lr
0(U0,n, P0,n)(x, y)|

+ |Lr
ε(Gn −U0,n, Rn − P0,n)(x, y)− Lr

0(Gn −U0,n, Rn − P0,n)(x, y)|

for n, r = 1, · · · , d. Therefore, for the proof of (3.26), it suffices to show that

(3.28) |Lr
ε(Uε,n, Pε,n)(x, y)− Lr

0(U0,n, P0,n)(x, y)| ≤
Cε

|x− y|d−1
,

(3.29) |Lr
ε(Gn −U0,n, Rn − P0,n)(x, y)− Lr

0(Gn −U0,n, Rn − P0,n)(x, y)| ≤
Cε

|x− y|d−1

for n, r = 1, · · · , d, where C = C(y, d).
First we treat (3.28). Since u0,n = un, it follows from (3.20) that

Lr
ε(Uε,n, Pε,n)(x, y)− Lr

0(U0,n, P0,n)(x, y)

= Lr
ε(αuε,n, αpε,n)(x, y)− Lr

0(αu0,n, αp0,n)(x, y)− Lr
ε(Qε,n, 0)(x, y) + Lr

0(Q0,n, 0)(x, y)

=
d∑

i,j,k,l,p,s=1

∂

∂xk

{
aksε

∂

∂xs

(
∂x̃i

∂xl
α(x, y)

∂xl

∂x̃j
ujn(x̃, ỹ)

)}
∂x̃i

∂xp
aprε −

d∑
i=1

ariε
∂

∂xi
{α(x, y)pn(x̃, ỹ)}

(3.30)

−
[ d∑
i,j,k,l,p,s=1

∂

∂xk

{
δks

∂

∂xs

(
δilα(x, y)δljujn(x, y)

)}
δipδpr −

d∑
i=1

δri
∂

∂xi
{α(x, y)pn(x, y)}

]
− Lr

ε(Qε,n, 0)(x, y) + Lr
0(Q0,n, 0)(x, y)
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=
d∑

i,k,p,s=1

∂

∂xk

{
aksε

∂

∂xs
(
α(x, y)uin(x̃, ỹ)

)} ∂x̃i

∂xp
aprε −

d∑
i=1

ariε
∂

∂xi
{α(x, y)pn(x, y)}

−

 d∑
i,k,p,s=1

∂

∂xk

{
δks

∂

∂xs
(
α(x, y)uin(x, y)

)}
δipδpr −

d∑
i=1

δri
∂

∂xi
{α(x, y)pn(x, y)}


− Lr

ε(Qε,n, 0)(x, y) + Lr
0(Q0,n, 0)(x, y)

:= Ir1,n + Ir2,n + Ir3,n + Ir4,n + Ir5,n + Ir6,n, n, r = 1, · · · , d,

where

Ir1,n := α(x, y)

 d∑
i,j,k,l,p,q,s=1

aksε a
pr
ε

∂x̃i

∂xp
∂x̃q

∂xk
∂x̃j

∂xs
∂2uin
∂x̃q∂x̃j

(x̃, ỹ)−
d∑

i,j=1

ariε
∂x̃j
∂xi

∂pn
∂x̃j

(x̃, ỹ)



− α(x, y)

 d∑
i,k,p,s=1

δksδipδpr
∂2uin
∂xk∂xs

(x, y)−
d∑

i=1

δri
∂pn
∂xi

(x, y)

 ,

Ir2,n := α(x, y)

d∑
i,j,k,p,s=1

(
∂aksε
∂xk

aprε
∂x̃i

∂xp
∂x̃j

∂xs
∂uin
∂x̃j

(x̃, ỹ) + aksε a
pr
ε

∂2x̃j

∂xk∂xs
∂x̃i

∂xp
∂uin
∂x̃j

(x̃, ỹ)

)

+
d∑

i,k,p,s=1

∂α

∂xs
(x, y)

∂aksε
∂xk

aprε
∂x̃i

∂xp
uin(x̃, ỹ),

Ir3,n := −
d∑

i=1

ariε
∂α

∂xi
(x, y)pn(x̃, ỹ) +

d∑
i=1

δri
∂α

∂xi
(x, y)pn(x, y),

Ir4,n :=

d∑
i,j,k,p,s=1

(
∂α

∂xk
(x, y)

∂x̃j

∂xs
+
∂α

∂xs
(x, y)

∂x̃j

∂xk

)
aksε a

pr
ε

∂x̃i

∂xp
∂uin
∂x̃j

(x̃, ỹ)

−
d∑

i,k,p,s=1

δksδipδpr
(
∂α

∂xk
(x, y)

∂uin
∂xs

(x, y) +
∂α

∂xs
(x, y)

∂uin
∂xk

(x, y)

)
,

Ir5,n :=

d∑
i,k,p,s=1

∂2α

∂xk∂xs
(x, y)aksε a

pr
ε

∂x̃i

∂xp
uin(x̃, ỹ)−

d∑
i,k,p,s=1

δksδipδpr
∂2α

∂xk∂xs
(x, y)uin(x, y),

Ir6,n = −{Lr
ε(Qε,n, 0)(x, y)− Lr

0(Q0,n, 0)(x, y)}, n, r = 1, · · · , d.

Concerning the identity of Ir1,n, it follows from (2.16) and (2.28) that

α(x, y)

 d∑
i,j,k,p,q,s=1

aksε a
pr
ε

∂x̃i

∂xp
∂x̃q

∂xk
∂x̃j

∂xs
∂2uin
∂x̃q∂x̃j

(x̃, ỹ)−
d∑

i,j=1

ariε
∂x̃j

∂xi
∂

∂x̃j
pn(x̃, ỹ)


= α(x, y)

d∑
i=1

∂xr

∂x̃i

(
∆x̃u

i
n(x̃, ỹ)−

∂pn(x̃, ỹ)

∂x̃i

)
= 0, n, r = 1, · · · , d,

(3.31)

24



Similarly, since {un(x, y), pn(x, y)}n=1,··· ,d solves the Stokes equations in Ω for x ̸= y, it holds
that L0(un, pn)(x, y) = 0 for x, y ∈ Ω with x ̸= y, which yields

α(x, y)

 d∑
i,k,p,s=1

δksδipδpr
∂2uin
∂xk∂xs

(x, y)−
d∑

i=1

δri
∂pn
∂xi

(x, y)

(3.32)

= α(x, y)

(
∆urn(x, y)−

∂p

∂xr
(x, y)

)
= 0, n, r = 1, · · · , d, for x ∈ Ω with x ̸= y.

This implies Ir1,n = 0 for n, r = 1, · · · , d and for x, y ∈ Ω with x ̸= y. By Proposition 2.1, we
have

|Ir2,n| =

∣∣∣∣∣∣α(x, y)
d∑

i,j,k,p,s=1

(
∂aksε
∂xk

aprε
∂x̃i

∂xp
∂x̃j

∂xs
∂uin
∂x̃j

(x̃, ỹ) + aksε a
pr
ε

∂2x̃j

∂xk∂xs
∂x̃i

∂xp
∂uin
∂x̃j

(x̃, ỹ)

)∣∣∣∣∣∣
+

∣∣∣∣∣∣
d∑

i,k,p,s=1

∂α

∂xs
(x, y)

∂aksε
∂xk

aprε
∂x̃i

∂xp
uin(x̃, ỹ)

∣∣∣∣∣∣ ≤ Cε

|x− y|d−1
,

n, r = 1, · · · , d, for x ∈ Ω with x ̸= y,

|Ir3,n| =

∣∣∣∣∣
d∑

i=1

(
ariε

∂α

∂xi
(x, y)pn(x̃, ỹ)− δri

∂α

∂xi
(x, y)pn(x, y)

)∣∣∣∣∣
=

∣∣∣∣ ∂α∂xi
d∑

i=1

{(
δri + ε

(
∂Si

∂xr
+
∂Sr

∂xi

)
+O(ε2)

)
× (pn(x, y) + ε∇xpn(x, y){(x̃− x) + (y − ỹ)}+O(ε2))− δirpn(x, y)

}∣∣∣∣
=

∣∣∣∣∣ ∂α∂xi
d∑

i=1

ε

(
∂Si

∂xr
+
∂Sr

∂xi

)
pn(x, y) +O(ε2)

∣∣∣∣∣
≤ C

ε

|x− y|d−1
, n, r = 1, · · · , d, for x ∈ Ω with x ̸= y,

|Ir4,n| =
∣∣∣∣ d∑
i,j,k,p,s=1

(
∂α

∂xk
(x, y)

∂x̃j

∂xs
+
∂α

∂xs
(x, y)

∂x̃j

∂xk

)
aksε a

pr
ε

∂x̃i

∂xp
∂uin
∂x̃j

(x̃, ỹ)

−
d∑

i,k,p,s=1

δksδipδpr
(
∂α

∂xk
(x, y)

∂uin
∂xs

(x, y) +
∂α

∂xs
(x, y)

∂uin
∂xk

(x, y)

) ∣∣∣∣
=

∣∣∣∣ d∑
i,j,k,p,s=1

{
∂α

∂xk
(x, y)

(
δjs + ε

∂Sj

∂xs
+O(ε2)

)
+
∂α

∂xs
(x, y)

(
δjk + ε

∂Sj

∂xk
+O(ε2)

)}

×
(
δks + ε

(
∂Sk

∂xs
+
∂Ss

∂xk

)
+O(ε2)

)(
δpr + ε

(
∂Sp

∂xr
+
∂Sr

∂xp

)
+O(ε2)

)
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×
(
δip + ε

∂Si

∂xp
+O(ε2)

)
∂uin
∂x̃j

(x̃, ỹ)

−
d∑

i,k,p,s=1

δksδipδpr
(
∂α

∂xk
(x, y)

∂uin
∂xs

(x, y) +
∂α

∂xs
(x, y)

∂uin
∂xk

(x, y)

) ∣∣∣∣
≤ C

ε

|x− y|d−1
, n, r = 1, · · · , d, for x ∈ Ω with x ̸= y,

|Ir5,n| =

∣∣∣∣∣∣
d∑

i,k,p,s=1

(
∂2α

∂xk∂xs
(x, y)aksε a

pr
ε

∂x̃i

∂xp
uin(x̃, ỹ)− δksδipδpr

∂2α

∂xk∂xs
(x, y)uin(x, y)

)∣∣∣∣∣∣
=

∣∣∣∣∣∣
d∑

i,k,p,s=1

∂2α

∂xk∂xs
(x, y)

(
aksε a

pr
ε

∂x̃i

∂xp
uin(x̃, ỹ)− δksδipδpruin(x, y)

)∣∣∣∣∣∣
=

∣∣∣∣ d∑
i,k,p,s=1

∂2α

∂xk∂xs

×
[{(

δks + ε

(
∂Sk

∂xs
+
∂Ss

∂xk

)
+O(ε2)

)(
δpr + ε

(
∂Sp

∂xr
+
∂Sr

∂xp

)
+O(ε2)

)
×
(
δip + ε

∂Si

∂xp
+O(ε2)

)
(uin(x, y) + ε∇xu

i
n(x, y){(x̃− x) + (y − ỹ)}+O(ε2))

}
− δksδipδpruin(x, y)

]∣∣∣∣
≤ Cε

|x− y|d−1
, n, r = 1, · · · , d, for x ∈ Ω with x ̸= y,

|Ir6,n| = |Lr
ε(Qε,n, 0)(x, y)− Lr

0(Q0,n, 0)(x, y)|

=

∣∣∣∣ d∑
i,k,l,p,s=1

∂

∂xk

{
aksε

∂

∂xs

(
∂x̃i

∂xl
Ql

ε,n(x, y)

)}
∂x̃i

∂xp
aprε

−
d∑

i,k,l,p,s=1

∂

∂xk

{
δks

∂

∂xs

(
δilQl

0,n(x, y)
)}

δipδpr
∣∣∣∣

≤ Jr
1,n + Jr

2,n, n, r = 1, · · · , d,

where

Jr
1,n :=

∣∣∣∣∣∣
d∑

k,l,p,s=1

aksε aε,pla
pr
ε

∂2Ql
ε,n

∂xk∂xs
−

d∑
i,k,l,p,s=1

δksδilδipδpr
∂2Ql

0,n

∂xk∂xs

∣∣∣∣∣∣ ,
Jr
2,n :=

∣∣∣∣ d∑
i,k,l,p,s=1

{
∂aksε
∂xk

∂x̃i

∂xl
∂Ql

ε,n

∂xs
+ aksε

(
∂2x̃i

∂xs∂xl
∂Ql

ε,n

∂xk
+

∂2x̃i

∂xs∂xl
∂Ql

ε,n

∂xk

)}
∂x̃i

∂xp
aprε

+
d∑

i,k,l,p,s=1

{
aksε

∂3x̃i

∂xs∂xk∂xl
Ql

ε,n

∂x̃i

∂xp
aprε +

∂aksε
∂xk

∂2x̃i

∂xs∂xl
Ql

ε,n

∂x̃i

∂xp
aprε

} ∣∣∣∣, n, r = 1, · · · , d.
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By (3.7), (3.9), (3.11), (3.12) and Proposition 2.1, we have that

Jr
1,n =

∣∣∣∣ d∑
k,l,p,s=1

(
δks − ε

(
∂Sk

∂xs
+
∂Ss

∂xk

)
+O(ε2)

)(
δpl + ε

(
∂Sp

∂xl
+
∂Sl

∂xp

)
+O(ε2)

)

×
(
δpr + ε

(
∂Sp

∂xr
+
∂Sr

∂xp

)
+O(ε2)

)
∂2Ql

ε,n

∂xk∂xs
−

d∑
i,k,l,p,s=1

δksδilδipδpr
∂2Ql

0,n

∂xk∂xs

∣∣∣∣
≤ Cε

|x− y|d−1
, n, r = 1, · · · , d, for all x ∈ Ω with x ̸= y.

Similarly, we have

Jr
2,n ≤ Cε

|x− y|d−2
, n, r = 1, · · · , d, for all x ∈ Ω with x ̸= y,

where C = C(y,Ω). These two estimates of Jr
1,n and Jr

2,n for n, r = 1, · · · , d yield that

|Ir6,n| ≤
Cε

|x− y|d−1
, n, r = 1, · · · , d, for all x ∈ Ω with x ̸= y

with C = C(y,Ω). From above estimates, we see that

|Irj,n| ≤
Cε

|x− y|d−1
, j = 1, · · · , 6, n, r = 1, · · · , d, for all x ∈ Ω with x ̸= y,(3.33)

where C = C(y,Ω) is independent of x ∈ Ω. By (3.30) and (3.33), we have (3.28).
In the next step, let us show (3.29). Since u0,n = un, it follows from (2.1) and (3.20) that

Lr
ε(Gn −U0,n, Rn − P0,n)(x, y)− Lr

0(Gn −U0,n, Rn − P0,n)(x, y)

= Lr
ε((1− α)un, (1− α)pn)(x, y)− Lr

0((1− α)un, (1− α)pn)(x, y)

+ Lr
ε(Q0,n, 0)(x, y)− Lr

0(Q0,n, 0)(x, y)

=

d∑
i,k,l,p,s=1

∂

∂xk

{
aksε

∂

∂xs

(
∂x̃i

∂xl
(1− α(x, y))uln(x, y)

)}
∂x̃i

∂xp
aprε −

d∑
i=1

ari
∂

∂xi
{(1− α(x, y))pn(x, y)}

−
[ d∑
i,k,l,p,s=1

∂

∂xk

{
δks

∂

∂xs

(
δil(1− α(x, y))uln(x, y)

)}
δipδpr −

d∑
i=1

δri
∂

∂xi
{(1− α(x, y))pn(x, y)}

]
+ Lr

ε(Q0,n, 0)(x, y)− Lr
0(Q0,n, 0)(x, y)

:= Er
1,n +Er

2,n + Er
3,n + Er

4,n + Er
5,n + Er

6,n, n, r = 1, · · · , d,

where

Er
1,n := (1− α(x, y))

 d∑
i,k,l,p,s=1

aksε
∂x̃i

∂xl
∂x̃i

∂xp
aprε

∂2uln
∂xk∂xs

−
d∑

i=1

ariε
∂pn
∂xi


− (1− α(x, y))

 d∑
i,k,p,s=1

δksδipδpr
∂2uin
∂xk∂xs

−
d∑

i=1

δri
∂pn
∂xi

 ,
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Er
2,n := (1− α(x, y))

×
d∑

i,k,l,p,s=1

{
∂aksε
∂xk

∂x̃i

∂xl
∂x̃i

∂xp
aprε

∂uln
∂xs

+ aksε

(
∂2x̃i

∂xs∂xl
∂uln
∂xk

+
∂2x̃i

∂xk∂xl
∂uln
∂xs

)}
∂x̃i

∂xp
aprε

+

d∑
i,k,l,p,s=1

{
∂aksε
∂xk

∂2x̃i

∂xs∂xl
(1− α(x, y))

+ aksε

(
∂3x̃i

∂xk∂xs∂xl
(1− α(x, y)) +

∂x̃i

∂xl
∂2(1− α(x, y))

∂xk∂xs

+
∂2x̃i

∂xs∂xl
∂(1− α(x, y))

∂xk
+

∂2x̃i

∂xk∂xl
∂(1− α(x, y))

∂xs

)}
∂x̃i

∂xp
aprε u

l
n,

Er
3,n :=

d∑
i=1

−ariε
∂(1− α(x, y))

∂xi
pn +

d∑
i=1

δri
∂(1− α(x, y))

∂xi
pn,

Er
4,n :=

d∑
k,l,p,s=1

aksε aε,lpa
pr
ε

(
∂(1− α(x, y))

∂xk
∂uln
∂xs

+
∂(1− α(x, y))

∂xs
∂uln
∂xk

)

−
d∑

i,k,p,s=1

δksδipδpr

(
∂(1− α(x, y))

∂xk
∂uin
∂xs

+
∂(1− α(x, y))

∂xs
∂uin
∂xk

)
,

Er
5,n :=

d∑
i,k,l,p,s=1

aksε
∂x̃i

∂xl
∂2(1− α(x, y))

∂xk∂xs
∂x̃i

∂xp
aprε u

l
n −

d∑
k,p,q,s=1

δksδipδpr
∂2(1− α(x, y))

∂xk∂xs
uin,

Er
6,n := Lr

ε(Q0,n, 0)(x, y)− Lr
0(Q0,n, 0)(x, y), n, r = 1, · · · , d.

First we consider Er
1,n. Since the cut-off function α(x, y) = 1 for x ∈ B dy

4

(y) as in (3.4), we have

|1− α(x, y)| ≤ C|x− y| for all x ∈ B dy
4

(y), which yields that∣∣∣∣∣∣(1− α(x, y))

 d∑
k,l,p,q,s=1

aksε
∂x̃i

∂xl
∂x̃i

∂xp
aprε

∂2uln
∂xk∂xs

−
d∑

i=1

ariε
∂pn
∂xi

∣∣∣∣∣∣ ≤ Cε

|x− y|d−1
,

for n, r = 1, · · · , d and all x ∈ Ω with x ̸= y, where C = C(y,Ω).
In the same manner as for Ir1,n, I

r
2,n, I

r
3,n, I

r
4,n, I

r
5,n and Ir6,n, we can handle Er

j,n for j = 1, · · · , 6
and n, r = 1, · · · , d so that (3.29) is established. This completes the proof of Lemma 3.2.

4 Proof of the theorem.

4.1 Expansion of Gε.

Our aim of this subsection is to investigate a continuous ε-dependence of Gε, which yields
necessarily an explicit representation of Gε by means of the volume integral form containing the
parametrix as in (3.20).
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Lemma 4.1. Let {Gl
n}n,l=1,··· ,d and {Rn}n=1,··· ,d be the Green matrix and the Green function

defined by (2.1). Let Uε,n = {U l
ε,n}n,l=1,··· ,d and {Pε,n}n=1,··· ,d be the parametrix defined by

(3.20). Then we have

Gm
ε,n(ỹ, z̃)−Gm

n (y, z)(4.1)

= {−Un
0,m(z, y) + Un

ε,m(z, y)}+ ε

d∑
j=1

∂Sm

∂xr
(z)Gr

n(z, y)

+

∫
Ω

d∑
i,q,r=1

aε,qrLr
ε(Gn −U0,n +Uε,n, Rn − P0,n + Pε,n)(x, y)

∂xq

∂x̃i
Gi

m(x, z) dx+ o(ε)

for m,n = 1, · · · , d and for all y, z ∈ Ω, as ε→ 0.

For the proof of Lemma 4.1, by the Green integral formula as in (2.24), we first express Gε

by an integral equation of the Fredholm type.

Proposition 4.1. Let {Gl
n}l,n=1,··· ,d and {Rn}n=1,··· ,d be the Green matrix and function as in

(2.1). Let {U l
ε,n}n,l=1,··· ,d and {Pε,n}n=1,··· ,d be the parametrix as in (3.20). Then we have

Gn
ε,m(ỹ, z̃)

= {Gm
n (z, y)− Um

0,n(z, y) + Um
ε,n(z, y)}+ ε

d∑
r=1

∂Sm

∂xr
(z)Gr

n(z, y)

+

∫
Ω

d∑
q,r=1

aε,qrLr
ε(Gn −U0,n +Uε,n, Rn − P0,n + Pε,n)(x, y)g

q
ε,m(x, z) dx+O(ε2)

(4.2)

for m,n = 1, · · · , d and for all y, z ∈ Ω as ε → 0, where Lε is the operator defined by (2.22),
{gqε,m}m,q=1,··· ,d is the function defined by (2.17) and where {Si}i=1,··· ,d is the vector function as
in (A.3).

Proof. We apply the Green integral formula (2.24) in Ω \Bρ(y) ∪Bρ(z) to the functions{
vi(x) = Gi

n(x, y)− U i
0,n(x, y) + U i

ε,n(x, y),

π(x) = Rn(x, y)− P0,n(x, y) + Pε,n(x, y),{
wi(x) = giε,m(x, z),

π̃(x) = rε,m(x, z), i,m, n = 1, · · · , d.

Since Gi
n(·, y), U i

0,n(·, y), U i
ε,n(·, y) and giε,m(·, z) vanish on ∂Ω for all y, z ∈ Ω, i,m, n = 1, · · · , d,

we have by (2.21) and (2.24) that∫
Ω\Bρ(y)∪Bρ(z)

d∑
q,r=1

aε,qr

{
Lr
ε(Gn −U0,n +Uε,n, Rn − P0,n + Pε,n)(x, y)g

q
ε,m(x, z)(4.3)

− Lr
ε(gε,m, rε,m)(x, z)(Gq

n − U q
0,n + U q

ε,n)(x, y)
}
dx
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=

∫
∂Bρ(y)∪∂Bρ(z)

{ d∑
k,q=1

T kq
ε (Gn −U0,n +Uε,n, Rn − P0,n + Pε,n)(x, y)g

q
ε,m(x, z)νkx

− T kq
ε (gε,m, rε,m)(x, z)(Gq

n − U q
0,n + U q

ε,n)(x, y)ν
k
x

}
dσx

for m,n = 1, · · · , d and for all sufficiently small ρ > 0. By (3.9), (3.22) and (3.23), we have
similarly to (2.27) that

lim
ρ→0

∫
∂Bρ(y)∪∂Bρ(z)

d∑
k,q=1

T kq
ε (Gn −U0,n +Uε,n, Rn − P0,n + Pε,n)(x, y)g

q
ε,m(x, z)νkx dσx

= lim
ρ→0

∫
∂Bρ(y)

d∑
k,q=1

T kq
ε (Uε,n, Pε,n)(x, y)g

q
ε,m(x, z)νkx dσx

= lim
ρ→0

∫
∂Bρ(y)

d∑
k,q=1

T kq
ε (αuε,n, αpε,n)(x, y)g

q
ε,m(x, z)νkx dσx

= lim
ρ→0

∫
∂Bρ(y)

d∑
k,q=1

T kq
ε

α d∑
j=1

∂x

∂x̃j
ujn(x̃, ỹ), αpn(x̃, ỹ)

 gqε,m(x, z)νkx dσx

=

d∑
q=1

∂x̃n

∂xq
gqε,m(y, z) +O(ε2), m, n = 1, · · · , d, as ε→ 0.(4.4)

Note that α(y, y) = 1 and that∫
∂Bρ(y)

|∇xα(x, y)||un(x̃, ỹ)|dσx ≤ C(y)

∫
∂Bρ(y)

dσx
|x̃− ỹ|d−2

(4.5)

≤ C(y)

∫
∂Bρ(y)

dσx
|x− y|d−2

+O(ε2)

→ O(ε2), n = 1, · · · , d, as ρ→ 0.

By Lemma 2.3 with y replaced by z, we have

lim
ρ→0

∫
∂Bρ(y)

d∑
k,q=1

T kq
ε (gε,m, rε,m)(x, z)(Gq

n − U q
0,n + U q

ε,n)(x, y)ν
k
xdσx(4.6)

=

d∑
q=1

∂x̃m

∂xq
(z)(Gq

n − U q
0,n + U q

ε,n)(z, y) +O(ε2), m, n = 1, · · · , d, as ε→ 0.

Letting ρ→ 0 in (4.3), we obtain from (4.4), (4.5) and (4.6) with the aid of Proposition 2.1 and
(3.24) that ∫

Ω

d∑
q,r=1

aε,qrLr
ε(Gn −U0,n +Uε,n, Rn − P0,n + Pε,n)(x, y)g

q
ε,m(x, z) dσx
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=
d∑

q=1

{
∂x̃n

∂xq
(y)gqε,m(y, z)− ∂x̃m

∂xq
(z)(Gq

n − U q
0,n + U q

ε,n)(z, y)

}

=

d∑
j,q=1

∂x̃n

∂xq
∂xq

∂x̃j
Gj

ε,m(ỹ, z̃)−
d∑

q=1

(
δmq + ε

∂Sm

∂xq
+O(ε2)

)
(Gq

n − U q
0,n + U q

ε,n)(z, y)

= Gn
ε,m(ỹ, z̃)−

Gm
n (z, y)− Um

0,n(z, y) + Um
ε,n(z, y) + ε

d∑
q=1

∂Sm

∂xq
(z)Gq

n(z, y)

+O(ε2),

for m,n = 1, · · · , d, as ε→ 0, which implies (4.2).

Since {grε,m}m,r=1,··· ,d is expressed by Gε as in (2.17), we may regard (4.2) as an integral
equation for Gε of the Fredholm type. Garabedian [6] and Garabedian-Schiffer [7] solved this
integral equation for Gε in terms of the Fredholm alternative theorem. On the other hand,
our method relies on treating Gε directly by means of the fundamental solution uε and the
compensation term qε,n. Such an idea was introduced by Ozawa [10]. To this end, we need to
investigate the behavior of qε,n as ε→ 0. We first establish an a priori estimate for the operator
Lε.

Proposition 4.2. Let Ω ⊂ Rd be a bounded domain with the C2+θ-boundary ∂Ω, 0 < θ < 1.
There exist ε0(Ω) > 0 and C(Ω) > 0 such that if ε ≤ ε0, then it holds that

(4.7) ∥v∥C2+θ(Ω) + ∥∇π∥Cθ(Ω) ≤ C
(
∥Lε(v, π)∥Cθ(Ω) + ∥v∥C2+θ(∂Ω)

)
for all v ∈ C2+θ(Ω)d and π ∈ C1+θ(Ω).

Proof. We shall show by a contradiction argument. Suppose that (4.7) is not true. Then for any
m = 1, 2, · · · , there exist vm ∈ C2+θ(Ω)d and πm ∈ C1+θ(Ω) with ∥vm∥C2+θ(Ω)+∥∇πm∥Cθ(Ω) ≡ 1
such that

(4.8)
1

m
>
(
∥L 1

m
(vm, πm)∥Cθ(Ω) + ∥vm∥C2+θ(∂Ω)

)
, m = 1, 2, · · · .

On the other hand, by (A.3), (4.8) and an a priori estimate for the Stokes equations(see e.g.,
(Solonnikov [15, Theorem 3.1]), it holds that

∥vm∥C2+θ(Ω) + ∥∇πm∥Cθ(Ω)(4.9)

≤M
(
∥L(vm, πm)∥Cθ(Ω) + ∥vm∥C2+θ(∂Ω)

)
≤M

(
∥(L0 − L 1

m
)(vm, πm)∥Cθ(Ω) + ∥L 1

m
(vm, πm)∥Cθ(Ω) + ∥vm∥C2+θ(∂Ω)

)

≤M

{
1

m
(∥vm∥C2+θ(Ω) + ∥∇πm∥Cθ(Ω)) + (∥L 1

m
(vm, πm)∥Cθ(Ω) + ∥vm∥C2+θ(∂Ω))

}
≤ 2M

1

m
→ 0, as m→ ∞,

whereM is a constant independent ofm. Since ∥vm∥C2+θ(Ω)+∥∇πm∥Cθ(Ω) ≡ 1 form = 1, 2, · · · ,
this causes a contradiction.
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We define the compensation term of the Green function {qε,n, qn}n=1,··· ,d by

qε,n(x, y) := gε,n(x, y)− uε,n(x, y)(4.10)

qε,n(x, y) := rε,n(x, y)− pε,n(x, y), n = 1, · · · , d,

where {gε,n}n=1,··· ,d, {uε,n}1,··· ,d, {rε,n(x, y)}1,··· ,d and {pε,n}1,··· ,d are introduced by (2.17), (3.5),
(2.1) and (3.19), respectively.

By Proposition 4.2, we have a continuous ε-dependence of the compensation term {qε,n}n=1,··· ,d
defined in (4.10) in the topology of C2+θ(Ω). Indeed, it holds;

Proposition 4.3. For every y ∈ Ω, we have

(4.11) ∥qε,n(·, y)− q0,n(·, y)∥C2+θ(Ω) → 0, n = 1, · · · , d as ε→ 0,

where {qε,n}n=1,··· ,d is the compensation term defined by (4.10).

Proof. By Proposition 4.2, we have

(4.12) ∥qε,n(·, y)∥C2+θ(Ω) + ∥∇qε,n(·, y)∥Cθ(Ω)

≤ C
(
∥Lε(qε,n, qε,n)(·, y)∥Cθ(Ω) + ∥qε,n(·, y)∥C2+θ(∂Ω)

)
.

for all ε ≤ ε0. On the other hand, for each fixed y ∈ Ω, there exists an ε′0(y) > 0 such that

(4.13) ∥qε,n(·, y)∥C2+θ(∂Ω) = ∥uε,n(·, y)∥C2+θ(∂Ω) < 2∥u0,n(·, y)∥C2+θ(∂Ω)

for all 0 < ε ≤ ε′0(y). Since Lε(qε,n, qε,n)(·, y) = 0, implied by (4.10), it follows from (4.12) and
(4.13) that

∥qε,n(·, y)∥C2+θ(Ω) + ∥∇qε,n(·, y)∥Cθ(Ω) ≤ 2C∥u0,n(·, y)∥C2+θ(∂Ω) := Cy(4.14)

for all 0 < ε ≤ min{ε0, ε′0(y)}, where Cy is the constant depending only on y ∈ Ω.
Furthermore, by a direct calculation, we see that the pair {qε,n − q0,n, qε,n − q0,n} is subject

to the following identities.

(4.15)


L(qε,n − q0,n, qε,n − q0,n)(x, y) = (L − Lε)(qε,n, qε,n)(x, y), x ∈ Ω,

div (qε,n − q0,n)(x, y) = 0, x ∈ Ω,

(qε,n − q0,n)(x, y) = (−uε,n + u0,n)(x, y), x ∈ ∂Ω

for n = 1, · · · , d. Hence by (4.14), (A.3) and an a priori estimate for the Stokes equations(see
e.g., Solonnikov [15, Theorem 3.1]), we have that

∥(qε,n − q0,n)(·, y)∥C2+θ(Ω) + ∥∇(qε,n − q0,n)(·, y)∥Cθ(Ω)

≤M
(
∥(L − Lε)(qε,n, qε,n)(·, y)∥Cθ(Ω) + ∥(−uε,n + u0,n)(·, y)∥C2+θ(∂Ω)

)
≤M

{
ε(∥qε,n(·, y)∥C2+θ(Ω) + ∥∇qε,n(·, y)∥Cθ(Ω)) + ∥(−uε,n + u0,n)(·, y)∥C2+θ(∂Ω)

}
≤M(εCy + ∥(−uε,n + u0,n)(·, y)∥C2+θ(∂Ω))

for all 0 < ε < min{ε0, ε′0(y)}. Since M is the constant independent of ε as in (4.9), from (3.17)
and this estimate, we obtain the desired result (4.11).
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Proposition 4.3 enables us to expand Gε in terms of G0 with respect to ε≪ 1. Now by (4.2)
and (4.11), we are in a position to prove Lemma 4.1.

Proof of Lemma 4.1. We deal with the volume integral of the right hand side of (4.2). It holds
by (2.17) that∫

Ω

d∑
q,r=1

aε,qrLr
ε(Gn −U0,n +Uε,n, Rn − P0,n + Pε,n)(x, y)g

q
ε,m(x, z) dx(4.16)

=

∫
Ω

d∑
i,q,r=1

aε,qrLr
ε(Gn −U0,n +Uε,n, Rn − P0,n + Pε,n)(x, y)

∂xq

∂x̃i
Gi

ε,m(x̃, z̃) dx

=

∫
Ω

d∑
i,q,r=1

aε,qrLr
ε(Gn −U0,n +Uε,n, Rn − P0,n + Pε,n)(x, y)

∂xq

∂x̃i
Gi

m(x, z) dx+ I,

where

I :=

∫
Ω

d∑
i,q,r=1

aε,qrLr
ε(Gn −U0,n +Uε,n, Rn − P0,n + Pε,n)(x, y)

∂xq

∂x̃i
(Gi

ε,m(x̃, z̃)−Gi
m(x, z)) dx

for m,n = 1, · · · , d. By (2.1), (3.5), (4.10) and Proposition 2.1, we have

d∑
i=1

∂xq

∂x̃i
(Gi

ε,m(x̃, z̃)−Gi
m(x, z))

=

d∑
i=1

(
∂xq

∂x̃i
Gi

ε,m(x̃, z̃)− ∂xq

∂x̃i
Gi

m(x, z)

)

=

d∑
i=1

{
∂xq

∂x̃i
Gi

ε,m(x̃, z̃)−
(
δqi − ε

∂Sq

∂xi

)
Gi

m(x, z)

}
+O(ε2)

=
{
(uqε,m(x, z)− qqε,m(x, z))− (uqm(x, z)− qqm(x, z))

}
+ ε

d∑
i=1

∂Sq

∂xi
Gi

m(x, z) +O(ε2)

=
{
(uqε,m(x, z)− uqm(x, z))− (qqε,m(x, z)− qqm(x, z))

}
+ ε

d∑
i=1

∂Sq

∂xi
Gi

m(x, z) +O(ε2)

for m, q = 1, · · · , d, as ε→ 0. Therefore, I can be divided to the following three terms,

I = I1 + I2 + I3 +O(ε2), as ε→ 0,

where

I1 =

∫
Ω

d∑
q,r=1

aε,qrLr
ε(Gn −U0,n +Uε,n, Rn − P0,n + Pε,n)(x, y)(u

q
ε,m(x, z)− uqm(x, z)) dx,

I2 = −
∫
Ω

d∑
q,r=1

aε,qrLr
ε(Gn −U0,n +Uε,n, Rn − P0,n + Pε,n)(x, y)(q

q
ε,m(x, z)− qqm(x, z)) dx,
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I3 = ε

∫
Ω

d∑
i,q,r=1=1

aε,qrLr
ε(Gn −U0,n +Uε,n, Rn − P0,n + Pε,n)(x, y)

∂Sq

∂xi
(x)Gi

m(x, z) dx.

First we consider I1. Since we have by (3.17)

uqε,m(x, z) = uqm(x, z) +O(ε|x− z|2−d), m, q = 1, · · · , d, as ε→ 0, x→ z,

it follows from (3.26) that

I1 ≤
∫
Ω

εC

|x− y|d−1
|uε,m(x, z)− um(x, z)| dx(4.17)

≤ ε2C

∫
Ω

1

|x− y|d−1

1

|x− z|d−2
dx

≤ ε2C|y − z|d−3,

where C = C(y,Ω). Concerning I2, by Proposition 4.3, we have similarly that

I2 ≤ εC∥qqε,m(·, z)− qqm(·, z)∥C0(Ω)

∫
Ω

1

|x− y|d−1
dx(4.18)

≤ εC∥qε,m(·, z)− qm(·, z)∥C0(Ω) → 0, as ε→ 0,

where C = C(y,Ω). Finally in the same manner as in I1, we obtain

I3 ≤ ε2C|y − z|d−3,(4.19)

where C = C(y,Ω). Hence by (4.17), (4.18) and (4.19), it holds that I = o(ε) as ε → 0, from
which and (4.2) with (4.16), we obtain the desired identity (4.1). This proves Lemma 4.1. �

4.2 How to handle the parametrix.

In the previous subsection, we obtain the representation for Gε by the integral equation with the
parametrix. In this subsection, we shall establish an expression for Gε without the parametrix.

Lemma 4.2. Let {Gl
n}n,l=1,··· ,d and {Rn}n=1,··· ,d be the Green matrix and the Green function

defined by (2.1). Then we have

Gn
ε,m(ỹ, z̃)−Gn

m(y, z)

(4.20)

= ε
d∑

k=1

∂Sm

∂xk
(z)Gk

n(z, y)

− ε

∫
Ω

{ d∑
i,k,s=1

−
(
∂Sk(x)

∂xs
+
∂Ss(x)

∂xk

)
∂Gi

n(x, y)

∂xk
∂Gi

m(x, z)

∂xs
+

d∑
i,k,l=1

∂Si(x)

∂xl
∂Gl

n(x, y)

∂xk
∂Gi

m(x, z)

∂xk

+

d∑
j,k=1

∂Sk(x)

∂xj
Rn(x, y)

∂Gj
m(x, z)

∂xk
+

d∑
i,k,l=1

∂2Si(x)

∂xk∂xl
Gl

n(x, y)
∂Gi

m(x, z)

∂xk

}
dx+O(ε2)

for m,n = 1, · · · , d and for all y, z ∈ Ω as ε → 0, where {Si}i=1,··· ,d is the vector function
introduced by (A.3).
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For the proof of Lemma 4.2, we need to investigate the volume integral of the right hand
side of (4.1) as in Lemma 4.1.

Proposition 4.4. Let {Gl
n}n,l=1,··· ,d and {Rn}n=1,··· ,d be the Green matrix and the Green

function defined by (2.1). Let {U l
ε,n}n,l=1,··· ,d and {Pε,n}n=1,··· ,d be the parametrix defined by

(3.20). Then we have∫
Ω

d∑
j,q,r=1

aε,qrLr
ε(Gn −U0,n +Uε,n, Rn − P0,n + Pε,n)(x, y)

∂xq

∂x̃j
Gj

m(x, z) dx(4.21)

= Um
0,n(z, y)− Um

ε,n(z, y)

− ε

∫
Ω

{ d∑
i,k,s=1

−
(
∂Sk(x)

∂xs
+
∂Ss(x)

∂xk

)
∂Gi

n(x, y)

∂xk
∂Gi

m(x, z)

∂xs

+

d∑
i,k,l=1

∂Si(x)

∂xl
∂Gl

n(x, y)

∂xk
∂Gi

m(x, z)

∂xk
+

d∑
j,k=1

∂Sk(x)

∂xj
Rn(x, y)

∂Gj
m(x, z)

∂xk

+

d∑
i,k,l=1

∂2Si(x)

∂xk∂xl
Gl

n(x, y)
∂Gi

m(x, z)

∂xk

}
dx+O(ε2), m, n = 1, · · · , d

for all y, z ∈ Ω as ε→ 0, where Lε is the operator defined by (2.22) and {Si}i=1,··· ,d is the vector
function introduced by (A.3).

Proof of Lemma 4.2. It is easy to see that Lemma 4.1 and Proposition 4.4 yield Lemma 4.2. �

Now, it remains to prove Proposition 4.4.

Proof of Proposition 4.4. Integrating by parts, we have by (3.22), (3.23) and Lemma 2.3 that

∫
Ω

d∑
j,p,r=1

aε,qrLr
ε(Gn −U0,n +Uε,n, Rn − P0,n + Pε,n)(x, y)

∂xq

∂x̃j
Gj

m(x, z) dx

(4.22)

= lim
ρ→0

∫
∂Bρ(y)

d∑
j,k,p=1

T kq
ε (Gn −U0,n +Uε,n, Rn − P0,n + Pε,n)(x, y)

∂xq

∂x̃j
Gj

m(x, z)νkx dσx

− lim
ρ→0

∫
Ω\Bρ(y)

[ d∑
j,k,p=1

−δkq(Rn − P0,n + Pε,n)(x, y)
∂

∂xk

{
∂xq

∂x̃j
Gj

m(x, z)

}

+

d∑
i,j,k,l,q,s=1

aksε
∂

∂xs

(
∂x̃i

∂xl
(Gl

n − U l
0,n + U l

ε.n)(x, y)

)
∂

∂xk

{
∂x̃i

∂xq
∂xq

∂x̃j
Gj

m(x, z)

}]
dx

=

d∑
i,q=1

∂x̃n

∂xq
(y)

∂xq

∂x̃i
(y)Gi

m(y, z)
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−
∫
Ω

[ d∑
j,k,q=1

−δkq(Rn − P0,n + Pε,n)(x, y)
∂

∂xk

{
∂xq

∂x̃j
Gj

m(x, z)

}

+

d∑
i,k,l,s=1

aksε
∂

∂xs

(
∂x̃i

∂xl
(Gl

n − U l
0.n + U l

ε.n)(x, y)

)
∂Gi

m(x, z)

∂xk

]
dx

= Gn
m(y, z)

−
∫
Ω

[ d∑
j,k,q=1

−δkq(Rn − P0,n + Pε,n)(x, y)
∂

∂xk

{
∂xq

∂x̃j
Gj

m(x, z)

}

+
d∑

i,k,l,s=1

aksε
∂

∂xs

(
∂x̃i

∂xl
(Gl

n − U l
0.n + U l

ε.n)(x, y)

)
∂Gi

m(x, z)

∂xk

]
dx, m, n = 1, · · · , d.

Applying Proposition 2.1 and Lemma 3.2 together with the fact that divGm = 0, and then
using Lemma 2.2 to the second and third terms of the right hand side, we have

∫
Ω

d∑
j,q,r=1

aε,qrLr
ε(Gn −U0,n +Uε,n, Rn − P0,n + Pε,n)(x, y)

∂xq

∂x̃j
Gj

m(x, z) dx

(4.23)

= Gn
m(y, z)

−
∫
Ω

d∑
i,k=1

∂(Gi
n − U i

0,n + U i
ε,n)(x, y)

∂xk
∂Gi

m(x, z)

∂xk
dx

− ε

∫
Ω

{ d∑
i,k,l=1

∂2Si(x)

∂xk∂xl
Gl

n(x, y)
∂Gi

m(x, z)

∂xk
+

d∑
i,k,l=1

∂Si(x)

∂xl
∂Gl

n(x, y)

∂xk
∂Gi

m(x, z)

∂xk

+

d∑
j,k=1

∂Sk(x)

∂xj
Rn(x, y)

∂Gj
m(x, z)

∂xk
−

d∑
i,k,s=1

(
∂Sk(x)

∂xs
+
∂Ss(x)

∂xk

)
∂Gi

n(x, y)

∂xk
∂Gi

m(x, z)

∂xs

}
dx

= Um
0,n(z, y)− Um

ε,n(z, y)

− ε

∫
Ω

{
−

d∑
i,k,s=1

(
∂Sk(x)

∂xs
+
∂Ss(x)

∂xk

)
∂Gi

n(x, y)

∂xk
∂Gi

m(x, z)

∂xs
+

d∑
i,k,l=1

∂Si(x)

∂xl
∂Gl

n(x, y)

∂xk
∂Gi

m(x, z)

∂xk

+

d∑
j,k=1

∂Sk(x)

∂xj
Rn(x, y)

∂Gj
m(x, z)

∂xk
+

d∑
i,k,l=1

∂2Si(x)

∂xk∂xl
Gl

n(x, y)
∂Gi

m(x, z)

∂xk

}
dx+O(ε2)

for m,n = 1, · · · , d as ε→ 0, which implies (4.21). �

4.3 Expression by the surface integral.

By Lemma 4.2, we have succeeded to express Gε by means of the volume integral over Ω. In
this subsection, we shall establish a representation in terms of the surface integral on ∂Ω.
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Lemma 4.3. Let {Gl
n}n,l=1,··· ,d and {Rn}n=1,··· ,d be the Green matrix and the Green function

defined by (2.1). Then we have

Gn
ε,m(ỹ, z̃)−Gn

m(y, z)

= ε

d∑
s=1

(
∂Gn

m(y, z)

∂ys
Ss(y) +

∂Gn
m(y, z)

∂zs
Ss(z)

)

+ ε

∫
∂Ω

d∑
i=1

{∂Gi
m(x, z)

∂νx

∂Gi
n(x, y)

∂νx

−
(
Rm(x, z)

∂Gi
n(x, y)

∂νx
+
∂Gi

m(x, z)

∂νx
Rn(x, y)

)
νix

}
S(x) · νx dσx + o(ε), m, n = 1, · · · , d

for all y, z ∈ Ω as ε → 0, where {Si}i=1,··· ,d is the vector function introduced by (A.3), νx =
(ν1x, · · · , νdx) is the unit outer normal to ∂Ω at x ∈ ∂Ω and σx denotes the surface element of
∂Ω.

For the proof of Lemma 4.3, we should investigate the volume integral as in Lemma 4.2. By
a direct calculation, we have the following representation for the volume integral in (4.20).

Proposition 4.5. The volume integral over Ω in (4.20) can be expressed by the following surface
integral on ∂Ω. Namely, we have the identity

∫
Ω

{
−

d∑
i,k,s=1

(
∂Sk(x)

∂xs
+
∂Ss(x)

∂xk

)
∂Gi

n(x, y)

∂xk
∂Gi

m(x, z)

∂xs
+

d∑
i,k,l=1

∂Si(x)

∂xl
∂Gl

n(x, y)

∂xk
∂Gi

m(x, z)

∂xk

(4.24)

+

d∑
j,k=1

∂Sk(x)

∂xj
Rn(x, y)

∂Gj
m(x, z)

∂xk
+

d∑
i,k,l=1

∂2Si(x)

∂xk∂xl
Gl

n(x, y)
∂Gi

m(x, z)

∂xk

}
dx

=
d∑

k=1

∂Sm

∂xk
(z)Gk

n(z, y)−
d∑

s=1

(
∂Gm

n (z, y)

∂zs
Ss(y) +

∂Gn
m(y, z)

∂ys
Ss(y)

)

+

∫
∂Ω

{ d∑
i,k,s=1

∂Gi
n(x, y)

∂xk
∂Gi

m(x, z)

∂xk
Ss(x)νsx −

d∑
i,k,s=1

T ik(Gn, Rn)(x, y)
∂Gi

m(x, z)

∂xs
Ss(x)νkx

−
d∑

i,k,l=1

T lk(Gm, Rm)(x, z)
∂Gl

n(x, y)

∂xi
Si(x)νkx

}
dσx, m, n = 1, · · · , d

for all y, z ∈ Ω, where {Si}i=1,··· ,d is the vector function introduced by (A.3), νx = (ν1x, · · · , νdx)
is the unit outer normal to ∂Ω at x ∈ ∂Ω and σx denotes the surface element of ∂Ω.

Proof of Lemma 4.3. Since {Gi
n}i,n=1,··· ,d = 0 on ∂Ω, we have

(4.25)
∂Gi

n(x, y)

∂xk
=
∂Gi

n(x, y)

∂νx
νkx , i, k, n = 1, · · · , d,
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for x ∈ ∂Ω. Then it is easy to see that Lemma 4.2 and Proposition 4.5 yield Lemma 4.3. �

Now, it remains to prove Proposition 4.5.

Proof of Proposition 4.5. It follows from (1.1) that

(4.26)
d∑

k,l,q=1

−∂
2Si(x)

∂xk∂xl
δkiRm(x, z)Gl

n(x, y) = 0, m, n = 1, · · · , d,

for all x ∈ Ω. Adding the left hand side of (4.26) to that of (4.24), we have by integration by
parts that

∫
Ω

{
−

d∑
i,k,s=1

(
∂Sk(x)

∂xs
+
∂Ss(x)

∂xk

)
∂Gi

n(x, y)

∂xk
∂Gi

m(x, z)

∂xs
+

d∑
i,k,l=1

∂Si(x)

∂xl
∂Gl

n(x, y)

∂xk
∂Gi

m(x, z)

∂xk

(4.27)

+

d∑
k,j=1

∂Sk(x)

∂xj
Rn(x, y)

∂Gj
m(x, z)

∂xk
+

d∑
i,k,l=1

∂2Si(x)

∂xk∂xl
Gl

n(x, y)
∂Gi

m(x, z)

∂xk

}
dx

=

∫
Ω

{
−

d∑
i,k,s=1

(
∂Sk(x)

∂xs
+
∂Ss(x)

∂xk

)
∂Gi

n(x, y)

∂xk
∂Gi

m(x, z)

∂xs

+

d∑
i,k,l=1

∂Si(x)

∂xl
∂Gl

n(x, y)

∂xk
∂Gi

m(x, z)

∂xk
+

d∑
j,k=1

∂Sk(x)

∂xj
Rn(x, y)

∂Gj
m(x, z)

∂xk

+

d∑
i,k,l=1

∂2Si(x)

∂xk∂xl
Gl

n(x, y)
∂Gi

m(x, z)

∂xk
−

d∑
i,k,l=1

∂2Si(x)

∂xk∂xl
δkiRm(x, z)Gl

n(x, y)

}
dx

= lim
ρ→0

∫
∂{Ω\Bρ(y)∪Bρ(z)}

{
−

d∑
i,k,s=1

∂Gi
n(x, y)

∂xk
∂Gi

m(x, z)

∂xs
Sk(x)νsx −

d∑
i,k,s=1

∂Gi
n(x, y)

∂xk
∂Gi

m(x, z)

∂xs
Ss(x)νkx

+

d∑
i,k,l=1

∂Gl
n(x, y)

∂xk
∂Gi

m(x, z)

∂xk
Si(x)νlx +

d∑
j,k=1

Rn(x, y)
∂Gj

m(x, z)

∂xk
Sk(x)νjx

+

d∑
i,k,l=1

T ik(Gm, Rm)(x, z)Gl
n(x, y)

∂Si(x)

∂xl
νkx

}
dσx

− lim
ρ→0

∫
Ω\Bρ(y)∪Bρ(z)

{
−

d∑
k=1

 d∑
i,s=1

∂2Gi
n(x, y)

∂xs∂xk
∂Gi

m(x, z)

∂xs
+

d∑
i=1

∂Gi
n(x, y)

∂xk
∆Gi

m(x, z)

Sk(x)

−
d∑

s=1

∑
i=1

Li(Gn, Rn)(x, y)
∂Gi

m(x, z)

∂xs
+

d∑
i,k=1

∂Gi
n(x, y)

∂xk
∂2Gi

m(x, z)

∂xk∂xs

Ss(x)
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+
d∑

i,k,l=1

∂Gl
n(x, y)

∂xk
∂2Gi

m(x, z)

∂xl∂xk
Si(x)

+
d∑

i,l=1

( d∑
k=1

∂Gl
n(x, y)

∂xk
T ik(Gm, Rm)(x, z) + Li(Gm, Rm)(x, z)Gl

n(x, y)

)
∂Si(x)

∂xl

}
dx

≡ Is + (I1v + I2v ),

where

Is := lim
ρ→0

∫
∂{Ω\Bρ(y)∪Bρ(z)}

{
−

d∑
i,k,s=1

∂Gi
n(x, y)

∂xk
∂Gi

m(x, z)

∂xs
Sk(x)νsx −

d∑
i,k,s=1

∂Gi
n(x, y)

∂xk
∂Gi

m(x, z)

∂xs
Ss(x)νkx

+

d∑
i,k,l=1

∂Gl
n(x, y)

∂xk
∂Gi

m(x, z)

∂xk
Si(x)νlx +

d∑
j,k=1

Rn(x, y)
∂Gj

m(x, z)

∂xk
Sk(x)νjx

+

d∑
i,k,s=1

T ik(Gm, Rm)(x, z)Gl
n(x, y)

∂Si(x)

∂xl
νkx

}
dσx,

I1v := − lim
ρ→0

∫
Ω\Bρ(y)∪Bρ(z)

{
−
( d∑

i,k,s=1

∂2Gi
n(x, y)

∂xs∂xk
∂Gi

m(x, z)

∂xs
Sk(x) +

d∑
i,k=1

∂Gi
n(x, y)

∂xk
∆Gi

m(x, z)Sk(x)

)

+
d∑

i,k,l=1

∂Gl
n(x, y)

∂xk
∂2Gi

m(x, z)

∂xl∂xk
Si(x)

}
dx,

I2v := − lim
ρ→0

∫
Ω\Bρ(y)∪Bρ(z)

{
−

d∑
i,k,s=1

∂Gi
n(x, y)

∂xk
∂2Gi

m(x, z)

∂xk∂xs
Ss(x)

+
d∑

i,k,l=1

∂Gl
n(x, y)

∂xk
T ik(Gm, Rm)(x, z)

∂Si(x)

∂xl

}
dx, m, n = 1, · · · , d.

In the above calculation, we have used the fact that divGn = 0 in Ω and Li(Gn, Rn)(x, y) =
Li(Gm, Rm)(x, z) = 0 in Ω \ Bρ(y) ∩ Bρ(z), i,m, n = 1, · · · , d. Since divS = divGn = 0 in Ω,
we have by integration by parts that

I2v =− lim
ρ→0

∫
∂{Ω\Bρ(y)∪Bρ(z)}

{
−

d∑
i,k,s=1

∂Gi
n(x, y)

∂xk
∂Gi

m(x, z)

∂xk
Ss(x)νsx

+
d∑

i,k,l=1

∂Gl
n(x, y)

∂xk
T ik(Gm, Rm)(x, z)Si(x)νlx

}
dσx

+ lim
ρ→0

∫
Ω\Bρ(y)∪Bρ(z)

{
−

d∑
i,k,s=1

∂2Gi
n(x, y)

∂xs∂xk
∂Gi

m(x, z)

∂xk
Ss(x)
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+
d∑

i,k,l=1

∂Gl
n(x, y)

∂xk

(
∂2Gi

m(x, z)

∂xl∂xk
− δik

∂Rm(x, z)

∂xl

)
Si(x)

}
dx

for m,n = 1, · · · , d. Since we note that {Gn, Rn}n=1,··· ,d is a solution of the Stokes equations,
it follows from the above calculation that

I1v + I2v = − lim
ρ→0

∫
∂{Ω\Bρ(y)∪Bρ(z)}

{
−

d∑
i,k,s=1

∂Gi
n(x, y)

∂xk
∂Gi

m(x, z)

∂xk
Ss(x)νsx

(4.28)

+
d∑

i,k,l=1

∂Gl
n(x, y)

∂xk
T ik(Gm, Rm)(x, z)Si(x)νlx

}
dσx

− lim
ρ→0

∫
Ω\Bρ(y)∪Bρ(z)

d∑
i,k=1

∂Gi
n(x, y)

∂xk
Li(Gm, Rm)(x, z)Sk(x) dx

= − lim
ρ→0

∫
∂{Ω\Bρ(y)∪Bρ(z)}

d∑
i,k,s=1

{
− ∂Gi

n(x, y)

∂xk
∂Gi

m(x, z)

∂xk
Ss(x)νsx

+
∂Gl

n(x, y)

∂xk
T ik(Gm, Rm)(x, z)Si(x)νlx

}
dσx

for m,n = 1, · · · , d. Applying (4.28) to (4.27), we have that

∫
Ω

{
−

d∑
i,k,s=1

(
∂Sk(x)

∂xs
+
∂Ss(x)

∂xk

)
∂Gi

n(x, y)

∂xk
∂Gi

m(x, z)

∂xs

(4.29)

+

d∑
i,k,l=1

∂Si(x)

∂xl
∂Gl

n(x, y)

∂xk
∂Gi

m(x, z)

∂xk
+

d∑
k,j=1

∂Sk(x)

∂xj
Rn(x, y)

∂Gj
m(x, z)

∂xk

+

d∑
i,k,l=1

∂2Si(x)

∂xk∂xl
Gl

n(x, y)
∂Gi

m(x, z)

∂xk
−

d∑
i,k,l=1

∂2Si(x)

∂xk∂xl
δikRm(x, z)Gl

n(x, y)

}
dx

= lim
ρ→0

∫
∂{Ω\Bρ(y)∪Bρ(z)}

{ d∑
i,k,l=1

∂Si(x)

∂xl
Gl

n(x, y)T
ik(Gm, Rm)(x, z)νkx +

d∑
i,k,s=1

∂Gi
n(x, y)

∂xk
∂Gi

m(x, z)

∂xk
Ss(x)νsx

−
d∑

i,k,s=1

T ik(Gn, Rn)(x, y)
∂Gi

m(x, z)

∂xs
Ss(x)νkx −

d∑
i,k,l=1

T lk(Gm, Rm)(x, z)
∂Gl

n(x, y)

∂xi
Si(x)νkx

}
dσx m,n = 1, · · · , d.

for m,n = 1, · · · , d. We next investigate the limit as ρ → 0 at the points y and z of the above
surface integral. Since divGn = 0 in Ω, we have an identity

(4.30) −
d∑

i,k,l=1

δikRm(x, z)
∂Gi

n(x, y)

∂xk
Sl(x)νlx = 0, m, n = 1, · · · , d,
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for all x ∈ Ω. Adding the the left hand side of (4.30) to the right hand side of (4.29) , we have
by (2.4) and (2.5) that

lim
ρ→0

∫
∂Bρ(y)

{ d∑
i,k,l=1

∂Si(x)

∂xl
Gl

n(x, y)T
ik(Gm, Rm)(x, z)νkx +

d∑
i,k,l=1

∂Gi
n(x, y)

∂xk
∂Gi

m(x, z)

∂xk
Sl(x)νlx

(4.31)

−
d∑

i,k,l=1

δikRm(x, z)
∂Gi

n(x, y)

∂xk
Sl(x)νlx −

d∑
i,k,s=1

T ik(Gn, Rn)(x, y)
∂Gi

m(x, z)

∂xs
Ss(x)νkx

−
d∑

i,k,l=1

T lk(Gm, Rm)(x, z)
∂Gl

n(x, y)

∂xi
Si(x)νkx

}
dσx

= − lim
ρ→0

∫
∂Bρ(y)

d∑
i,k,s=1

T ik(Gn, Rn)(x, y)
∂Gi

m(x, z)

∂xs
Ss(x)νkx dσx

− lim
ρ→0

∫
∂Bρ(y)

d∑
i,k,l=1

T lk(Gm, Rm)(x, z)

(
∂Gl

n(x, y)

∂xk
νix −

∂Gl
n(x, y)

∂xi
νkx

)
Si(x) dσx

= −
d∑

s=1

∂Gn
m(y, z)

∂ys
Ss(y), m, n = 1, · · · , d.

We can also handle Is + (I1v + I2v ) around the singularity z in the same manner as the case of y
and obtain

lim
ρ→0

∫
∂Bρ(z)

{ d∑
i,k,l=1

∂Si(x)

∂xl
Gl

n(x, y)T
ik(Gm, Rm)(x, z)νk +

d∑
i,k,l=1

∂Gi
n(x, y)

∂xk
∂Gi

m(x, z)

∂xk
Sl(x)νlx

(4.32)

−
d∑

i,k,s=1

T ik(Gn, Rn)(x, y)
∂Gi

m(x, z)

∂xs
Ss(x)νkx −

d∑
i,k,l=1

T lk(Gm, Rm)(x, z)
∂Gl

n(x, y)

∂xi
Si(x)νkx

}
dσx

=

d∑
k=1

∂Sm

∂xk
(z)Gk

n(z, y)−
d∑

s=1

∂Gm
n (z, y)

∂zs
Ss(y), m, n = 1, · · · , d.

Since {Gi
n}i,n=1,··· ,d = 0 on ∂Ω, by (4.31) and (4.32), we have the desired identity (4.24).

This proves Proposition 4.5. �

4.4 Proof of Theorem 1.1.

The proof of Theorem 1.1 is based on Lemma 4.3. We first need to express {Gn
ε,m(ỹ, z̃)}n,m=1,··· ,d

by means of {Gn
ε,m(y, z)}n,m=1,··· ,d for ỹ = Φε(y), z̃ = Φε(z) with (y, z) ∈ Ω× Ω. By the Taylor

expansion of {Gn
ε,m(ỹ, z̃)}n,m=1,··· ,d around (y, z) ∈ Ω× Ω, we have

Gn
ε,m(ỹ, z̃)−Gn

ε,m(y, z)
(4.33)

= ∇ỹG
n
ε,m(y, z) · (ỹ − y) +∇z̃G

n
ε,m(y, z) · (z̃ − z) +∇z̃∇ỹG

n
ε,m(y, z + θ1(z̃ − z))(ỹ − y) · (z̃ − z)
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+
1

2
∇2

ỹG
n
ε,m(y + θ2(ỹ − y), z̃)(ỹ − y) · (ỹ − y) +

1

2
∇2

z̃G
n
ε,m(y, z + θ3(z̃ − z))(z̃ − z) · (z̃ − z)

for some 0 < θ1, θ2, θ3 < 1.
By (A.3) and (4.14), it holds that

sup
ε>0

|∇z̃∇ỹG
n
ε,m(y, z + θ1(z̃ − z))| ≤ C(4.34)

with some constant C which may depend on y, z ∈ Ω. Hence we have again by (A.3) that

∇z̃∇ỹG
n
ε,m(y, z + θ1(z̃ − z))(ỹ − y) · (z̃ − z) = O(ε2), n,m = 1, · · · , d,

as ε→ 0. The last two remainders of the right hand side of (4.33) can be handled in same way
and we have

Gn
ε,m(ỹ, z̃)−Gn

ε,m(y, z) = ∇ỹG
n
ε,m(y, z) · (ỹ − y) +∇z̃G

n
ε,m(y, z) · (z̃ − z) +O(ε2), m, n = 1, · · · , d,

(4.35)

for all y, z ∈ Ω with ỹ = Φε(y), z̃ = Φε(z) as ε→ 0. In the above argument, it should be noted
that Gn

ε,m = Gn
ε,m(x̃, ỹ) is regarded as a function on Ωε × Ωε with variables (x̃, ỹ). By (A.3),

(4.14), (4.35) and Lemma 4.3, it holds that

Gn
ε,m(y, z)−Gn

m(y, z)

= ε
d∑

s=1

{(
∂Gn

m

∂ys
(y, z)−

∂Gn
ε,m

∂ỹs
(y, z)

)
Ss(y) +

(
∂Gn

m

∂zs
(y, z)−

∂Gn
ε,m

∂z̃s
(y, z)

)
Ss(z)

}

+ ε

∫
∂Ω

d∑
i=1

{
∂Gi

m(x, z)

∂νx

∂Gi
n(x, y)

∂νx

−
(
Rm(x, z)

∂Gi
n(x, y)

∂νx
+
∂Gi

m(x, z)

∂νx
Rn(x, y)

)
νix

}
S(x) · νx dσx + o(ε),

(4.36)

for m,n = 1, · · · , d. Since supε>0

∣∣∣(∂ϕi
ε

∂xj (x)
)∣∣∣ <∞ for i, j = 1, · · · , d and for all x ∈ Ω, it follows

from (2.17), (4.10) and Proposition 4.3 that

lim
ε→0

|∇ỹG
n
ε,m(y, z)−∇yG

n
m(y, z)| = 0,(4.37)

lim
ε→0

|∇z̃G
n
ε,m(y, z)−∇zG

n
m(y, z)| = 0, m, n = 1, · · · , d

for all y, z ∈ Ω. Now from (4.36) and (4.37), we obtain

δGm
n (y, z)

= lim
ε→0

d∑
s=1

{(
∂Gn

m

∂ys
(y, z)−

∂Gn
ε,m

∂ỹs
(y, z)

)
Ss(y) +

(
∂Gn

m

∂zs
(y, z)−

∂Gn
ε,m

∂z̃s
(y, z)

)
Ss(z)

}

+

∫
∂Ω

d∑
i=1

{
∂Gi

m(x, z)

∂νx

∂Gi
n(x, y)

∂νx

−
(
Rm(x, z)

∂Gi
n(x, y)

∂νx
+
∂Gi

m(x, z)

∂νx
Rn(x, y)

)
νix

}
S(x) · νx dσx
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=

∫
∂Ω

d∑
i=1

{
∂Gi

m(x, z)

∂νx

∂Gi
n(x, y)

∂νx

−
(
Rm(x, z)

∂Gi
n(x, y)

∂νx
+
∂Gi

m(x, z)

∂νx
Rn(x, y)

)
νix

}
S(x) · νx dσx, m, n = 1, · · · , d,

which implies Theorem 1.1. �
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